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Preface 


Rational homotopy theory originated with the work of D. Quillen and 
D. Sullivan in the late 1960s. In particular, Sullivan defined tools and mod- 
els for rational homotopy inspired by already existing geometrical objects. 
Moreover, he gave an explicit dictionary between his minimal models and 
spaces, and this facility of transition between algebra and topology has cre- 
ated many new topological and geometrical theorems in the last 30 years. 
An introduction to rational homotopy whose main applications were in 
algebraic topology was written some years ago. Because of recent develop- 
ments, it is clear that now is the time for a global presentation of some of 
the more representative geometrical applications of minimal models. That 
is the theme of this book. 


Before giving an overview of its content, we present the basic philosophy 
behind the theory of minimal models. As Sullivan wrote in the introduction 
of Infinitesimal Computations in Topology: 


We have suggested here that one might therefore recall the older methods of 
differential forms, which are evidently quite powerful. 


When de Rham proved that H*(Apr(M)) = H*(M;R) for the differen- 
tial algebra of differential forms Apr(M) on a manifold M, it immediately 
provided a link between the analysis on and the topology of the manifold. 
Sullivan is suggesting in his remark that even within the world of topology, 
there is more topological information in Apr(M) (henceforth called the de 
Rham algebra of M) than simply the real cohomology. 

For a compact connected Lie group G, there exists a subdifferential alge- 
bra of bi-invariant forms, Q7(G), inside the de Rham algebra Apr(G), such 
that the canonical inclusion Q7(G) <> Apr(G) induces an isomorphism 
in cohomology. This is the prototype of the process for models: namely, 
we look for a simplification My of the de Rham algebra with an explicit 
differential morphism My — Apr(M) inducing an isomorphism in coho- 
mology, exactly as bi-invariant forms do in the case of a compact connected 
Lie group. 

In order to implement this strategy, we first have to make precise what a 
“simplification” means. In the de Rham algebra, we might suspect that 
some information is contained in two different entities: the product of 
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forms, which tells us how two forms can be combined together to give 
a third one and the exterior derivative of a form. In a model, we kill the 
information coming from the product structure by considering free alge- 
bras AV (in the commutative graded sense) where V is an R-vector space. 
This pushes the corresponding information into the differential and into V 
where it is easier to detect. More precisely, we look for a cdga (for com- 
mutative differential graded algebra) free as a commutative graded algebra 
(AV, d) and a morphism ¢: (AV,d) > Apr(M) inducing an isomorphism 
in cohomology. 

The first question is, can one build such a model for any manifold? The 
answer is yes for connected manifolds and in fact, there are many ways to 
do this. So, we have to define a standard way, which we call minimal. With 
this in mind, we again look to Sullivan’s introduction: 


One proceeds degree by degree to construct a smallest possible sub-differential 
algebra of forms with the same cohomology. Forms are chosen in each degree 
to add cohomology not already achieved or to create necessary relations among 
cohomology classes. 


Once we have this minimal model, we may ask what geometrical invari- 
ants can be detected in it. In fact, there is a functor from algebra to geometry 
that, together with forms, creates a dictionary between the algebraic and 
the geometrical worlds. But for this we have to work over the rationals 
and not over the reals. As a consequence, we have to replace the de Rham 
algebra by other types of forms. At first glance, this seems to be a disadvan- 
tage because we are switching from a well-known object to an unfamiliar 
one. But this new construction is very similar to the de Rham algebra and 
will allow the extension of the usual theory from manifolds to topological 
spaces, which is a great advantage. Denote by Ap,(X) this analogue of the 
de Rham algebra for a topological space X. Since the minimal model con- 
struction also works perfectly well over Q, we have the notion of a minimal 
model Mx — Apz(X) of a path connected space X. 

Conversely, from a cdga (A, d) we have a topological realization ((A, d)) 
which is the return to Topology we hinted at above. If we apply this real- 
ization to a minimal model Mx of a space X (which is nilpotent with finite 
Betti numbers), then we get a continuous map X — (Mx) which induces an 
isomorphism in rational cohomology. The space (Mx) is what, in homo- 
topy theory, is called a rationalization of X. What must be emphasized in 
this process is the ability to create topological realizations of any algebraic 
constructions. 


Such a theory begs for applications and examples and we describe 
models for spheres, homogeneous spaces, biquotients, connected sums, 
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nilmanifolds, mapping spaces, configuration spaces and subspace arrange- 
ments. We give geometrical applications in several directions: to complex 
and symplectic manifolds, the closed geodesic problem, curvature problems, 
actions of tori, complements of submanifolds, symplectic blow-ups, and the 
Chas-Sullivan product, for instance. 

Roughly, this book is composed of three parts. The first part, consisting 
of Chapters 1-3, contains the classical theory and the main geometrical 
examples. These chapters are self-contained except for certain proofs for 
which we provide references. 

Chapters 4-8 are the second part. Each of them is devoted to a particular 
topic in differential topology or geometry and they are mostly independent. 

The third part is the florilége of Chapter 9 where we give short presenta- 
tions of particular subjects, chosen to illustrate the evolution of applications 
of minimal models from the theory’s inception to the present day. Evidently 
we have been obliged to make choices in these applications and, therefore, 
many other interesting applications of algebraic models are not covered. 

The following brief description of the material in each of the chapters 
makes the outline above more precise. 


¢ Chapter 1. Throughout this book, Lie groups and homogeneous spaces 
are used to give foundational examples and to show that some of the 
basic ideas of Sullivan’s rational homotopy theory were already present 
in this particular case years earlier. As well as describing certain basic 
structure results about Lie groups, this chapter gives a complete treatment 
of the computation of the cohomology algebra of a compact connected 
Lie group and recalls the basic facts about homogeneous spaces. We also 
look at the Cartan—Weil model and see it as the prototype for models of 
fibrations. 

Chapter 2 is concerned with the basic definitions and properties of our 
algebraic tools: cdga’s, models, minimal models, homotopy between mor- 
phisms of cdga’s and the link between topological spaces and cdga’s. 
When we construct a minimal model for a cdga (A, d), it is possible that 
we do not have to consider the whole algebra of forms, but rather only 
the cohomology H(A, d). Although this is not true in general, it is true 
for spheres and Lie groups. This leads us to distinguish special types of 
spaces, called formal spaces, whose minimal models are determined by 
cohomology alone. This notion will be of great importance in applications 
and we delineate its properties. 

Chapter 3. Since the main theme of this book is the geometrical aspect of 
algebraic models, a first question is, how special is a minimal model of 
a compact simply connected manifold? At the very least, its cohomology 
must satisfy Poincaré duality. In fact, it was proved recently that there is a 
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model for X (and not just its cohomology) that satisfies Poincaré duality. 
What about the converse? How can we detect that the realization of a 
model contains a manifold in its rational homotopy type? Surprisingly, 
the conditions that are necessary for this also prove to be sufficient. 

Formality in the case of manifolds entails certain properties. We prove 
here the theorems of Miller and Stasheff giving particular instances when 
manifolds are formal. Notably, we show, as Stasheff did using another 
method, that a compact simply connected manifold M is formal if and 
only if M\{«} is formal. 

We also extend the construction of models to the case of cdga’s 

equipped with the action of a finite group and apply it to the explicit 
construction of models of homogeneous spaces and biquotients. 
In Chapter 4, we study the link between the Dolbeault and de Rham 
algebras of a complex manifold M as well as the relationship between the 
respective models. We carefully consider the topological consequences of 
the existence of a Kahler metric on M, and, in particular, we prove the 
formality of compact Kahler manifolds. We also consider the Dolbeault 
model of a complex manifold in detail and compute it in many particular 
cases, including the case of Calabi-Eckmann manifolds. For that, we use 
a perturbation theorem which allows the construction of a model of a 
filtered cdga starting from a model of any stage of the associated spectral 
sequence. Applications to the Frolicher spectral sequence of a complex 
manifold are given. 

In the last part of this chapter, we describe some of the implications of 

models for symplectic topology. For a compact symplectic manifold, we 
compare the hard Lefschetz property with other properties that appear 
in the complex situation. In particular, we recall results of Mathieu and 
Merkulov concerning the relation of the hard Lefschetz property to the 
existence of symplectically harmonic forms, as defined by Brylinski, in 
each cohomology class. 
Chapter 5. For a smooth Riemannian manifold, the Riemannian structure 
of the manifold is reflected in its geodesics. The geodesics on a manifold 
may be viewed as the motion of a physical system, so in some sense, the 
study of geodesics exemplifies the paradigm expressing the relationship 
between mathematics and physics. Of course, the motions that are most 
important in physics are the periodic ones, so we begin by studying the 
geometric counterpart, closed geodesics. 

The main problem in this area is then: does every compact Riemannian 
manifold M of dimension at least two admit infinitely many geometrically 
distinct geodesics? The solution to this problem involves an essential anal- 
ysis of the rational homotopy type of the free loop space of the manifold. 
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We give a minimal model of the free loop space and then prove the Vigué— 
Poirrier—Sullivan theorem, which solves most cases of the closed geodesic 
problem. 

We also present several other connections between the structure of mod- 
els and properties of a manifold’s geodesics. Information about geodesics 
can often be codified by the dynamical system known as the geodesic flow 
and we shall see that the flow also holds rational homotopy information 
within it. 

Chapter 6. In the last decade, algebraic models have proven to be useful 
tools in the study of various differential geometric questions involving 
curvature. A basic problem is whether curvature and diameter constraints 
limit to a finite number the possible rational homotopy types of manifolds 
satisfying those constraints. We describe the use of models in the con- 
struction of counterexamples to this question. We also show how models 
can be used to give a general analysis of the failure of the converse of the 
Soul theorem of Cheeger and Gromoll. 

Chapter 7. The topological qualities of a space are often reflected in its 
intrinsic symmetries. These symmetries, in turn, may be formalized as the 
actions of groups on the space. Intuitively, most manifolds are asymmet- 
ric, so the existence of a nontrivial group action on a manifold implies 
that the manifold is special topologically. The properties of a manifold 
with group action may be gleaned from various topological constructions 
and their algebraic reflections. Indeed, this chapter focuses on what can 
be said about group actions from the viewpoint of algebraic models. For 
instance, there is a longstanding conjecture called the toral rank conjec- 
ture which is usually attributed to S. Halperin. The conjecture says, in 
particular, that if there is a free action of a torus T” on a space X, then 
the dimension of the rational cohomology of X must be at least as large 
as the dimension of the rational cohomology of the torus. We give proofs 
for homogeneous spaces and Kahler manifolds. 

We also discuss the Borel localization theorem and apply it to the study 

of the rational homotopy and the rational cohomology of fixed point 
sets. Finally, we discuss the notion of Hamiltonian action in symplectic 
geometry and use models to prove a special case of the Lalonde—-McDuff 
question about Hamiltonian bundles. 
Chapter 8. The process of taking a blow-up has proven to be extremely 
useful in complex and symplectic geometry. In order to consider various 
questions on the interface between geometry and algebraic topology, it 
is necessary to understand algebraic models of blow-ups. This entails a 
panoply of related questions which all serve as testaments to the efficacy 
of rational homotopy theory in geometry. In this chapter we consider two 
types of questions. 
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First of all, let f: N <> M bea closed submanifold of a compact ori- 
entable manifold and denote by C its complement. The natural problem 
is to know if the rational homotopy type of C is completely determined by 
the rational homotopy type of the embedding, and in that case to describe 
a model for the injection C > M froma model of the initial embedding. 
We use it to describe nonformal simply connected symplectic manifolds 
that are blow-ups. 

Our second question concerns the geometric intersection theory of 
cycles in a compact manifold. M. Chas and D. Sullivan have extended 
the standard intersection theory to an intersection theory of cycles in the 
free loop space LN for any compact oriented manifold N. More precisely, 
they define a product on H, (LN) that combines the intersection product 
on the chains on N and the Pontryagin composition of loops in QN. We 
present a more homological re-interpretation of the Chas—Sullivan prod- 
uct and, as a corollary, obtain the well-known theorem of Cohen and 
Jones. 

¢ In Chapter 9, we consider various types of geometric situations where 
algebraic models are useful. Models make their presence felt in the 
study of configuration spaces, arrangements, smooth algebraic varieties, 
mapping spaces, Gelfand—Fuchs cohomology, and iterated integrals. Of 
course, it is impossible to prove everything about such an array of topics, 
so this chapter is simply a survey of these applications of models. We 
endeavor to describe and explain the relevant models and then refer to 
the appropriate literature for details. 

¢ Finally, there are three appendices that recall basic facts about de Rham 
forms, spectral sequences and homotopy theory. 


It is our hope (and we believe) that this book will prove enlightening to 
both geometers and topologists. It should be useful to geometers because of 
concrete examples showing how algebraic techniques can be used to help 
solve geometric problems. For topologists, on the other hand, it is important 
to see what kind of concrete geometrical questions can be studied from a 
topological point of view. 


A project such as this requires a great deal of support and we would 
like to acknowledge this here. First, this book would never have seen the 
light of day without Research in Pairs grants from the Mathematisches 
Forschungsinstitut Oberwolfach in 2003 and 2006. These stays at the MFO 
were essential to our collaboration and it is a pleasure to acknowledge 
the generosity of this mathematical haven. Various portions of the book 
were read by Agusti Roig and he provided many insightful comments and 
suggestions. We also thank P. Lambrechts and G. Paternain for discussions 
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on several topics. Finally, the support of the University of Louvain-La- 
Neuve and of the CNRS for the Summer School on Algebraic Models, held 
at Louvain-La-Neuve in June 2007, was essential to the completion of this 
work. 

Let’s now begin. 
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Lie groups and 
homogeneous spaces 


Lie groups and homogeneous spaces form an important family of examples 
of manifolds. We will use them systematically in many different parts of 
this book, to give an illustration for a specific method or, as well, to show 
that new viewpoints can be obtained by using algebraic models. Therefore, 
it is important for us to understand basic ideas and results about Lie groups 
in order to appreciate the development and application of algebraic models 
to geometry in general. 

What we also want to articulate in the next several chapters is that some of 
the basic ideas of Sullivan’s rational homotopy theory were already present 
in this particular case. Of course, the (rational or real) cohomology algebra 
is a fundamental example of an algebraic model, but it was understood from 
the start that only certain information was reflected in it. Nevertheless, com- 
puting cohomology for such geometric building blocks as Lie groups became 
an important goal in the early years of algebraic topology. An algebraic 
model that proved to be effective in reaching this goal was the Cartan—Weil 
model. Nowadays, we look at this model and see it as the direct ancestor 
of Sullivan’s minimal models. Indeed, the Cartan—Weil model is the pro- 
totype for models of fibrations (see Chapter 2) and, thus holds within it 
homotopical, rather than just cohomological, information. 

A complete treatment of Lie group theory covers several books, so we 
need to make precise the philosophy of this chapter. Basic properties and 
definitions on Lie groups and Lie algebras are recalled without proofs in 
Sections 1.1-1.4. The classical examples of groups of matrices are described 
in Section 1.5. From that point on, we wish to be complete, with proofs, 
when we discuss the things that form the main focus of the book: here, that 
means in particular, the de Rham cohomology of Lie groups and homo- 
geneous spaces. Moreover, and we will discover the importance of this in 
Chapter 2, we wish to have a “computable” cochain complex Q linked 
to the de Rham complex by an algebraic map, 2 — Apr, which induces 
an isomorphism in cohomology. For instance, in the case of Lie groups, we 
prove in Section 1.6 that the inclusion Q7(G) <> Apr(G) of the bi-invariant 
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forms induces an isomorphism in cohomology. We continue in Section 1.7 
by providing two structure theorems for the cohomology of Lie groups, 
including the Hopf theorem which expresses the cohomology algebra as an 
exterior algebra on generators of odd degrees. We will use this result in 
Section 1.8 for the computation of the second and third Betti numbers for 
simple Lie groups. 

Since fibrations are the basic ingredients in the theory of minimal mod- 
els, we develop the notions of principal bundles and classifying spaces. 
Sections 1.9-1.10 contain definitions of bundles, principal bundles and 
homogeneous spaces. In Section 1.11, we define and characterize the notion 
of classifying space for Lie groups. The classical Stiefel and Grassmann man- 
ifolds provide us with classifying spaces for the various orthogonal groups 
and they are studied in Section 1.12. Finally, in Section 1.13, we give the pro- 
totype for the theory of minimal models (see Chapter 2), the Cartan—Weil 
model for equivariant cohomology. 

We assume that the reader possesses a good knowledge of the basic con- 
cepts about manifolds, as in [28], [104], [226], or (for surface theory) [215] 
for instance. We also assume the reader has had a classical homology course. 
Appendices A, B and C supply the basic recollections on some crucial parts 
of these subjects. 

In this chapter, manifold means a Hausdorff space with a countable basis 
of open sets (i.e. a separable space), endowed with a differentiable structure 
of class C™ over the reals. 


1.1 Lie groups 


In this section, we give the definitions and basic properties of Lie groups. 
General references are [2], [136] and [199] for instance. 


Definition 1.1 A Lie group is a set G which is both a manifold and a 
group and for which the multiplication, (g,g') +> gg’, and the inverse map, 
gt» g-!, are smooth. The dimension of a Lie group is its dimension as a 
manifold. 

A homomorphism of Lie groups is a homomorphism of groups which 
is also a smooth map. An isomorphism of Lie groups is a homomor- 
phism f which admits an inverse f~'! as maps and such that f~' is also 
a homomorphism of Lie groups. 


For instance, R and S! are Lie groups for the usual structures of manifolds 
and groups. One can observe directly from the definition that a product of 
two Lie groups is a Lie group for the two canonical structures, product of 
groups and product of manifolds. So R” and (S!)” are Lie groups. The tori 
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T” = (S!)” are studied in Section 1.4, and Section 1.5 is devoted to classical 
examples of Lie groups, such as the different groups of matrices. Observe 
now that, if V is a real vector space, the set GI(V) of linear isomorphisms 
is a Lie group. 


Remark 1.2 Some properties required in Definition 1.1 are in fact auto- 
matic: 


e if the multiplication is a smooth map, then the inverse is also a smooth 
map (use the implicit function theorem); 

¢ a bijective homomorphism of Lie groups is an isomorphism of Lie groups 
(see [214, page 18]); 

¢ amap ff: G > H between Lie groups which is a homomorphism of 
groups and a continuous map is a homomorphism of Lie groups (see 
[199, page 44)]). 


A Lie subgroup of a Lie group G is a subgroup which is a submanifold 
of G. Lie subgroups can be determined easily by the following theorem of 
Elie Cartan. 


Theorem 1.3 ([2, page 17], [214, page 47]) A subgroup H of a Lie group 
G is a Lie subgroup of G if and only if H is a closed subgroup of G. 


In this book, we will be especially interested in the homotopy types of 
Lie groups and, for that, we can reduce the study to compact connected Lie 
groups as shown by the following result called the polar decomposition or 
Iwasawa decomposition. 


Theorem 1.4 ({147]) Any connected Lie group G admits a maximal com- 
pact subgroup H (unique up to conjugacy) such that G is isomorphic to 
the product H x R”. In particular G and H have the same homotopy 


type. 


Compact connected Lie groups will be classified in Theorem 1.52. 


1.2 Lie algebras 


We introduce here the notion of Lie algebras and the example of main 
interest for us, the tangent space T,(G) of a Lie group G at the identity. 


Definition 1.5 A Lie algebra over R is a vector space | together with a 
bilinear homomorphism, called the bracket, 


[-,-]:Ixl-l 
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such that, for any l, € & ln € | 13 € ( one has: 


© (hb) = -[b,h] (skew symmetry), 
° (h, (5/31) + th, (3,40) + Us, [h, l2]] = 0 (Jacobi identity). 


A homomorphism of Lie algebras is a linear map, y: | > \', preserving the 
bracket. This means that ov[h, lo] = [y(1), e(2)] for any (hb) etx L 


A Lie subalgebra of a Lie algebra [ is a sub-vector space n such that 
[n,n] Cn. An ideal of lis a Lie subalgebra n such that [n, {] C n. 

Any structure of associative algebra on a vector space A gives a canonical 
structure of Lie algebra [4 on the same vector space by [a1, a2] = a1a2—a241. 
Our most interesting example comes from the structure of a Lie group G. 

Observe that, because of the group structure, any phenomenon at a par- 
ticular point of G can be translated everywhere in G by composing with the 
elements of the group. For instance, a connected Lie group is generated, as 
a topological space, by any neighborhood of the identity e. We formalize 
this remark by introducing the notion of left and right translations. 


Definition 1.6 A fixed element g € G gives the left translation Lg: G > G 
with Le(h) = g-h for allh € G. Similarly, we define right translations Rg 
by Rg(h) =h-g. 


Recall first that, if p: T(G) > G is the tangent bundle of the manifold 
G, a vector field X on G is a smooth section of p (see Appendix A). 


Definition 1.7 Denote by DLg: T(G) — T(G) the map induced by the left 
translation Lg. A vector field X on G is called left invariant if DLg(X) = X, 
for any g €G. 


Remark 1.8 Left invariance of objects other than vector fields also turns 
out to be very important in understanding Lie groups. In particular, if we 
define a function f ona Lie group G to be left invariant when f (gh) = f (h) 
for all g, b € G, then clearly we see that f is a constant function. Later (see 
Definition 1.25), we will phrase this by saying that any left invariant 0-form 
is a constant. 


If G is a Lie group, we denote by g the vector space of left invariant vector 
fields on G. If X and Y are vector fields, then their bracket is defined to be 
the vector field [X, Y]f = X(Yf) — YCXf) for all functions f. The bracket is 
anti-commutative and satisfies a Jacobi identity (see Section A.2). If X and 
Y are left invariant vector fields, their bracket [X, Y] is also left invariant. 
Therefore, the vector space g has the structure of a Lie algebra, called the 
Lie algebra associated to the Lie group G. 
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If X is a vector field on a Lie group G, we see directly from the definition 
that X is left invariant if and only if 


Xg = (DL g)(Xe). 


Therefore the vector space g is isomorphic to the tangent space, T,(G), at 
the identity e of G. We will not make any distinction between these two 
characterizations of the Lie algebra g. 

From this observation, we deduce that the left invariant vector fields 
provide 7 linearly independent sections of the tangent bundle TG for 
an n-dimensional Lie group G. Therefore, any Lie group G is paralleliz- 
able; that is, TG = G x T.(G) = G x g. As a consequence, the real 
Lie algebra of vector fields on G (see Section A.2) is the tensor product 
C™(G) ® g where C™(G) is the algebra of smooth real valued functions 
on G. 


Proposition 1.9 There is a morphism of Lie groups Ad: G > Gl(g) given 
by Ad(g)(X) = ((DRg)! o (DLg))(X), where Gl(g) is the group of linear 
isomorphisms of the Lie algebra g. 


Definition 1.10 The map Ad: G > Gl(g) is called the adjoint represent- 
ation of the Lie group G. 


Proposition 1.11 Denote by gl(g) the Lie algebra of the Lie group Gl(g). 
Then, the derivative of Ad: G > Gl(g) is the morphism of Lie algebras, 
ad: g > gl(g), defined by ad(X)(Y) = [X, Y], where [—, —] is the bracket 
of g. 


1.3. Lie groups and Lie algebras 


It is now time to make various relations between Lie groups and Lie algebras 
precise. A basic reference is [214, Section I-&2]. 

First, by definition of the Lie algebra associated to a Lie group, if 
f: G > H isa homomorphism of Lie groups, its differential Dfe: g > 6 
is a homomorphism of Lie algebras. We would like to know if Df. gives 
us information about the homomorphism f. For that, we need a better cor- 
respondence between Lie algebras and Lie groups which comes from the 
notion of one-parameter subgroup. 


Definition 1.12 For any Lie group G, a homomorphism of Lie groups, 
0: R = G, is called a one-parameter subgroup of G. 


Observe that, by definition, such a 6 satisfies 0(s +t) = 0(s)-0(t), for any 
sand tin R. It can be shown that any one-parameter subgroup is the integral 


1: Lie groups and homogeneous spaces 


curve of a left invariant vector field and, reciprocally, that any left invariant 
vector field admits a one-parameter subgroup as a maximal integral curve. 
So, we get a new characterization of the Lie algebra associated to a Lie 


group. 


Theorem 1.13 There is an isomorphism between the Lie algebra g 
associated to a Lie group G and the set of one-parameter subgroups 
of G. 


With this isomorphism, one can construct a map from g to G. 


Definition 1.14 If X € g, we denote by 6x the one-parameter subgroup 
associated to X as in Theorem 1.13. The exponential from g = T.(G) to G 
is defined by 


exp(tX) = 6x(t). 


Observe that, by uniqueness of the integral curve, one has 0, x(t) = 0x (At) 
and the exponential is well defined. In fact, the exponential is a smooth 
map which induces the identity on the tangent space at e € G; that 
is, Dexp = id: g — g. It can also be shown that the exponential is 
an epimorphism if the group G is compact and connected. Moreover, if 
f: G > G’ is a homomorphism of Lie groups, then one has f o expg = 
expg o Df. 

This process of integration is the key for the two next results. The first one 
concerns the link between a homomorphism of Lie groups and its induced 
differential. 


Theorem 1.15 Let G and H be two Lie groups with G connected. Then 
a homomorphism from G to H is uniquely determined by its differential 


Dfe: 9 > b. 


The second result concerns the realization of morphisms between Lie 
algebras. 


Theorem 1.16 Let G and H be two Lie groups with G simply connected. 
Then, for every homomorphism of Lie algebras w: g — h, there exists a 
homomorphism of Lie groups f: G > H such that Dfe = w 


The theory is very powerful. For instance, the third Lie theorem gives a 
converse to the construction of the Lie algebra of a Lie group (see [229, 
Lecon 6]). 


Theorem 1.17 Every finite dimensional Lie algebra is the tangent space 
algebra of some Lie group. 


1.3 Lie groups and Lie algebras 
This association can be made more precise: 


* every finite dimensional Lie algebra is the tangent space algebra of a 
unique simply connected Lie group; 

¢ ifa homomorphism of Lie groups, f: G — G’, with G simply connected, 
induces an isomorphism between the associated Lie algebras, then f is a 
universal cover. 


These results imply a correspondence between sub-Lie groups and sub- 
Lie algebras which can be made explicit for some objects of interest. For 
the rest of this section, let G be a connected Lie group with associated Lie 
algebra g and let H be a Lie subgroup of G. Then the Lie algebra § associated 
to H is a Lie subalgebra of g and the subgroup H is normal if and only if 
the subalgebra is an ideal. Now let’s recall some classical definitions (see 
[113, page 69]) which will be useful in the rest of this section. 


Definition 1.18 The centralizer of a subset A of G is the subgroup 
Z(A) = {x € G| xa = ax for anyae A}. 


The centralizer of G is called the center of G. The centralizer of a subset m 
in g is the Lie subalgebra 


Z(m) = {le g| [l,m] =0 foranymem}. 
The centralizer of g is called the center of g. 


It can be shown that the centralizer of H in G is a Lie group with 
associated Lie algebra the centralizer of h in g. 


Definition 1.19 The normalizer of a subset A of G is the subgroup of G 
given by 


N(A) = {x € G| xA = Ax}. 
The normalizer of a subset m of g is the Lie subalgebra 
n(m) = {x € g | [x,y] € m for any y em}. 


It can be shown that the normalizer of H in G is a Lie group with associ- 
ated Lie algebra the normalizer of h in g. Observe that, for any x €¢ N(H) 
and any h € H, we have xhx~! € H. We deduce that there is an action 
(see Definition 1.23) of the Lie group N(H) on the manifold H, called the 
conjugation action. 
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1.4 Abelian Lie groups 


It turns out that it is essential to first study the abelian Lie groups and the 
abelian Lie subgroups of a compact connected Lie group. A reference for this 
section is [113, Chapters 1 and 2]. A basic example of an abelian compact 
Lie group is the circle S$! endowed with the commutative multiplication of 
complex numbers. More generally, we have the 


Definition 1.20 Az abelian Lie group is a Lie group G satisfying gg’ = g'g 
for any (g,g') € G x G. An abelian Lie algebra is a Lie algebra | such that 
1] =0 forany LI) €txl. 


One can prove that a Lie group G is abelian if and only if its Lie algebra 
g is abelian. A product of n circles is an abelian Lie group, called an n-torus 
(or simply a torus) and denoted by T”. Tori are the prototypes of abelian 
Lie groups. 


Theorem 1.21 Any connected abelian Lie group G is isomorphic to the 
direct product of Lie groups T? x R4. 


As a consequence, any connected abelian Lie subgroup of a compact 
connected Lie group G is a torus T. Call a subtorus T C G a maximal 
torus in G if it is not properly contained in another torus. One can then 
prove the following. 


Theorem 1.22 Every element of a compact connected Lie group is con- 
tained in a maximal torus. Two maximal tori are conjugate. 


The dimension of a maximal torus is called the rank of the Lie group. 
The normalizer of a maximal torus T of G is a compact Lie group denoted 
N(T). The quotient W(G) = N(T)/T is called the Weyl group of G. Up to 
isomorphism, this group does not depend on the choice of a maximal torus 
in G. In fact, W(G) is a finite group. Observe that, since T is abelian, the 
restriction of the conjugation action of N(T) to T is trivial on T, so it gives 
an action of W(G) on T. We will come back to the study of maximal tori 
in Subsection 3.3.2. 


1.5 Classical examples of Lie groups 


We now describe the classical examples of Lie groups which come from 
groups of matrices. A reference for this section is [199, Chapter I]. 


1.5. Classical examples of Lie groups 


1.5.1 Subgroups of the real linear group 


Start with the set of real numbers R and denote by Gl(v, R) the group of 
invertible 1 x n-matrices with entries in R. Endowed with the canonical 
structure of a manifold (as an open subset of R”), the group Gl(z, R) is 
a Lie group, called the real linear Lie group. The associated Lie algebra, 
gl, (R) = M(m, R), is the vector space of all 7 x m matrices with the bracket 
being the commutator of matrices. The dimension of Gl(, R) is n”. 

Any closed subgroup of Gl(”, R) is a Lie group. In particular, we have the 
orthogonal group O(n) consisting of the orthogonal linear transformations 
u of the euclidian space R”. Recall that, in the canonical basis, this is equiv- 
alent to the fact that the matrix A of u satisfies’ AA = I,,. The associated Lie 
algebra o(7) of O(n) is the vector space of alternating (or skew-symmetric) 


mo = (5) and ov 


matrices, ‘A = —A. The dimension of O(7) is 


is a maximal compact subgroup of Gl(”, R). 

Since the continuous map det: O(z) — {-—1,+1} is surjective, one 
sees that the space O(7) is not connected. We denote by SO() the sub- 
group of O(n), consisting of linear transformations of determinant 1 
and call it the special orthogonal group. Since it is a connected com- 
ponent of O(n), the group SO(7) has the same tangent space at the 
neutral element e, therefore the same Lie algebra, by definition. As 
we will see, the group SO(m) is not simply connected if m > 2. The 
universal cover of SO(7) is called the nth-spinor group and denoted 
by Spin(). 

The orthogonal group O(7) is the prototype of Lie groups. Indeed, it can 
be proved that any compact Lie group G is isomorphic to a closed subgroup 
of O(n) (see [199, Theorem 2.14, Chapter V]). 

If 6 is a real number, we denote by 


RO) = ae oo) 


sin 6 cos @ 


the rotation matrix corresponding to the rotation in R? by angle 6. Let 
(01,-.-,9,) be r real numbers. Denote by (R(61),...,R(6,), 1) the matrix 
having the R(6;) and 1 along the diagonal and 0 entries otherwise. The 
group of matrices of the form (R(1),..., R(6,), 1) is the maximal torus of 
SO(2r+ 1) and the rank of SO(2r +1) is r. The Weyl group of SO(2r + 1) 
has 2’r! elements and acts on the maximal torus by a permutation of the 
coordinates composed with the substitutions (61,...,6;) F (461,...,-£6,). 

As for the Lie group SO(2r), its maximal torus consists of matrices 
(R(61),...,R(6,)) and the rank of SO(2r) is r. Its Weyl group has 2’—!r! 
elements acting on the maximal torus by a permutation of the coordinates 
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composed with the substitutions (61,...,6,;) +> (€101,...,€,,), with ¢; = 
+1 and ¢1---¢, = 1. 


1.5.2 Subgroups of the complex linear group 


Denote by Gl(, C) the group of invertible 7 x m-matrices with entries in the 
complex numbers C. Endowed with the canonical structure of a manifold 
(as an open subset of IR"), the group Gl(u, C) is a Lie group, called the 
complex linear Lie group. The associated Lie algebra, gl,,(C) = M(n, ©), is 
the vector space of all 2 x n-matrices with the bracket being the commutator 
of matrices. The (real) dimension of Gl(, C) is 2n’. 

We now introduce the analogue of the orthogonal group. Recall that, if 
we write a complex number as z = x + iy, with x € R and y € R, the 
conjugate of z is the complex number Z = x — iy. This induces a norm with 
I|z|| = zz. The unitary group U(n) consists of the linear transformations 
of R*” that respect this norm; that is, ||z(z)|| = ||z||. In the canonical basis, 
this is equivalent to the fact that the matrix A of u satisfies ‘AA = I,. The 
associated Lie algebra u(7) of U(m) is the vector space of alternating (or 
skew) hermitian matrices, ‘A = —A. The dimension of U() is n2. It can 
be proved that U(m) is a maximal compact subgroup of Gl(n, C) and that 
Um) = SO(2n) N Gl(n, C). 

The subgroup of U(x) consisting of linear transformations of determinant 
1 is called the special unitary group and denoted by SU(n). The associated 
Lie algebra, su(7), consists of matrices of trace 0 such that *A = —A. The 
dimension of SU(”) is n* — 1. The group SU(x) is simply connected. The 
group U(x) is not, but its universal cover does not constitute something new 
because, as a space, U(n) is diffeomorphic to the product S$! x SU(n). 

The maximal torus of U(”) consists of the set of diagonal matrices hav- 
ing (e1,...,e") on the diagonal. The Lie group U(z) has rank x. Its 
Weyl group is the symmetric group X, acting on the maximal torus by 
a permutation of the coordinates. 

The maximal torus of SU(”) consists of the set of diagonal matrices having 
(e1,...,e") on the diagonal such that 7”, A; = 0. The Lie group SU(7) 
has rank 2 — 1. The Weyl group and its action are the same as for U(x). 


1.5.3. Subgroups of the quaternionic linear group 


Now consider the field of quaternions H and denote by Gl(, H) the group 
of invertible n x n-matrices with entries in H. Endowed with the canonical 
structure of a manifold (as an open subset of Re), the group Gl(7, H) is 
a Lie group, called the quaternionic linear Lie group. The associated Lie 
algebra, g/,,(H) = M(n, H)), is the vector space of all 2 x m matrices with the 
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bracket being the commutator of matrices. The (real) dimension of Gl(”, H) 
is 4n. 

For the associated orthogonal group, we have to define a quaternionic 
conjugation. Let z = t+ ix + jy + kz be a quaternion, with x € R, y € R, 
z € R,t € Rand i, j, k obeying the usual relations: i* = j* = k* = —1, 
ij = k, ji = —k, jk =i, kj = —i, ki = j and ik = —j. The conjugate of 
z is the quaternion Z = t — ix — jy — kz. This induces a norm with ||z|| = 
zz. The symplectic group Sp(n) consists of the linear transformations u 
of R*” that respect this norm, ||z(z)|| = ||z||. In the canonical basis, this 
is equivalent to the fact that the matrix A of u satisfies ‘AA = I,. The 
associated Lie algebra sp(7) of Sp(7) is the vector space of alternating (or 
skew) quaternionic matrices, ‘A = —A. The dimension of Sp(7) is n(2n+1). 
One can show that Sp(7) is a maximal compact subgroup of Gl(m, HI) and 
that Sp(”) = SO(4n) N Gl(n, HD). 

Viewed as a subgroup of U(27) (see Exercise 1.3), the Lie group Sp(m) 
has for a maximal torus the diagonal matrices (e!,...,e!2") such that 
hi = Kian for any 1 < i < n. The Lie group Sp(z) has rank n. Its Weyl 
group has 2”m! elements acting on the maximal torus as in SO(2n + 1). 

In any of these groups of matrices, the exponential map, exp: g > G, is 
the traditional exponential of a matrix: 


exp(A)=1+A+---4 free, 


1.6 Invariant forms 


In this section, we define the complex of invariant forms on a left G- 
manifold M, and prove that the cohomology of this complex is isomorphic 
to the cohomology of M if the manifold M is compact and the Lie group 
G compact and connected. As we will see in several places, Lie groups are 
designed as groups of symmetries of manifolds. With this in mind, we define 
invariant forms in the general setting of G-manifolds. 


Definition 1.23 A Lie group G acts on a manifold M, on the left, if there 
is a smooth map G x M > M, (g,x) © gx, such that (g - g')x = g(g’x) 
and ex = x for any x € M, g € G, g’ € G. Such data endows M with the 
appellation of a left G-manifold. A left action is called 


° effective if gx = x forall x € M implies g =e; 
° free if gx =x for any x € M implies g =e. 
For right actions and right G-manifolds, we ask for a smooth map M x 


G —> M, (x, g) +> xg, such that x(g-g’) = (xg)g’ and xe =x for anyx € M, 
geG,g’eG. 
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Example 1.24 Let G be a Lie group. The Lie multiplication gives to G the 
structure of a 


° left G-manifold, with L: G x G > G, L(g, 9’) = Lele’) = 8-8 
¢ right G-manifold, with R: G x G > G, R(g’, g) = Rg(g’) = 8" +g. 


Let G be a Lie group. If M is a left G-manifold, we denote by 
g*: Apr(M) > Apr(M) the “pullback” map induced on differential forms 
by the action of g € G. More specifically, for vector fields X1,...,X, and 
a k-form w, we define at m € M, 


8° @(Xq,...,Xz)(M) = Og.m(DgmX1(m),..., DgmXz(m)). 


We sometimes write @(X1,..., Xp) = w(X1,..., X4)(x), Ly@ = g*w and 
Dg =D1Lz¢. 


Definition 1.25 Am invariant form on a left G-manifold M is a differential 
form w € Apr(M) such that g*w = w for any g € G. We denote the set of 
invariant forms by Q,(M). 

In the case of a Lie group G, we note that the left invariant forms (right 
invariant forms) correspond to the left (right) translation action. We denote 
these sets by Q,(G) and Qr(G) respectively. A form on G that is left and 
right invariant is called bi-invariant (or invariant if there is no confusion). 
The corresponding set is denoted by Q;(G). 


The aim of this section is to prove that these different sets of invariant 
forms allow the determination of the cohomology of G-manifolds and Lie 
groups. First, using the operators i(X) and £(X) on forms discussed in 
Appendix A (more specifically in Section A.2), we observe the following. 


Proposition 1.26 Let G be a Lie group and M be a left (or a right) 
G-manifold. Then the set of invariant forms of M is stable under d. 
Moreover, the sets of left invariant forms and of right invariant forms 
on G are invariant under i(X) and L(X), for X a left invariant vector 


field. 


Proof Suppose @ is a left invariant form on G and X is a left invariant 
vector field on G. We have, using the left invariance of X and a, 
Le*i(X)o(¥1,...5 Yp)(x) = Le*o(X, Yi... Yg)(x) 
= Ogx(DLg(X)x, DL g(Y1)x,---, DL g(Vp)x) 
= i(DLgX)o(DL g(¥1),--.;DL g(Yp)) (gx) 
= i(X)w(Y1,..., Yg)(x). 
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Hence, i(X)w is left invariant. The verification of the other statements is 
similar. 


The previous result justifies the following definition. 


Definition 1.27 Let G be a Lie group and M be a left G-manifold. The 
invariant cohomology of M is the homology of the cochain complex 
(Q,(M), d). We denote it by Hj (M). 


The main result is the following theorem. 


Theorem 1.28 Let G be a compact connected Lie group and M be a 
compact left G-manifold. Then 


H* (M) = H*(M;R). 


We will prove that the injection map 2; (M) + Apr(M) induces an isomor- 
phism in cohomology. For that, we need some results concerning integration 
on a compact connected Lie group. 


Proposition 1.29 On a compact connected Lie group, there exists a bi- 
invariant volume form. 


Proof Recall from Section 1.2 that the tangent bundle of G trivializes as 
T(G) = G x g. If g* is the dual vector space of g, we therefore have a 
trivialization of the cotangent bundle T*(G) = G x g* and of the differen- 
tial forms bundle. Exactly as for vector fields, we observe that left (right) 
invariant forms are totally determined by their value at the unit e and that 
we have isomorphisms 


Q1(G) = QR(G) = rg", 


where Ag* is the exterior algebra on the vector space g*. To make this space 
precise, recall that the elements of g* are left invariant 1-forms dual to left 
invariant vector fields. If we choose a basis {w1,...,@,} dual to a basis of 
left invariant vector fields, an element of Ag* may be written 


a= ) Fjy--ip Wi,*** Vip 


where the qj,...;,’s are constant. Choose such an a@ of degree 1 equal to the 
dimension of G. We associate to w a unique left invariant form az such that 
(@7)e =a and a unique right invariant form ap such that (ar), = a. More 
precisely, we set: 


(at) g(X1,...,Xn) = a((DLg)1X),..., (DL zg)! Xx), 
(aR) g(X1,..-,Xn) = a((DRg)1X1,...,(DRg) Xn). 
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Recall, from Definition 1.10, the homomorphism of Lie groups Ad: G > 
Gl(g). As direct consequences of the definitions, we have 


(Lear) p(X1,---5Xn) 


(AR) gp (DL g(X1), tee »DL g(Xn)) 
= a((DRg,)! 0 (DLg)(X1),...) 


a((DRp)~! o (DRg)! 0 DL g(X1),---) 
= (ar)p((DRg) | o DL g(X}),...) 
= (det(Ad(g))(a@r)p,(X1,..., Xn). 


The composition detoAd: G > R has for image a compact subgroup 
of R; that is, {1} or {—1,1}. Since the group G is connected, we get 
det(Ad(g)) = 1, for any g € G, and a is a bi-invariant volume form. 


The previous result can be obtained in a more general context. As the 
proof shows, it is sufficient to have (det oAd)(g) = 1 for any g € G. This is 
the definition of a unimodular group. 


Proof of Theorem 1.28 Denote by 1: Q,(M) <> Apr(M) the canonical 
injection of the set of left invariant forms. We choose the bi-invariant vol- 
ume form on G such that the total volume of G is 1, {,dg = 1. This 
volume form allows the definition of {¢ f dg € R* for any smooth function 
f:G>R*. 

Let w € A‘ (M) and x € M be fixed. As a function f, we take G > 
ATx(M)*, gt g*@(x). We get a differential form o(w) on M defined by: 


pK XN) = f gon... Xe de 


- i (Lg)*o(X1,.--,X~)(x) deg. 


We have thus built a map p: Apr(M) > Apr(M) and we now analyze its 
properties. 


Fact 1: p(w) € Q,(M). 
Let g’ € G be fixed. The map (DLg’) : Tx(M) > Tg'x(M) induces a map 


A(DLy)" : A Tgx(M)* > ATx(M)*. Therefore, one has (in convenient 
shorthand): 


(DLy)” p(w)(x) =A (Diy) [ Ego dg 


= [ (Lg-g)" w(x) dg 
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= - (Le) w(x) dg 
= p(w)(x). 
Fact 2: If w € Q,(M) then p(w) = a. 
If (Lg) w(x) = w(x), then p(w)(x) = [o(Lg)*w(x) dg = w(x) [odg = 
w(x). 
Fact 3:pod=doop. 
This is an easy verification from the definitions of d and p. 
From Facts 1-3, we deduce that H(p) o H(t) = id and H(.) is injective. 


Fact 4: The integration can be reduced to a neighborhood of e. 


Let U be a neighborhood of e. We choose a smooth function g: G > R, 
with compact support included in U, such that {,gdg = 1. Now we 
denote the bi-invariant volume form dg by @,,). By classical differential 
calculus on manifolds, the replacement of w,,) by ¢ wy, leaves the integral 
unchanged. The fact that y w,,) has its support in U allows the reduction of 
the domain of integration to U. Our construction process can now be seen 
in the following light. 

Let L: G x M > M be the action of G on M. Denote by 76 (Yay 1) the 
pullback of gw,,) to Apr(U x M) by the projection 7g: G x M > G and 
by L*: Apr(M) > Apr(U x M) the map induced by L. If a is a form 
on U x M, we denote by I(@) the integration of a A 76 (Yayo1) over the 
U-variables, considering the variables in M as parameters. We then have a 
map I: Apr(U x M) + Apr(M) which is compatible with the coboundary 
d and which induces H(J) in cohomology. 

To any w € Apr(M) we associate the form L*(w) A 176 (~@yo|) on U x M 
and check easily (see [113, page 150]): 


p(@) = (L*(@)). 
In other words, the following diagram is commutative 


L* 


Apr(M) 


Apr(U x M) 


—— ae 


Q7(M) 


Apr(M) 


For U, we now choose a contractible neighborhood of e. The 
identity map on U x M is therefore homotopic to the composition 


j 
U x M—+M—+U x M, where z is the projection and j sends 
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x to (e,x). By using I o m* = id and the compatibility of de Rham 
cohomology with homotopic maps, we get: 
H(1) 0 H(L*) = H(D) 0 idyyuxvy 0 H(L*) 
= H(D o H(x*) 0 H(j*) 0 H(L*) 
= H(j*) o H(L*) = H((L 0 j)*) = id. 


This implies id = H(t) o H(p) and H(z) is surjective. 


1.7. Cohomology of Lie groups 


In this section, we give two structure theorems for the cohomology of a Lie 
group. The first one comes from the existence of left and right G-manifold 
structures on G and follows from the results of Section 1.6. The second one, 
called Hopf’s theorem, gives a precise algebra structure for the cohomology. 

Recall that Q7(G) (Qr(G), 27(G)) is the set of left invariant (right invari- 
ant, bi-invariant) forms on G. Denote by Q,(G)¢—p the set of left invariant 
forms whose Lie derivative (see Section A.2) by any left invariant vector 
field is zero. 


Theorem 1.30 Let G be a compact connected Lie group with Lie algebra 
g. Then we have two series of isomorphisms: 


(1) Q7(G) = Qr(G) = Ag*; 
(2) Hy (G) = Ar(G) = H*(G;R) = Q7(G) = QL (G)c=o. 


Remark 1.31 There is one point of view that we do not develop here: the 
translation of the second line in terms of Lie algebras using the isomorphism 
Qr(G) = Ag*. For that, one needs to know the image of the cobound- 
ary d and the Lie derivative £ through this isomorphism. This theory is 
well developed in [114]; we give a glimpse of it in Exercise 1.7. Also see 
Subsection 3.2.1 for the noncompact case of nilpotent Lie groups. 


We mention also that the existence of an isomorphism between H*(G; R) 
and Q;(G) can be extended to the more general situation of symmetric 
spaces (see Exercise 1.6). In order to prove the theorem, we first need to 
determine the derivative of the multiplication and the inverse maps. 


Lemma 1.32 Let G be a Lie group. Denote by wu: G x G > G the 
multiplication map and by v: G > G the inverse map. Then we have: 


Dugg) =DLg+DRy and Dvg =—(DL¢) DR. 
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Proof With the identification T(G x G) = T(G) @ T(G), we write a vector 
field on G x Gas: 


((g,8"), (X, X’)) = (g, (g', X)) + ((g, X), 8") 
€ {g} xT,(G) ® T,(G)x {g’} . 
Therefore, we have: 
Digg (X X’) = DL g(X') + DRy(X). 
From this formula and the equality j(g, v(g)) = e, we deduce: 
0 = Ditig.g-t)(X, Dvg(X)) = DLg 0 Dvg(X) + DR,-1(X) 
and 


Dv, = — (DLg)"* o DR, -1. 


Proof of Theorem 1.30 The first series of isomorphisms is clear. It comes 
from the triviality of the bundle of left (or right) invariant forms on a Lie 
group G and the identification between T,(G) and g. 

The first part of (2), Hp(G) = Hr(G) = H*(G;R), is a consequence of 
Theorem 1.28. Observe now that 7(G) is the set of left invariant forms 
for the left action of the group G x G on G defined by (g1, 22)2’ = g1- 
g’ i Therefore, Theorem 1.28 implies H*(G;R) = H;(G). The next 
isomorphism, H*(G;R) = Q;(G), will follow immediately from the fact 
that each bi-invariant form on G is closed, implying Hj(G) = Q;(G). 

To prove this property, let a be a bi-invariant form on G. We compute, 
using the left and right invariance of a, the inverse image of a by v: 


via(X1,...,Xg)(g) =a(—(DLg) | o DR,-1(X1),--.(@74) 
= (-1)*a(X1,...,X,)(g). 


We then have v*a = (—1)ka. We now use the fact that 2)(G) = Q,(G)N 
Qr(G) is stable under the coboundary: 


v*(da) = (-1)*t!da 
d(v*a) = d((—1)*a) = (—1)*da, 


which implies da = 0. The last isomorphism is established in the next 
proposition. 


Now recall from Section A.2 that a form a such that £(X)a = 0 fora 
vector field X is said to be £(X)-invariant. 
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Proposition 1.33 Let G be a compact connected Lie group. The 
L-invariance of a form with respect to left invariant vector fields cor- 
responds precisely to invariance of the form under right translations. In 
particular, we have: 


Q7(G) = {wo € Qr(G) | L(X)w = 0 for any left invariant vector field x} . 


Proof Let X be a left invariant vector field. We know that X is determined 
by its value X, € T,(G) and that (see Definition 1.14) the exponential map 
exp: T.(G) > G is defined by 6;(e) = exp(£X~), where @ is the 1-parameter 
subgroup associated to X. There is also an exponential map at any g € G 
obtained by requiring exp(tXg) = Lg(exp(tXe)), where Lg denotes left 
translation by g. Using the left invariance of X (i.e. DL,(X-) = Xj, for 
all h € G) we have 6;(g) = exp(tXg) = Lg(exp(tXe)) = g - exp(tX). In 
conclusion, the flow acts on g by right translation. 

On the other hand, if 6 is the 1-parameter subgroup associated to X, the 
Lie derivative satisfies the formula 6#—@ = i, 0° L(X)w ds (see Section A.2 
and Exercise A.2). Therefore, the form @ is right invariant for the action of 
elements in the image of the exponential if and only if £(X)w = 0 for any 
left invariant vector field X, see [113, Proposition VI, page 126]. Since, in 
a connected compact group, the exponential is an epimorphism, we get the 
result. 


Theorem 1.34 (Hopf’s theorem) If G is a compact connected Lie group, 
then there exist elements of odd degree, x2p,+1 € HPi+1(G; Q), such that, 
as an algebra, 


H*(G;Q) =A (Copies ss5% 29,41) + 
In fact the number of generators is the rank of the group (see Theorem 3.33). 


Remark 1.35 One can determine the elements x2», from the structure law 
of G as follows. Denote by u*: H*(G; Q) — H*(G; Q)®H*(G; Q) the map 
induced by the multiplication uw: G x G > G. Anelement h ¢ H*(G;Q) is 
called primitive if u*(b) =1@h+h @1. The set Pg of primitive elements 
is a vector space and we have H*(G;Q) = APg. We will not use this in 
the sequel and we do not give a proof, instead referring to [113, Theorem 
IV, page 167], for instance, for an argument with coefficients in R. This 
approach relies on the general result that a commutative Hopf algebra over a 
field of characteristic zero is generated, as algebra, by the primitive elements 
(see [197]). 


Proof of Theorem 1.34 Let us denote H*(G; Q) by H and consider O(H) = 
H*/(H*-H7*), the space of indecomposables of the augmentation ideal 


Ht = 30 H/ of the algebra H. We choose a homogeneous basis (Xj)1<j<r 
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of the Q-vector space O(H). By fixing a section to the canonical surjection 
Ht — Q(H), we consider the elements x; as elements of H. 


Fact 1: The elements x; are of odd degree. Suppose that some x, is of even 
degree and let H, be the quotient algebra of H by the ideal generated by 
the elements x; for j 4 k. The canonical map g,: H > Hy, is a morphism 
of algebras. 

Denote by *: H — H @ H the map induced by the multiplication of G 
and by @: H — H, ® Hy, the composition of w with g, ®@ qz: H@H > 
Hy ® Hg. Since the algebra H is finite, we know that an integer / exists 
such that a # 0 and oo = 0. Let p: G ~ G x G denote either of the 
inclusions g +> (g,e) or g > (e,g), where e is the identity element of G. 
Then clearly the composition obeys 4p = idg. Therefore, we have, for any 
y eH, 


u(y) =1@y+y@lt+y 
with y’ € H+ @H?. This implies (xp) = xg @ 1+ 1 @ xg. The map Z, 


being a morphism of algebras, gives 


I 
sates NEPAD =: es oo Male ae eats 
(xp) = (xp @14+1@ xg) => ( j Jaiox, ‘ 
i — 


On one side, we have Zi(x,)'t! = Z((x,)/+!) = 0 and, on the other side, 


thanks to the lack of cross-relations in H,@H,, we get Sr ( ; . : ) x1, 


as # 0. This contradiction implies Fact 1. 


By sending the x; to the chosen elements of the basis and extending this 

correspondence multiplicatively, we define a morphism of algebras ¢: A 
(X1,..-,Xr) > H. 
Fact 2: The morphism ¢ is an isomorphism. By construction, ¢ is surjective 
so we are reduced to establishing its injectivity. Observe that the restriction 
of @ to A (x1) is injective. We argue by induction and suppose that its 
restriction to A (x1,...,X,—1) is injective. Let a € A (x1,...,x%) be such 
that (a) = 0. We decompose a into 


a4=a1+%X,4a2, 


with a, and az in A(x1,...,xg 1). We denote by ¢, the following 
composition 


in 
A (X15-++5Xp) >H >H @®H 


H,@H. 
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From $,(xg) = 1 @xp +x, @1 and $,(4;) = 1 @ a; for i = 1,2, we deduce 
0 = g(a) =1@ ay + (xp @14+18x_)(1 @ a2). 


This implies x, @ a2 = 0 and az = 0. From the induction hypothesis, we 
now get a = a1; = 0 and the restriction of @ to A (x1,...,Xp) is injective as 
expected. 


The method used in the previous proof consists essentially in killing 
elements by taking quotients of algebras by ideals. This is an important 
technical argument in the theory of minimal models as we will see in the 
next chapters. 

As an illustration, we use Theorem 1.30 to compute the first cohomology 
group of a compact Lie group. 


Proposition 1.36 Let G be a compact Lie group with associated Lie algebra 
g. Then 


H'(G;R) = Hom(Z(g),R), 
where Z(g) is the center of the Lie algebra g. 


Proof Let w € g* bea left invariant 1-form. By definition (see Section A.2) 
we have: 


da(X, Y) = Xa(Y) — Yo(X) — w([X, Y]). 


Since the form w is left invariant, this is also true for the functions w(Y) 
and w(X). Since left invariant functions are constant, the previous formula 
reduces to dw(X, Y) = —w([X, Y]). Therefore, the form a is closed if and 
only if w takes the value 0 on [g, g] (i.e. @ € [g, g]+). 

Now recall the definition of the center of g: 


Z(g) = {X € g| [X, Y] =0 for any Y €g}. 


Let F be a positive definite invariant symmetric bilinear form on g (which 
exists by Lemma 1.38). From F(X, [Y, Z]) = F([X, Y], Z), we see that X isin 
the F-orthogonal complement [g, g]+ of [g, g] if and only if X € Z(g). Thus, 
closed left invariant 1-forms are dual to elements of Z(g). Since Hy, (G) = 
H*(G;R) and left invariant functions are constant, we have the result. 


Remark 1.37 Observe that, in the previous proof, we have established that 
[g, 9] = g if the center Z(g) of the Lie algebra g is zero. 


Lemma 1.38 On any Lie algebra g of a compact Lie group G, 
there is a positive definite symmetric bilinear form F:g x g > R 
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such that: 


1. F(Ad(g)(X), Ad(g)(Z)) = F(X, Z); 
2. F([X, Y],Z) = F(X,[Y, Z]) for any triple (X, Y, Z) of elements of g. 


Such an F is said to be invariant. 


Proof Let F be any positive definite bilinear form on g and set 
F(X,Z) = | Fd @)%), Ad@) Ze, 
where Ad(g)(X) = ((DRg)~' 0 (DLg))(X). This bilinear form satisfies 


F(Ad(g7!)(X), Z) = F(X, Ad(g)(Z)) 


for any g in G. The result follows now from the fact that the derivative of 
Ad(g) is the bracket in g (see Proposition 1.11). 


1.8 Simple and semisimple compact connected 
Lie groups 


We now come to our first concrete application: the vanishing of the second 
Betti number of a compact semisimple Lie group and the determination of 
the third Betti number of a simple Lie group. As we note in Remark 1.50, 
one can, in fact, do better and prove that the second homotopy group is 
zero and the third homotopy group of a simple Lie group is Z. We will 
come back to this point in Section 1.11. 


Definition 1.39 A connected compact Lie group is simple if it does not 
contain any nontrivial connected normal subgroups. A Lie algebra is simple 
if it has no proper ideal. 


For instance, SU(7) is simple (see Theorem 1.53) while U(7) is not because 
it contains SU(7) as a normal subgroup. 


Remark 1.40 Let G be a Lie group with a simple Lie algebra g. From the 
correspondence between normal Lie subgroups of G and Lie ideals of g, 
we see that a normal Lie subgroup H # G of G has dimension zero, so it 
is discrete (remembering that it is closed). With a similar argument for the 
converse, we have proved that a Lie group is simple if and only if its Lie 
algebra is simple. 


There exist several equivalent definitions of semisimple Lie group. Since 
we are concerned with real cohomology, we use the following. 


Definition 1.41 A compact connected Lie group is semisimple if its first 
Betti number is zero. That is, H!(G;R) = 0. 
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Proposition 1.42 For a connected compact Lie group G, the following 
conditions are equivalent: 


1. G is semisimple; 

2. the fundamental group m1(G) = H1(G; Z) is finite; 
3. the center of G is finite; 7 

4. the universal covering group G of G is compact. 


Proof The equivalence of (1) and (2) is a direct consequence of the univer- 
sal coefficient theorem which implies H!(G;R) = Hom(Hj(G;Z), R). As 
for the equivalence between (2) and (4), observe that a covering space is 
compact if and only if the fiber is finite. The equivalence of (1) and (3) is a 
consequence of Proposition 1.36. 


Remark 1.43 Because the Lie algebra associated to the center of G is the 
center Z(g) of the Lie algebra g, we observe that the center Z(g) is zero if 
g is the Lie algebra of a connected compact semisimple Lie group. 


Proposition 1.44 Each simple Lie group is semisimple. 


Proof Since the group is simple, its center must be finite and the result 
follows from Proposition 1.42. 


A product of two simple Lie groups is an example of a semisimple Lie group 
that is not simple. 


Theorem 1.45 If G is a compact semisimple Lie group, then the second 
Betti number b>(G) is zero. That is, H2(G;R) = 0. 


Corollary 1.46 If Gis a compact semisimple Lie group, then 2(G)@Q = 0. 


Theorem 1.45 is a direct consequence of the definition of semisimple Lie 
group and of Hopf’s theorem (Theorem 1.34). To emphasize the interrela- 
tionship between geometry and homotopy theory, we will give two other 
proofs of the theorem, one using the material we have just discussed on 
invariant forms and a second one in Section 1.11, using the existence of a 
universal bundle for a Lie group (see page 40). 


Proof 2 of Theorem 1.45 Suppose a € Q7(G). By Theorem 1.30, if we 
can show that a = 0, then this will imply H7(G;IR) = 0. Expressing the 
£-invariance of w for a left invariant vector field X gives: 


0 = L(X)a = (i(X)d + di(X))a = i(X)da + di(X)a = di(X)a, 


since a is closed. Hence, i(X)a is a closed 1-form. Since G is semisimple, 
we have H!(G;R) = 0, so i(X)a is an exact 1-form. That is, there exists 
a smooth function f: G > R such that i(X)a = df. By Proposition 1.26, 
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we know that i(X)qa is left invariant. By Theorem 1.28, left invariant coh- 
omology is isomorphic to ordinary cohomology, so i(X)a must be exact by 
a left invariant function as well. Therefore (see Remark 1.8), f is constant 
and i(X)a = df = 0 for any left invariant vector field X. We show now 
that this implies a = 0. For this, let g € G and choose any two vectors 
Vg, Wg € Tg(G). We can find left invariant vector fields V and W with 
Vg = vg and Wz = wg simply by left translating vg, wg around G. But 
because V is left invariant, we then have 


Og(Vg,Wg) = ag(Ve, Ws) =a(V, W)(g) =i1(V)a(W)(g) = 0 


since i(X)a = 0 for all left invariant X. Since g, vg and wg were arbitrary, 
we have aw = 0. Therefore, no nonzero invariant 2-forms exist on G and 


H?(G;R) = 0. 


Proof of Corollary 1.46 Since a compact semisimple Lie group is finitely 
covered by a compact simply connected semisimple Lie group, it suffices to 
prove the result in the simply connected case. The Hurewicz theorem then 
implies that 72(G) = H2(G), so from H?(G;R) = Hom(H2(G), R) = 0, 
we deduce that 72(G) is finite. 


Theorem 1.47 If G is a compact semisimple Lie group, then the third Betti 
number b3(G) is greater than or equal to one. In the simple case, we have 
H?(G;R) =R. 


Observe that, as a direct consequence, we have the following. 


Corollary 1.48 The only spheres which have a Lie group structure are S°, 
StS. 


With the same argument as in the proof of Corollary 1.46, we also have 
the following. 


Corollary 1.49 If Gis a compact semisimple Lie group, then 13(G)@Q £ 0. 
In the simple case, we have 173(G) @Q=Q. 


Remark 1.50 Since we are interested only in the rational or real world, we 
are satisfied with the results of Corollaries 1.46 and 1.49. In fact, however, 
it is possible to prove that 22(G) = 0, in the semisimple compact case, and 
13(G) = Z in the simple case. The proofs need material that we do not 
introduce here: 


¢ for 22(G) = 0, see [32] or [50]; 
° for 73(G) = Z in the simple compact case, see [36] or [199, Theorem 
4.17, page 335]. 
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We will come back to the case of 72(G) = 0 in Remark 1.82 with a more 
homotopical argument. 


Proof of Theorem 1.47 Recall first, from Theorem 1.30, that H*(G;R) 
is isomorphic to the vector space of invariant 3-forms on G. We follow 
the proofs of [107, Problem IV-B] and [41, Section V-12]. The idea is to 
transform the problem of finding an invariant 3-form on G into the problem 
of finding an invariant symmetric bilinear form on g. Because such a form 
exists by Lemma 1.38, we will get the first part of the statement. 

Let Bg) be the set of symmetric bilinear forms on g such that 
F((Z, X], Y) = F(X,[Z, Y]) for any triple (X, Y, Z) of elements of g. For 
such an F, we define wp by wr(X, Y,Z) = F((X, Y], Z). We check easily 
that wp € A°g* = 03 (G). We prove now that wp € Q3(G). 

Let g € G. We have, by invariance of F and the definition of wp: 


wp (Ad(g)(X), Ad(g)(Y), Ad(g)(Z)) = F([Ad(g)(X), Ad(g)(Y)], Ad(g)(Z)) 
= F(Ad(g)([X, Y]), Ad(g)(Z)) 
= wr(X, Y,Z). 


Therefore, we have constructed a linear map x from B(g) to Q3 (G) = 
H?(G;R). Since the group G is semisimple, we know (see Remark 1.37 and 
Remark 1.43) that [g, g] = g, which gives the injectivity of x. 

We now have to prove that x is onto. For that, let w € 03(G) and let 
X € g. From £(X) = di(X) + i(X)d, L(X)w = 0 and dw = 0, we deduce 
di(X)w = 0 with i(X)w € Ad (G). By Theorem 1.45, this implies the 
existence of a 1-form ax such that i(X)w = dax. We define F: gx g > R 
by F(X, Y) = ax(Y). From the definition of the coboundary d and the 
construction of F, we deduce: 


F(X,[Y, Z]) = ax([Y, Z]) = dax(Y, Z) = i(X)@(Y, Z) = w(X, Y, Z). 


The invariance of w and the fact that [g, g] = g implies the invariance of F; 
that is, 


F(Ad(g)(X), Ad(g)(Y)) = F(X, Y). 


We are reduced to proving the symmetry of F. For that, observe that F can 
be uniquely decomposed in F; + F2 with F; symmetric and F2 skew. The F 
gives an invariant 2-form on G which must be zero by Theorem 1.45 and 
therefore F is symmetric. 

From this first part, we deduce an isomorphism B(g) = Q3(G). Since 
B(g) contains a nontrivial element, we have b3(G) > 1. 

We suppose now that G is simple and we prove b3(G) = 1. Let F be 
a positive definite invariant bilinear form on g and let F’ € B(g). We 
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consider the least value A of the F’(X, X) when X is such that F(X, X) = 1. 
Set F”(X, X) = 4 F(X, X) — F’(X, X). The kernel of F” is a subspace of 
g, invariant under the bracket (since F” is invariant). This kernel is not 
equal to 0 because A is reached by F’, so it must be equal to all of g since g 
has no proper ideal. We get F’ = AF, which means that the dimension of 
B(g) is 1. 


Remark 1.51 Finally, observe that, in the case of a semisimple Lie group 
G, the negative of the Killing form 


(X, Y)  —trace (ad(X) o ad(Y)) 


is a nondegenerate bilinear symmetric form on the Lie algebra g. If G is 
compact, then it can be shown that this symmetric bilinear form is positive 
definite as well. Since G is parallelizable, this then defines a metric on the 
tangent bundle. With respect to this metric we can define a Hodge star oper- 
ator and obtain a Hodge decomposition of forms on G (see Section A.4). 
From [112] and [107], we can see that if G is a compact semisimple Lie 
group, then the harmonic forms are the invariant forms. 

So, together with Proposition 1.33, the harmonic forms are the left invari- 
ant forms which are also £-invariant. Because, £(X) is a derivation, this 
implies that, on a compact semisimple Lie group, the wedge product of har- 
monic forms is harmonic. This is an unusual property that can be extended 
to symmetric spaces (and, in the language of Chapter 2, imbues them with 
the property of formality) (see Exercise 3.8). We do not go further in this 
direction, instead referring the reader to [107, Propositions 4.4.2 and 4.4.3] 
for more details in the semisimple Lie group case. 


We end this section with Cartan’s theorem on the classification of simple 
Lie groups. Since this lies outside the main subject of this book, we do 
not give proofs, and, rather, refer the reader to [2], [112], [199], [214], 
[229] and [262] for presentations of this theory. Cartan’s theorem gives a 
decomposition of compact connected Lie groups into a product of particular 
Lie groups and gives a complete classification of these factors. For this, 
semisimple Lie algebras are the key notion because semisimple Lie algebras 
allow a global Jordan decomposition for any representation (see [103, page 
129]). Since the Lie algebra g of a Lie group G can be decomposed into 


k 
9=Z0) Gis 
i=1 


where Z is the center of g and g; are simple ideals, the following can be 
shown (see [199, page 282]). 
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Theorem 1.52 For an arbitrary compact connected Lie group G, there 
exists a torus T, compact simple simply connected Lie groups G1, ..., Gz 
and a finite group K contained in the center of T x G1 x --- x Gp such that 
the quotient (T x Gy x --- x Gp) /K is isomorphic to G. 


In other words, any compact connected Lie group admits a finite sheeted 
covering group which is the product of a torus and of simple Lie groups. For 
instance, any connected compact Lie group with a trivial center is isomor- 
phic to a product of simple compact Lie groups. This is the beginning of the 
root system construction. The second part is the classification of compact 
connected simple Lie groups. 


Theorem 1.53 The following groups are simple: 


1. the special unitary groups SU(n4); 

2. the special orthogonal groups SO(n); 

3. the symplectic groups Sp(n3); 

4. the exceptional Lie groups G2, E6, E7, Es, F4; 


and any compact connected simple Lie group is isomorphic to one group of 
this list. If we insist that n, > 2, nz > 5,3 > 2, there are no isomorphisms 
between two elements of this list. 
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We present the definition of locally trivial fiber bundles here and an impor- 
tant tool for their construction, the pullback along a map with values in the 
base. Homogeneous spaces are then introduced and studied as examples of 
bundles. General references are [112], [145] and [242]. 


Definition 1.54 A locally trivial fiber bundle of fiber F is a continuous map 
p: E — B together with a space F such that B admits a numerable open 
cover (U;) with homeomorphisms y,; making commutative the following 
diagram 


7 p-'(Ui) 


wes 


U; 


Here p, is the canonical projection. The space B is called the base and E is 
called the total space. The collection (Uj) is called a trivializing open cover 
of the base and the homeomorphisms q; the local trivializations. If all spaces 
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are manifolds and all maps are smooth maps, we say that we have a smooth 
locally trivial fiber bundle. 

Let p: E > B and p': E’ —> B' be two locally trivial fiber bundles. 
A morphism between p and p’ is a pair of maps, (W,W), such that the 
following diagram commutes 


Ww 


EE) ————> E 


| k 


B’/ ————— B 


v 


If w is the identity on B and V a homeomorphism, we say that p and p’ are 
in the same isomorphism class of bundles. 


Example 1.55 


¢ For any pair of topological spaces, the canonical projection B x F > B 
is a locally trivial fiber bundle. We call it the trivial bundle. 

e If the base B of the bundle E > B is paracompact Hausdorff, then any 
open cover of B is numerable, so the restriction in the definition is really 
not important for us throughout the book. 


Example 1.56 (Pullback of a locally trivial fiber bundle) If p’: E’ > B’ is 
a locally trivial fiber bundle and y: B — B’ is a continuous map, then we 
define a topological space 


WE =(O,.)EeBxF | voy=p'e@)}= U ({o} x p’ 1ch(b))) 


beB 


] 
as a subspace of the product B x E’. The two projections y*E’—+E’, 


p : 
(b,x’) > x’, and y*E’—=B, (b,x’) > 5, are obviously continuous. By 
construction, for any commutative diagram 


ae Ww 

= — re 

| | 

B B’ 
v 


there exists a unique continuous map W: E > w*E such that jo VW = 
and po W = p. This map W is defined by V(y) = (p(y), V(y)). Therefore, 
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our construction w*E’ satisfies a universal property. Moreover, if the map 
p’: E’ — B’ is the canonical projection B’ x F — B’, then we have w*E = 
B x Fand the map p: *E’ — B is the trivial bundle on B. We show now 
that p: w*E’ > Bisa locally trivial fiber bundle with fiber F. 

Since p’ is locally trivial, we may choose a trivializing open cover (U;) 
of B’ together with homeomorphisms g; such that the following triangle 
commutes 


p (Ud 


ee 


U! 


1 


Set U; = vt) and consider the diagram, 


w*E’ E’ 


U; U! 


where EF; is the pullback construction applied to the trivial fibration U! x 
F — U' and the map U; — U} induced by y. We know, from the remark 
above, that the map E; — Uj can be identified with the canonical projection 
U; x F > Uj. We deduce that the (U;) define a trivializing open cover of B 
and that p: w*E’ > B is a locally trivial fiber bundle, called the pullback 
of p': E' > B’ by the map w. 

In the case of a smooth locally trivial fiber bundle, one has to define a 
manifold structure on w*E’ such that the various maps are smooth. This is 
a standard procedure (see [112, Proposition VII, page 29]). 


Below, we look at certain geometrically important examples of locally 
trivial fiber bundles. We shall freely use various properties of bundles such 
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as the homotopy lifting property and the existence of the long exact 
homotopy sequence. See Exercises 1.9 and 1.10. 

In the context of Lie groups, the main examples of locally trivial fiber 
bundles come from the notion of homogeneous spaces that we introduce 
now. Let H be a closed subgroup of a Lie group G. We denote by G/H the 
set of left cosets of H; that is, G/H is the quotient of G by the equivalence 
relation 


x ~ y if and only if x~!y € H. 


The elements of G/H are denoted by xH for x € G. In particular, H is 
the class of the neutral element e of G. We denote by g: G > G/H the 
canonical projection. 


Definition 1.57 The space G/H constructed above is called a homogeneous 
space. 


Definition 1.58 Let H be a closed subgroup of G. A local section of H in 
G is a continuous map o: U —> G, defined on an open neighborhood U of 
H € G/H such that goo = idy. 


Proposition 1.59 If H is a closed subgroup of G admitting a local section, 
then, for any closed subgroup K of H, the canonical projection p: G/K > 
G/H, gK +> gH is a locally trivial bundle of fiber H/K. 

: O(n) ; 
Remark 1.60 The canonical map O(n) > Ou has a local section. 
Consider (€1,...,€2) € O(m); we define an open set U of the quotient as 


O(n) : Ps 
U= | (ts) € OG b (€1,.--5€y—kyU15--+5UpR) 18 a basis of R |. 


From the Gram-—Schmidt orthonormalization procedure, if (41,...,uy) is a 
basis, an orthonormal basis is constructed by GS(u1,...,U¢n) = (uy ---5U,) 
with 

/ / 
! Un—1 — (Un—-1,U,)U, 


u = 
-1 
is |¢n—1 — (Un—1, U4, ||” 


, _ Un 


u ee 
" \Iunll 


Therefore, we obtain a section oa: U > O(n) of the canonical projec- 
fion- defined: by io Wysi.n5 = GSCp <1 23 ep bP igen) = eiaares 
CBU igen VE): 

More generally, in the case of a closed subgroup of a Lie group, there 
always exists a local section (see [60, 12, Proposition 1]). We do not give 
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the proof here. In every concrete example, a local section can be easily 
constructed as above. 


Proof of Proposition 1.59 Observe first that any local section o: U > G, 
defined on a neighborhood U of H in G/H, gives a local section og: gU > 
G, o(g'H) = g.o(g~!g’H), with domain the neighborhood gU of gH. 

Let x € G/H with a local section (U,c). To satisfy the requirements of 
the definition of a locally trivial bundle, one needs maps g and wW such 
that go W = id,-1(y), Woe = idyxG/K and the following diagram 
commutes 


ic aa 


U x (G/K) : p-'(U) C G/K 


i ee 


Uc G/H 


We define y(y,hK) = o(y)hK, w(gK) = (gH, (o(gH))~!gK) and check 
easily that 
g(W(gk)) = ¢(gH, (o (gH))~'gK) = o(gH).(o(gH))~'gK = gk, 
W(o(y, bK)) = (a (hK) = (6 (yhH, (6 (6 (y)H))'o Q)hR), 
= (po(y), (a (p(a(y))) 'o (y)hK) = (y, BK), 
poly, hK) = p(o(y)hK) = o (y)hH = o(y)H = poy) = y. 


Our goal later will be to create algebraic models for manifolds and Lie 
groups and homogeneous spaces in particular. But the algebraic models we 
will consider work best in the simply connected world — or at least in the 
nilpotent world (see Definition 2.32 and the discussion that follows). For 
Lie groups and homogeneous spaces, this will not present a problem, for 
we prove at the end of this section that Lie groups and homogeneous spaces 
are simple, and therefore nilpotent, spaces. 


Definition 1.61 A space X is said to be simple if its fundamental group is 
abelian and acts trivially on the higher homotopy groups of X. 


For completeness, we recall the definition of the action of the fundamental 
group on the other homotopy groups. Let a € 71(X), € € m,(X). The 
inclusion of the basepoint sg <> S” is a cofibration (see [265] or [240]), so 
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there exists a commutative diagram as follows 


so x 0 ———— => sp x1 


Now, the action of a on &, denoted a - & is defined to be a -& = F(—,1), 
and its homotopy class does not depend on the choice of F. 


Proposition 1.62 Suppose H is a connected closed subgroup of a compact 
connected Lie group G. Then the homogeneous space G/H is a simple 
space. In particular, G itself is a simple space. 


In fact, this result holds for any topological group or, more generally, for 
any so-called H-space. 


Proof Denote the quotient map by g: G > G/H. We use the trivial class 
H as base point for G/H. Let a € 21(G/H), € € m,(G/H). Since H is 
connected, there is a surjection g#: 71(G) > 21(G/H), so choose some 
a: I —> G with a(0) = a(1) = e and g(@(t)) = a(t). (The equality can be 
achieved since q satisfies the homotopy lifting property, see Exercise 1.9.) 
Now, by using the left action of G on G/H, we define a map F making the 
diagram commute: F(x,t) = a(t) (x). Observe F(x, 0) = &(x), F(x,1) = 
E(x) and 


F(so,t) = a(t) &(so) = a(t) H = a(t). 


The last equality shows that F makes the diagram commute. Moreover, we 
see that F(—, 1) = €. Hence, a - € = & and the action is trivial. 


Example 1.63 Consider the following examples: 


1. Tori T” have 71(T”) = Z", but are simple spaces. 

2. The special orthogonal groups SO(”) have 2;(SO(m)) = Z/2, but are 
simple spaces. 

3. The projective space RP(27) is known not to be simple (i.e. the antipodal 
map on the universal covering S*” has degree —1), but we have RP(2n) = 
O(2n+ 1)/(O(2n) x O(2)). Note that the subgroup H is not connected. 
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Remark 1.64 The special case H = T, where T is a maximal torus of G, is 
easier to handle because there is a Bruhat decomposition of G/T showing 
that a CW-structure for G/T has cells only in even dimensions. Hence, 
the homogeneous space G/T is simply connected. A proof using regular 
elements can be found in [199, page 277]. Also, compare Exercise 1.5. 
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In this section, we define principal bundles with structure group a Lie group 
G (also called principal G-bundles). Since the pullback of a principal G- 
bundle is a principal G-bundle, we look for a principal G-bundle p: E > 
B which is universal in the following sense: any principal G-bundle over 
a space B’ can be obtained as a pullback of p along a map B’ > B.A 
characterization of such bundles is proved by using the notion of CW- 
complexes. Other examples will be developed in Section 1.12. 


Definition 1.65 Let G be a Lie group. A principal bundle with structure 
group G (or principal G-bundle) is a locally trivial bundle p: E > B with 
fiber the Lie group G, together with a right action Ex G > E, (x, g) > xg, 
of G on E. and a trivializing open cover of B, (Uj, yj), such that o;(x, gg’) = 
gi(x, 2)", for any x € E, g,g’ €G. 

If all spaces are manifolds and all maps are smooth maps, we call the 
principal bundle a smooth principal bundle with structure group G (or 
smooth principal G-bundle). 


Observe that the previous definition makes sense for a topological group 
instead of a Lie group G. 


Remark 1.66 As the reader can easily check, if p: E > B is a principal 
G-bundle then the right action of G on E is free. Reciprocally, if G is a 
Lie group that acts freely and properly on a manifold M, the canonical 
projection M — M/G is a principal G-bundle, see [113, pages 193 and 
229]. 


Example 1.67 (1) For any space B, the canonical projection B x G > B is 
a principal G-bundle, called the trivial principal G-bundle. 

(2) If H is a closed subgroup of a Lie group G, the canonical map G > 
G/H isa principal H-bundle. 


Definition 1.68 A morphism between two principal G-bundles is a pair of 
maps, (w,W), such that V is compatible with the G-action (i.e. V(xg) = 
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W(x)g) and the following diagram commutes 


w 


EE’ ————> E 


°| f 


B! —————> B 


v 


Definition 1.69 A principal G-bundle p: E — B is trivial if there exists a 
morphism of principal bundles 


f 
BxG E 
°| |? 
B= B 


where B x G - B is the canonical projection. 


Observe that, together with Exercise 1.11, if a principal G-bundle is trivial, 
the map f of Definition 1.69 is a homeomorphism. 


Proposition 1.70 Let G be a Lie group and let p: E > B bea principal 
G-bundle. If p admits a section, then p is trivial. 


Proof Denote by o the section of p and let B x G —> B be the canonical 
projection. We construct a morphism of principal G-bundles 


w 
BxG E 
| 
B=—— B 


by W(x, g) = o(x) - g. The triviality follows by definition. 


Example 1.71 (Pullback of a principal G-bundle) Let G bea Lie group and 
p: E > B bea principal G-bundle. Let yw: B’ > B be a continuous map. 
Recall from Example 1.56 the construction of the pullback of p, denoted 
p': W*E — B’. This is a locally trivial fiber bundle with fiber G. We define 
a free right action of G on w*E by (x, g)h = (x,g-h). This gives w*E the 
structure of principal G-bundle and we call p’: y*E — B’ the pullback 
principal G-bundle of p: E > B along the map w. The same construction 
gives a smooth principal G-bundle if p: E > Bandy: B’ > Bare smooth. 
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Observe, from Exercise 1.11, that for any morphism of principal G- 
bundles, 


the domain EF’ is in the isomorphism class of w*E. 

Let p: E > B bea fixed principal G-bundle. Using Example 1.71, to any 
map f: X — B we can associate a principal G-bundle over X. In fact, if we 
consider the isomorphism classes of principal G-bundles, this association 
depends only on the homotopy classes of maps (see Exercise 1.8). Denote 
by kg(X) the set of isomorphism classes of principal G-bundles over X. 
What we have described above is a correspondence 


[X, B] > kg), [fl f*E. 


We can ask whether there exist principal G-bundles p: E > B for which 
this association is an isomorphism (compare with [145], [74, Classification 
Theorem], [242]). This will elicit the notion of classifying space BG of 
G developed in Section 1.11. Because classifying spaces are not naturally 
manifolds (although, by [77], they can be viewed as manifolds of infinite 
dimension), we must leave the framework of manifolds and enter that of 
CW-complexes. This is still convenient for our study because any compact 
manifold is a CW-complex, as classical Morse theory shows (see [195]), 
and also because two simply connected compact Lie groups are isomorphic 
if they are homotopy equivalent (see [231]). 


Definition 1.72 Let G be a Lie group. A principal G-bundle p: E > 
B is an n-universal G-bundle if the association given above, [X,B] > 
kg(X), is an isomorphism for any CW-complex X of dimension < n. 
A universal principal G-bundle is an n-universal principal G-bundle for 
every Nn. 


Universal principal G-bundles can be characterized by the following result. 


Theorem 1.73 A principal G-bundle po: Eo — Bo is n-universal if and 
only if the space Eg is (n — 1)-connected. 


This criterion will give us the existence of universal G-bundles for the 
classical examples of Lie groups (see Section 1.12). For instance, in the 
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case of G = S! or G = S? we can explicitly find universal bundles as 
follows. 


Example 1.74 Consider the classical action of the circle S' on S2"+1 c C+! 
given by the complex multiplication (z1,..., %41)% = (21° % ++ +59 Zn41° 2). 
The quotient is the complex projective space and we have a principal S!- 
bundle, $2”+! -» CP(n), which is (22 + 1)-universal by Theorem 1.73. 
The canonical inclusions CP(1) Cc CP(2) c --- c CP(n) c --- and S! c 
S? Cc... C 8" C --+ define spaces CP(oo) = U,CP(m) and S© = u,S". 
The principal $!-bundle $° —> CP(oc) is a universal $!-bundle since S® is 
contractible. 

By using the quaternionic multiplication on S$’, we get a (42+3)-universal 
principal S3-bundle, $4’+3 — HP(m), and a universal principal $3-bundle, 
S® —> HP(oo). 


Proof of Theorem 1.73 Part 1. Suppose that po: Eo — Bo is n-universal 
and let f: S‘ + Eg be a representative of a homotopy class in z(Eo), 
k < n-— 1. We consider the following morphism of principal G-bundles 
(which is therefore a pullback), 


Ww 
SEX G Eo 
| | 
wv 
sk Bo 


defined by Ww = poof and W(x,g) = f(x)g. The pullback of po along w 
being trivial, the map w must be homotopically trivial by the injectivity part 
of the hypothesis and there is an extension y: D*+! > Bo of y. From the 
surjectivity part of the hypothesis, we now get the following morphism of 
principal G-bundles 


V 
De1xG Fo 
| |» 
v 
Dk! Bo 


Using the injectivity part again gives the following sequence of morphisms 
of principal G-bundles where the maps Sk + D&+! and S* x G + D&+!xG 
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are the canonical injections: 


SkxG DR+1xG Eo 
| | |» 
gk Det ul Bo 


The restriction of VW to D&+! x {e} is an extension of f: S& + E which 
implies that f is nullhomotopic. 

Part 2. Suppose now that po: Eo — Bo is a principal G-bundle such that 
p(E9) = 0 fork < n—1. We proceed by induction on the dimension of the 
CW-complex X, the statement obviously being true if X is of dimension 0. 
We suppose the result to be true for any CW-complex L of dimension less 
than or equal to k — 1 with k < n. We attach a k-cell to L by a map x: 


x j 
sk-1—+L—+xX =LuDk. 


For proving the surjectivity part of the statement, we consider a principal G- 
bundle p: E — X. The pullback (jo x)*E being trivial, we have a morphism 
(x, X) from the trivial bundle to j*E. The induction hypothesis (surjective 
part) applied to ;*E > L gives a morphism (wz, Vz) of principal G-bundles 
as in the following diagram 


x wv 
SR-1xG PE —— Fo 
ae X& we 
D'xG E Po 
x WL 
gk ‘1 L Bo 
oo 
Oe ~ oy 
Dé oe.s 


Since the map Wz, 0X(-—, e): Sk-1 _, Eo is trivial by assumption, there exists 
an extension W: Dk — Epo of it. We now extend W toa map vw: D'xGo> 
Eo using the action of G (i.e. U(x, g) = W(x)g). Since the total space E is 
the pushout of j*E and D* x G over S*~! x G, we construct a morphism 
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(W, w)from p to po as follows. 


*ifxep 'O), ye L, then V(x) = U(x), VO) = VL); __ 
© ifx ep '(y), y € DS, then U(x) = U(x~!(x)), WY) = po(WO)). 


Now, Exercise 1.11 implies that w*Eo and E are in the same isomorphism 
class. 

For proving the injectivity part of the statement we consider two maps 
W1, W2: X — Bo giving two isomorphic bundles yj Eo, 3 Eo. By induction, 
the maps Wj oj and W oj are homotopic. The homotopy lifting property 
gives a map F,: L x [0,1] > Eo such that pg o Fy is the previous homotopy 
between 1 oj and wp oj. 


xid 


x 
Sk-1 x [0,1] ————~ L x [0, 1] 


[i 


F 


a . 


Dk x [0,1] Bo 


From zp_1(Eo) = 0, we deduce the homotopy triviality of the composition 
Fr, 0(x x id) and, therefore, the existence of an extension F’: D* x [0,1] > 
Eo. By the construction of X as a pushout, we get a map F: X x [0,1] > Eo 
making the previous diagram commutative. The composition pg o F is a 
homotopy between wy; and Wo. 


Remark 1.75 John Milnor constructed a universal bundle for any topolog- 
ical group. In short, the construction goes like this: 


¢ the total space EG is the infinite join, EG =G* GxGx---; 
* Gacts on EG diagonally by (g1, g2,...)g = (21-8, 22°8,---). By definition, 
the space BG is the quotient EG/G. 


Milnor proves that EG — BG isa universal G-bundle. For more details, see 
[145, Chapter 4, Section 11] or [193]. Here, we do not need this generality. 
In Section 1.12, we explicitly construct the classifying spaces for G = O(n), 
G = U(n) and G = Sp(n). Since any compact Lie group is isomorphic to a 
subgroup of the orthogonal group, the existence of a classifying space for 
O(n) implies the existence of a classifying space for any compact Lie group. 


Remark 1.76 In terms of G-spaces and in the case 2 = oo, Theorem 1.73 
can also be proved by establishing the following property (see [74, 7.7]): If 
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E is a free G-space and E’ a contractible G-space, then there exists a G-map 
E — E’ and any two such maps are G-homotopic. 


1.11 Classifying spaces of Lie groups 


Here we give the definition of the classifying space of a compact Lie group 
and determine its cohomology algebra with rational coefficients. We use 
this classifying space to give a new, more homotopical, proof of the fact 
that the second Betti number of a semisimple Lie group is always equal 
to 0 (see Theorem 1.45). 


Definition 1.77 If G > EG > BG is a universal principal G-bundle, the 
space BG is called the classifying space of the Lie group G. 


Note that, because EG is contractible, the long exact homotopy sequence 
of the bundle gives 2;(G) = 7j41(BG). In fact, Q(BG) ~ G, where Q(BG) 
here denotes the loop space of BG. 


Remark 1.78 From Remark 1.75, one knows that such spaces exist. The 
uniqueness of their homotopy type is guaranteed by the following result. 
Two compact Lie groups G and H are isomorphic if and only if the classify- 
ing spaces BG and BH are homotopy equivalent (see [204], [210, Section 6], 
[211], [218]). 


For concrete constructions of classifying spaces, the following observation 
will be of use. 


Example 1.79 Let G be a compact connected Lie group and H be a closed 
subgroup of G. Denote by G > EG > BG a universal principal G-bundle. 
The subgroup H acts freely on EG and gives a principal H-bundle H > 
EG — EG/H. Since the homotopy groups of EG are trivial, this fibration 
is a universal principal H-bundle. That means we can take EG/H to be the 
classifying space BH. 


Proposition 1.80 G/H > BH —> BG isa fibration. 


Proof As in Proposition 1.59, we have a fibration G/H — EG/H > 
EG/G. The result follows now with BH = EG/H and BG = EG/G. 


Theorem 1.81 Let G be a compact connected Lie group with cohomol- 
ogy algebra an exterior algebra, H*(G;Q) = A(m,...,Uy), where uj € 
H?"-!(G; Q. Then the classifying space for G has for cohomology algebra 
a polynomial algebra, H* (BG; Q) = Q[v,...,v,] with v; € H?"'(BG;Q). 


Recall from Hopf’s theorem (Theorem 1.34) that the cohomology alge- 
bra H*(G;Q) is always an exterior algebra on odd degree generators for 
any compact connected Lie group G. We present two different proofs for 


1.11 Classifying spaces of Lie groups 


Theorem 1.81. The first one, due to Borel [33], consists of a careful analy- 
sis of a spectral sequence. In the second one, we keep track of spaces more 
carefully. As the reader will see, this process simplifies the technical part 
of the argument. A third approach, using the construction of the minimal 
model of a loop space QX from the minimal model of X, will be presented 
in Example 2.67. 


Proof 1 of Theorem 1.81 Consider the Serre spectral sequence, with coef- 
ficients in Q, of the principal bundle G + EG — BG. Note that the 
hypotheses of the theorem guarantee that BG is simply connected. There- 
fore, the Serre spectral sequence has simple coefficients and the second page 
has the form Eee — Fo @ES4 = (A(u1,...,Ur))? @H4(BG; Q) which satis- 
fies the hypothesis of the Zeeman—Moore theorem (see Theorem B.15). We 
know from Theorem 1.73 that the page Eoo is reduced to Q in degree 0. 
Suppose, for a moment, that the u; satisfy the following property: 


(T) dju; = 0 for j < 2n; — 1 and doy,(uj) = v; £ 0, 


where the d; are the differentials in the spectral sequence. 

Now define a cochain algebra A(%,...,%,) @Q(M, ..., Vy] with du; = Vj, 
|u;| = 2n; — 1, |v;| = 2n;. Observe that the sub-differential algebras 
(A(Hj) ® QU], d) are acyclic. Therefore the cohomology of A(@1,...,%;) ® 
Q[M,...,;U,] is reduced to Q in degree 0. We filter by the degree in 
the 7;’s and get a spectral sequence pe whose second page is E54 = 
(AG, ..-5%r))? ® (QW1,...,0,])4. 

The canonical map sending %; to u; and 7; to v; gives a morphism of spec- 


tral sequences (Be ass — (EP d,). This morphism satisfies conditions 
(1) and (3) of Theorem B.15. Therefore, condition (2) is satisfied also and 
A* (BG; Q) = Ql1,..., vr]. 

Elements which satisfy property J are called transgressive and the proof 
of the fact that the u;’s are transgressive is one important point in the proof 
of Borel [33]. We do not go further in this direction. 


In the second proof we deal with spaces and do not work only at the level of 
spectral sequences. Recall that each space X has an associated path fibration 


Qx > Px 4 X, where PX consists of all continuous paths y: I > X 
having y(0) = xo, for a fixed basepoint x9 € X, and p(y) = y(1). Then 
the fiber p~!(xq) consists of all paths with y(0) = xo = y(1). This is 
the loop space of X, QX. It is easy to see that PX is contractible, so the 
long exact homotopy sequence of the fibrations (see Exercise 1.10) gives 
mj(QX) = 1;44(X). The following proof applies the Serre spectral sequence 
to the path fibration. 


Proof 2 of Theorem 1.81 We prove the next property by induction on 
r: Let X be a connected simple space whose loop space QX has rational 
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cohomology algebra an exterior algebra H*(QX;Q) = A(u1,..., uy) with 
u; of odd degree 2n; — 1. Then H*(X;Q) = Q[1,...,v;] is a polynomial 
algebra with |v;| = |u;| +1. 

Since the space X is simple (see Proposition 1.62), it admits a ratio- 
nalization (see Subsection 2.6.1) and, since we are interested only in 
rational cohomology, we may replace X by its rationalization. However, 
for convenience, we still denote the rationalization by X in this proof. 

If r = 1, we take the argument of the first proof above. Obviously the 
element “1 must satisfy the property J and we get the result. Suppose now 
that the result is true for r — 1 generators and let X be as in the statement. 
If 1 is an element of lowest positive degree among the u,’s, it must be a 
transgressive element, and we denote by v1 € H*”!(X;Q) the image of 14 
by d2,,. This class v1 corresponds to a map (v1): X > K(Q, 21). Denote 
by Y the homotopy fiber of g(v1) and take the following Puppe fibration 
sequence (see [137] or [265], for instance) 


291) 91) 
QY >QX >K(Q, 2m, — 1) >Y >X >K(Q, 2). 


Now, the fibration QY —+QX —~K(Q, 27, — 1) is trivial because the 
map Qg(v1) admits a section (see Exercise 1.12). 

We thus get H*(QX;Q) = A(m1) ® H*(QY; Q). By quotienting out the 
ideal generated by A(u1), we deduce that H*(QY;Q) = A(w2,..., uy). 

We apply the induction hypothesis to Y and obtain H*(Y;Q) = 
Q[v2,...,v7]. Consider the Serre spectral sequence of the fibration 
Y—~> X —~>K(Q, 2n1). Its second page is Ey = Q[v1] ® Q[v2,...,v;]. 
Being totally concentrated in even degrees, all the differentials must be zero 
and we see that H*(X; Q) = Q[v1] ® Q[v2,...,v,] = Ql, v2,..., Uy]. 


We now use the existence of the classifying space of a Lie group for a 
third proof of Theorem 1.45. Let G be a compact semisimple Lie group. 
Recall that, in Corollary 1.46, we proved 22(G) ® Q = 0. As we will see in 
Remark 1.82, this third proof, which is more homotopical in spirit, in fact 
points the way toward the more general result that 22(G) = 0. 


Proof 3 of Theorem 1.45 Since a compact semisimple Lie group is finitely 
covered by a compact simply connected Lie group, it suffices to prove the 
result in the simply connected case. The Hurewicz theorem then implies that 
32(G) ~ H>(G), so in order to show H2(G; R) = Hom(H2(G), R) = 0, we 
need only to show that z2(G) is finite. 

Now, 72(G) = 73(BG), where BG is the classifying space of G. Because 
m2(G) = H2(G) is finitely generated, we have a splitting 72(G) = F@T, 
where F is free abelian and T is the torsion subgroup. Let f € F be a 
generator of the free abelian part of m2(G) considered as an element in 
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13(BG) and use f: S? — BG to induce a principal G-bundle P > S? by 
pulling back the universal one. There is an associated Puppe sequence 


f 


> 283 La SPS? be BG 


which is exact on homotopy groups. Furthermore, the connecting map 0 is 
simply the loop of the classifying map f up to homotopy: Qf ~ 0. We have 
the following commutative diagram: 


fe 


=| |= 


0. 
Z = 12(QS°) —s m2(G) 


from which it follows that d(x) = f, where x generates Z = 12(QS*) = 
H>(QS>+). Because f represents a generator of F in 72(G) = H2(G), we can 
define a homomorphism ¢: H2(G) + Z as follows: Write the generators 
of Fas {f =fi,fo,.--, fe} and take 


oPM=1, OF) =0 forj #1, oT) =0. 


Now, H?(G;Z) = Hom(H2(G), Z), so ¢ is an element of degree 2 cohomol- 
ogy. Moreover, the induced homomorphism d*: H*(G;Z) > H?(QS?;Z) 
has the following effect on the generator x € H2(QS?; Z) = 12(QS) = Z: 


d*(P)(x) = $(0:(x)) = O(f) = 1, 


which implies that 8*(¢) = X, where x € H?(QS?;Z) = Hom(H)(QS?), Z) 
is defined by x(x) = 1. But, from Example B.11, we see that the cup product 
powers x” are nonzero for all m > 1. Thus 


0 Ax” = (0"°(g))” = 9° (G”) 


which implies that ¢” #4 0 for all m in the finite dimensional manifold G. 
This contradiction then shows that f = 0. Hence H2(G) = T, the torsion 
part, and H?(G;R) = 0. 


Remark 1.82 In fact, a theorem due to S. Weingram allows us to show 
the stronger result 72(G) = 0. Weingram’s theorem (see [263]) says that 
a map f: QS?"+! -» K(A,2n) which has 0 4 fy: Ho, (QS*"t!;Z) > 
H,(K(A, 2); Z) is incompressible; that is, f does not factor through 
a finite complex. In Proof 3 of Theorem 1.45, if the classifying map 
t: S> — BG represents a torsion element of 72(G) = H>(G), then 
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for some p’, where p is a prime, there is a dual cohomology class T € 
Hom(H2(G), Z/p") © H?(G;Z/p’). Because, in general, H*(X; A) = 
[X,K(A,k)] (where [X,K(A,k)] denotes the set of homotopy classes 
of maps), we obtain the following homotopy commutative diagram by 
focusing on the connecting map in the Puppe sequence 


K(Z/p", 2) 


NO 


G 


Qs? 


Here, with. ¢ H*(K(Z/p",2);Z/p") the fundamental class, we have ¢*(1) = 
a*T*(t) = 9*T, so 9* pulls back T € H?(G;Z/p") into H2(QS?; Z/p’). By 
the same argument as before, this class in H*(QS?; Z/p") is nontrivial. By 
Weingram’s theorem, this is impossible because G is a compact manifold. 
Therefore, no such class t can exist and 77(G) = 0. 
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We will now define Stiefel and Grassmann manifolds and compute their 
cohomology. We deduce from this determination the universal fibrations 
associated to O(n), U(m), Sp(7). In Proposition 1.87, a particular case of 
a “model of a fibration” is also given. This is a prototype of the relative 
models developed in Chapter 2. 


Example 1.83 (Stiefel manifolds) We denote the Stiefel manifolds by, for 
1<k<n, 


O(n) SO(n) 


Vne® = Om—k) SO™m—ky’ 
_ U@®M | SU(n) 
Vag = Um—k) SUn—bk)’ 
_ Spin) | 


and V,,(R) = O(7), Vin(C) = Un), Vinn(H) = Sp(m). As particular 
cases, we get V,,1(R) = gee Veni) = Seem. Vn,1(H) = S4"-1) Stiefel 
manifolds V,,,(—) are isomorphic to the spaces of orthonormal k-frames 
in the respective R”, C”, H”. 
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Example 1.84 (Grassmann manifolds) We denote the Grassmann mani- 
folds by, for1 <k <2: 


ss O(n) 
Gn) = Ox OG—A’ 

_ U(n) 
Gna = U(k) x Un— bk)’ 
Gig (H) = sp) 


Sp(k) x Sp(m— k)’ 


As particular cases, we get Gy1(R) = RP(m — 1), Gyi(C) = CP(n — 1), 
G,,1(Hl) = HP(4n — 1). Grassmann manifolds G,,,(—) are isomorphic to 
the spaces of k-dimensional subspaces in the respective R”, C”, H”. 


Before the statement, we recall that A(V) (Q[V]) denotes the exterior 
(polynomial) algebra generated by the Q-vector space V. Such a vector 
space is sometimes represented by a basis, V = (x1,...,Xz)- 


Proposition 1.85 The cohomology algebras of complex and quaternionic 
Stiefel manifolds are described by: 


H* (Vi p(C)sQ = A (2p 419+ ++ X2n—-1) With x23-1 € HV, 4 (C); V5 
H*(Vj,4(HD; Q) = A (y4Qn—8) 439-9 94n—1) With y4i-1 € H*!(V,, 2H); Q. 


By using the particular cases Vy,(C) = U(”), Vnn(H) = Sp(m) and 
Theorem 1.81, one gets the following result immediately. 


Corollary 1.86 The unitary and symplectic groups and their classifying 
spaces have for cohomology algebras: 


H*(U(1);Q = A (01,%35---5X2n—1) with x21 € H*'(U(n); Qs 
H*(SU(); Q) = A (x3, ..-5X2n-1) with x2;-1 € H~*~'(SU(n); Q; 
H*(Sp(n);Q =A (3,975 -+ +5 ¥4n—1) with y4i1 € H*~! Sp(n); Q) 
H*(BU(n); Q) = Q[c1,c2,...5€,] with c; € H”(BU(n);Q); 

H* (BSU(n);Q) = Q[a2,...,¢n] with cj € H7(BSU(n); Q); 
H* (BSp(2); Q) = Q[q1,425---54n] with qi € H*(BSp(n); Q. 


A locally trivial fiber bundle, with a numerable trivializing open cover of 
the base (see [74]), is a fibration, so the bundle satisfies the homotopy lifting 
property (see Section 2.5.2 and Exercise 1.9). For the total space of a fibra- 
tion, Sullivan theory supplies a nice algebraic model which contains models 
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of the base and of the fiber. As an aperitif, we now present a particular case, 
sufficient for our study of Stiefel and Grassmann manifolds. 


p 
Recall first, from Corollary B.13, that a bundle $s —-~E—=B induces 
an exact sequence, called the Gysin sequence, 


5 p* 
Hi; 0) —> BP BO) > HE, O) > HB; O) 
where 5(x) = x Ue for some e € H*+1(B; Q). 


p 
Proposition 1.87 Let §27+1—_>E——=+B be a fibration such that the class 
e € H*"*?(B; Q) appearing in the Gysin sequence is zero. Then we have an 
isomorphism of algebras 


~ 


H*(B; Q) ® Ay 


where y is of degree 2n + 1. 


H*(E;Q), 


Proof The Gysin exact sequence splits into short exact sequences: 


* * 


Hi(E;Q)—— 


We choose a class y € H?”*+!(E; Q) such that o* (¥) = 1 and define a cochain 
map 


0—>Hi(B;Q) Hi-2"-1B;Q)—>0. 


®: H*(B) ® Ay > H*(E) 


by ®(@) = p*(@) if w € H*(B) and ®(y) = ¥. Because y is of odd degree, 
the map © is an isomorphism of algebras. 


Remark 1.88 In [112, page 320], the class e is defined as the Euler class 
of the bundle. In the case of a sphere bundle, this class coincides with the 
pullback of the Thom class along the zero section (see [41, Theorem 13.2, 
page 390]). A third equivalent definition of Euler class will be given in 
Example 1.96. 


Proof of Proposition 1.85 Let 2 > 1 be an integer. For k = 1, we have 
Veal(Cy= S*”-1 and the statement is true. We now use induction on k by 
supposing that the formula is true for k — 1. We consider the fibration 


s2—k)+1 + V,, ,(C) —+V,, p-1(©) : 
By the induction hypothesis, the Euler class in FARA ea (Os Q) is 


zero. The result follows directly from Proposition 1.87. The argument is 
similar for the symplectic Stiefel manifolds. 
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In the real case, the proof works also by induction on k, using the fibration 
S” + SO(n + k)/SO(n) > SO(n + k)/SO(n + 1), 


but one needs to determine the Euler class of this fibration. We do not give 
the proof here, referring the reader to [199, page 121]. 


Proposition 1.89 The real Stiefel manifolds have for cohomology algebras: 


Weep); OY” (Cpe 2085245 Z2n+2k-3) , n odd, k even, 
Ba aren reor Mcrae i Pinap ssZaeet) , 2 odd,k odd, 


= A (Sn 22n43s22nt-7o ++ +> Z2n42k-3) » 7 even, k odd, 


= A (ns 220 35 22n os Cohn oh Seep AN) 


n odd, k even, 


with z € H'(Varep(R);Q. 


Noting the particular cases Vy,,.(R) = O(n) and using Theorem 1.81, we 
deduce the following. 


Corollary 1.90 The orthogonal groups and their classifying spaces have for 
cohomology algebras: 


H*(SO(2m); Q) = A (83,275 +++» %4m—5s22m-1) » 
H* (SOQm + 1);Q) = A (23,275 +++5%4m—1) 5 
H*(BSO(2m); Q) = Q[p1, P25---,Pm-15 xX]; 
A*(BSO2m + 1);Q = Q[p1,p2,--->Pml], 


with z; € H'(SO(—);Q), pj ¢ H*(BSO(—); Q), x € H?”(BSO(2m); Q). 


Remark 1.91 The results of Proposition 1.85 and Corollary 1.86 are true 
for cohomology with coefficients in Z, since these cohomology groups have 
no torsion (see [199, page 119]). This is not the case for the real Stiefel 
manifolds; their cohomology has 2-torsion. Being concerned here only with 
coefficients in a field of characteristic zero, we refer the reader to [199, page 
121] for an explicit description of the cohomology with coefficients in Z2. 


As a direct consequence of the previous computations and Theorem 1.73, 
we obtain the following. 


Proposition 1.92 
1. The principal O(k)-bundle, Vip p(R) > Grigp(R), is n-universal. 
2. The principal U(k)-bundle, Viipp(C) > Grspe(C), is (2n + 1)- 


universal. 
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3. The principal Sp(k)-bundle, Viig pH) > Gy+pp CH), is (4n + 3)- 
universal. 
Corollary 1.93 Set Voop = UnVn+kg and Gook = UnGnk,p for the fields 
R, C and H. Then the three following principal fibrations are universal: 
Vo0,k (R) => Goo (R), for G= O(kR); 
Vo0,4(C) > Goop(C), for G = UCR); 
Voo,k (H) > Goo,k (H), for G= Sp(k). 


Remark 1.94 For the universal fibrations associated to SO(”) and SU(n), 
it is necessary to introduce the spaces of oriented vector subspaces: 
SG, 2(R) = O(n)/SO(Rk) x O(n — Rk) and SGyp(C) = U(n)/SU(R) 
x U(n—k). 


See [145, Theorem 6.1 of Chapter 4]. 


Definition 1.95 Let p: E > B bea principal G-bundle with classifying map 
w: B > BG. A characteristic class of p is an element of w*H*(BG;R) C 
H*(B;R), for a commutative ring R. Since we work with coefficients in Q, 
we consider only rational characteristic classes. 


Example 1.96 We list here the characteristic classes corresponding to the 
different Lie groups of matrices. 


For a U(m)-bundle, the characteristic classes are generated by the image 
of the classes c; € H*(BU(1); Q) = Q[cy,...,c,]. These are called Chern 
classes. 

For a SO(2m + 1)-bundle, the characteristic classes are generated by the 
image of the classes pj ¢ H*(BSO(2m + 1);Q) = Q[p1,..., Pm]. These 
are called Pontryagin classes. 

For a SO(2m)-bundle, the characteristic classes are generated by the image 
of the Pontryagin classes just defined, and the universal Euler class x € 
H? (BSO(2m); Q). 

For Sp(z), the characteristic classes are generated by the image of the 
classes gq; € H*(BSp(z);Q). These are called symplectic Pontryagin 
classes. 


When the bundle S’ > E — B has SO(r + 1) as structural group, the 
notion of Euler class introduced in Remark 1.88 from the Gysin sequence 
may be identified with the definition of this section (see [145, Proof of 
Theorem 6.5, page 103]). In the case of S! = SO(2), one has BS! = CP® = 
K(Z, 2) andthe Euler class with coefficients in Z is the image of the generator 
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of H?(K(Z, 2); Z) (see Section 6.5 for a description of the relation between 
the Euler class and the flatness of the associated vector bundle). 

One can also observe some relations between characteristic classes com- 
ing from different inclusions between Lie groups (see [198, page 176] 
for a description of them). For instance, the canonical inclusion U(m) c 
SO(2m + 1) gives a map Ww: BU(m) — BSO(2m + 1) which induces in 
cohomology y* (pj) = eee) eres e H*/(BU(m) [199, page 144]. 


1.13 The Cartan-Weil model 


Once the rational cohomology of Lie groups was determined, calculating 
the cohomology of general homogeneous spaces became an important goal. 
The combined work of Cartan, Chevalley and Weil after World War II 
provided an algebraic model whose cohomology was the cohomology of the 
homogeneous space under consideration. This is the genesis of the theory of 
minimal models which is the subject of Chapter 2. Indeed, we shall give the 
minimal model version of the Cartan—Weil model in Theorem 2.71. Here 
we want to both generalize and particularize the Cartan—Weil model for 
homogeneous spaces. We generalize the model by describing an algebraic 
model for an action of a Lie group ona space. We particularize by taking the 
simplest example: the action of a circle on a manifold. The advantage of the 
original Cartan—Weil model over newer minimal models is that we can often 
see more geometry in the Cartan—Weil model because it is constructed from 
forms. (In particular, there are models based on harmonic forms and the 
Hodge decomposition which often are more computable; see, for instance, 
[11].) Our treatment is essentially that of [15]. 

In Theorem 1.28, we saw that, if a compact connected Lie group G acts 
on a closed manifold M, then H*(M;IR) = H7(M), where Hj (M) is the 
cohomology of the complex of left invariant forms. While this is an inter- 
esting result, there is a more important cohomology associated to a group 
action. This is the equivariant cohomology defined as follows. As we saw 
above, there is a universal principal bundle G > EG — BG with a free 
right action of G on EG and BG = EG/G. If G also acts on M, then there 
is a free right action of G on EG x M given by g(e,m) = (eg!, gm). The 
quotient is then 


Mc 2! EG xg M = (EG x M)/G, 
and there is a fibration (called the Borel fibration), 
M—> Mc 5 BG 
where p([e,7]) = [e]. 
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Definition 1.97 The equivariant cohomology of M with respect to an action 
of G on M is defined to be 


H#,(M) = H* (Mc). 


Any coefficients may be used in the definition. For instance, we will be 
interested in either H6(M; Q) or H6(M;R). The equivariant cohomology 
is important because it gives information not only about M, but about the 
G-action also. While the Borel fibration will be studied extensively from 
topological and algebraic perspectives in Section 7.2, here we want to hint 
at how Lie group actions lead to topology and, especially, algebraic models. 

Since we are only interested here in motivating the models of Chapter 2, 
let’s take a special case of a smooth action of S' on a closed manifold M. 
For a fixed m € M, the orbit map S! > M given by g + gm inducesa linear 
map T.S! > Ti,M with Xp +> Xm, where Xo is a basis for T,S! = R, the 
Lie algebra of S!. Doing this for every m € M produces a vector field X on 
M called the fundamental vector field of the action. As such, we can form 
the operators i(X) and £(X) (see Section A.2). 

The Weil algebra W of the circle is 


W =A(6,u) = Exterior(6) ® Polynomial(z), 


where @ is in degree 1 and uw is in degree 2. A differential D is defined on 
W by declaring D@ = u and Du = 0. Notice that the cohomology of this 
differential graded algebra is zero (except for H°(W) = R). We mention 
here that the Weil algebra can be defined for other Lie groups also using the 
structure constants of the associated Lie algebra to describe the differential. 
We can extend the action of the operators i(X) and £(X) from the de Rham 
algebra Apr(M) to the complex W @ Apr(M) as follows. On W, define 


i(X)é = 1, i(X)u = 0, L£(X)é = 0, L£(X)u= 0. 


In fact, the general definition for £(X) is £(X) = i(X)D + Di(X) and the 
equations above hold in the S! case. 


Definition 1.98 The basic subcomplex Q3(M) C W ® Apr(M) consists of 
all elements a with i(X)a = 0 and L(X)a = 0. 


Of course, a similar definition holds for general compact connected G. 
The fundamental result that we shall not prove in the present framework is 
(in its general form, see [15]), 
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Theorem 1.99 If there is a smooth action of a connected compact Lie group 
G ona closed manifold M, then 


H*(Qp3(M)) = HE(M;R). 


So Qp(M) is, in some sense, a model for the total space of the Borel 
fibration, Mg. Clearly, however, it is not a particularly tractable model. 
Below, we shall find a better and more intuitive model. 

Let’s specialize to an S!-action for simplicity. Any element of W@Apr(M) 
has the form w = Y°,u*ag + Pz 6ulb; where k and j are non-negative 
integers and ay, b; € Apr(M). The next result identifies the basic elements. 


Proposition 1.100 Using the notation above, an element w €¢ W ®Apr(M) 
is basic if and only if L(X)ap = 0 and i(X)az = —bp for each k. 


Proof First, recall that we extended i(X) and £L(X) to W @ Apr(M) above. 
Now, since i(X) and £(X) are graded derivations, we have 


i(X)o = Suk i(X)ay) +) (u'bj — Ouli(X)b;) = 0, 
k j 


L(X)o = Yuk (L(X)ay) +) Oui (L(X)bj) = 0. 
k j 


Now note that the w* and u*6 are algebraically independent over Apr(M). 
Hence (using the standard facts that i(X)* = 0 and i(X)L(X) = L(X)i(X)), 
the equations above are seen to be equivalent to those of the statement of 
the proposition. 


Now we can begin to simplify our model for equivariant cohomology. 
While the basic forms tell us what we need to know, they are unwieldy 
because of the condition i(X)a = 0. We might reasonably ask what this 
has to do with the action. The forms that should be important are the 
forms that are invariant under the flow along orbits. These are, of course, 
identified with the forms that are annihilated by £(X). Therefore, let Qx = 
{a € Apr(M)|L(X)a = 0}. As we have said, these are the forms that 
are invariant under the circle action. Adjoin a degree 2 generator u to Qx 
to obtain an algebra Qx[u] = Qx @ R[w] and an algebra homomorphism 
go: Qx[u] > W ® Apr(M) defined by ¢(a) = a — 61(X)a and o(u) = u. 


Lemma 1.101 The image of ¢ lies in the basic subalgebra Qp(M). 


Proof We must show that £L(X)¢(a) = 0 and i(X)¢(a) = 0, for a € Qx. 
We compute (again using the extensions of i(X) and £(X) to W @ Apr(M) 
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and the relations i(X)* = 0, £(X)i(X) = i(X)L(X)). 
L(X)b(a) = L(X) (a — 61(X)a) 
= £(X)a — (L(X)6)i(X)a — OL(X)i(X)a 
= 0-—0-6i(X)L(X)a = 0, 


where we have used the fact that £(X)a = 0 since Qx consists of invariant 
forms. Similarly, since i(X)@ = 1, we have 


i(X)b(a) = 1(X) (a — 01(X)ar) 
= 1(X)a — (4(X)O)i(X)a + O1(X)i(X)a 
=1(X)a —i(X)a +0 =0. 


It is not difficult to see that, in fact, the equations of Proposition 1.100 
imply that ¢ is an algebra isomorphism onto its image, 
b: Qx[u] + QzB(M). 


Therefore, we obtain a differential dx on Qx[u] by transporting the differ- 
ential on W @ Apr(M) back via ¢~!. By definition, we have ¢dx = D@, 
where D is a differential defined as follows. On the Weil algebra, D is the 
differential we defined above: D@ = u and Du = 0. On Apr(M), D is 
simply the exterior derivative d. 
Now let’s compute to see what dx has to be. Suppose a € Qx. Using 
L(X)a = di(X)a + i(X)da = 0, we obtain the following. 
Do(a) = Dia — 0(X)a)) 
= da — u(i(X)a) + Od(i(X)a) 
= da — ui(X)a — 61(X)da 
= (da — ui(X)a), 
since @(da) = da — 6i1(X)da and 
b(ui(X)a) = d(u)GU(X)a) = uli(X)a — O1(X)i(X)a) = ui(X)a. 
Therefore, in order for Dé = dx to hold, we should define dx(u) = 0 
and, for a € Qx, 


dxa = da — ui(X)a. 


Thus we see that ¢: (Qx[u],dx) — (Qg(M),D) is an isomorphism of 
differential graded algebras. Hence, we have the following result. 
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Theorem 1.102 Suppose G = S! acts smoothly on a closed manifold 
M. The Cartan—Weil model is the complex (Qx[u],dx), where Qx is the 
subcomplex of Apr(M) consisting of G-invariant forms, u is a degree 
2 generator and the differential is defined by dxu = 0 and dxa = 
da — ui(X)a, fora € Qx. The Cartan—Weil model is isomorphic to the 
basic complex (Q3(M), D) of W@ApR(M) and this isomorphism induces an 
isomorphism 


H*(Qx[u], dx) = H*(2g(M), D) = H*(Ms1). 


Thus, the Cartan—Weil model calculates the equivariant cohomology 
associated to the action of G on M. 


Remark 1.103 The equation dya = da — ui(X)a says something inter- 
esting. Although q@ is an invariant form, even if it is closed, this does not 
mean that @ is equivariantly closed (i.e. dx-closed). For that, we also require 
i(X)a = 0 —and this is exactly a basic form in the model Qg(M). 


Remark 1.104 The models can be directly related to the geometry of the 
Borel fibration. The homomorphism Qx[u] + Apr(M) obtained by eval- 
uating “ = 0 is a model for the fiber inclusion M — Mo. Integration over 
the fiber is expressed on Qx[u] by a,u® re (f a,)ur. 


Remark 1.105 The whole discussion above extends to the action of a 
torus T” on a closed manifold M. In this case the model for Mr» is 
QX x, [u1,...,%n], where the X; are fundamental vector fields corre- 
sponding to a basis for the Lie algebra R” of T” and the w; are all in degree 
2. The differential dx is given by dxa = da — )°, upi(X,)av. 


The differential graded algebra (Qx[u], dx) is a “model” for the minimal 
models we shall describe in Chapter 2. Indeed, we shall see a distinct resem- 
blance to the relative minimal models that describe the rational homotopy 
structure of fibrations. Namely, the algebra (Qx,d) comes from the man- 
ifold M (while also including information about the action), the degree 2 
generator u comes from BS! since H*(BS!; R) = R[w] and the differential 
dx on Qx[w] is a perturbation of the differential d by a term involving the 
action. This is a way to construct a model of the total space of the Borel 
fibration M + Mg > BS! starting from the base and fiber; indeed, these 
are the types of ingredients found in the theory of minimal models that 
we will present in the next chapter and that will occupy and intrigue us 
throughout this book. 
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Exercises for Chapter 1 
Exercise 1.1 (1) Prove the existence of the following isomorphisms of Lie groups: 


Spin(3) = S3, Spin(4) = S3 x $3, Spin(S) = Sp(2), Spin(6) = SU(4), 


SO(2) = S!, SU(2) = Sp(1). 


Hint: [199, page 82-84]. 
(2) Prove the existence of homeomorphisms of topological spaces: 


SO(3) & RP(3), SO(4) = S? x SO(3). 


Exercise 1.2 The special linear group, SL(n, R), is the subgroup of Gl(m, R) formed 
by the isomorphisms of determinant 1. 

(1) Show that SL(7, R) is a Lie group of dimension n? — 1 and has for Lie algebra 
the set, s/(n,R), of 2 x m matrices of trace 0. 

(2) Prove that SO(n”, R) is the maximal compact subgroup of SL(, R). In fact, 
show 


SO(n, R) x R™2 +1 & SLR). 
(3) Define the group SL(n, C) and prove: 
e SL(n, C) is a Lie group of dimension 2n* — 2; 
e SU(n) x R™-! = SL(n, ©). 
Hint: see [113, Chapter 2] and [199, page 34]. 
Exercise 1.3 The real symplectic group is defined as 
Sp(m;R) = {A € Gl(2n,R) | AJnA = Jn}, 


0 -I, 
I, 0 

(1) Show that Sp(,R) is a Lie group of dimension n(2n + 1) and has for Lie 
algebra the set, sp(”,R), of 2 x 2n real matrices A such that J,AJ;;! = —4. 

(2) Prove that U() is the maximal compact subgroup of Sp(7, R); 


where J, = 


U(n) x RD & Spm, R). 
(3) Define the group Sp(”, C) and prove: 
e Sp(v, C) is a Lie group of dimension 2”(n + 1); 
e Sp(2) x R"2"+)D = Sp(n, C); 
e Sp(n) = Sp(z, C) N Un). 


Hint: see [113, Chapter 2] and [199, page 34]. 
Comment: What we call the symplectic group, denoted by Sp(v), is the orthogonal 
group of the quaternions. The real and complex symplectic groups, Sp(n,R) and 
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Sp(n, C), are the groups of isomorphisms which respect a symplectic form. Since 
we are mainly interested in compact Lie groups, these last two will not appear in 
the rest of the book and there will be no confusion in terminology. 


Exercise 1.4 Determine the maximal torus and the Wey] group of the spinor groups, 
Spin(). Hint: see [145, 14-8]. 


Exercise 1.5 Let G be a compact connected Lie group. Denote by Z(g)¢ the 
connected component of the centralizer of g € G containing the neutral element. 
(1) Show that Z(g)¢ is the union of the maximal tori containing g. 
(2) An element g € G is called regular if g belongs to just one maximal torus. 
Otherwise, it is called singular. Show that g is regular if and only if the dimension 
of Z(g) is equal to the rank of G. Hint: see [199, page 267]. 


ComMEnT: From the existence of a smooth map f: M > G such that dim M = 
dim G — 3 and such that f(M) is the set of singular elements of G (this set is not a 
manifold!), one can deduce that 22(G) = 0; see [135, Theorem 4.7, page 260] or 
[113, Problem 34-35, page 108]. 


Exercise 1.6 Let G be a compact connected Lie group and let K be a closed con- 
nected subgroup of G. Let o be a smooth automorphism of G such that o2 = id. 
Denote by (G” )¢ the connected component of the fixed point set G° of o containing 
the unit e. The pair (G, K) is called a symmetric pair if (G7) C K C G*. In this 
case, the quotient G/K is called a symmetric space. 

(1) Show that (U(p + q), U(p) x U(q)) is a symmetric pair. Give other examples. 
(See [199, page 147].) 
(2) Show that a symmetric space is parallelizable. 
(3) Let (G, K) be a symmetric pair. The group G acts on the left on G/K. Denote 
by g and ¢ the Lie algebras of G and K respectively and by t+ the orthogonal 
complement of ¢ in g*. 

Show that the cohomology H*(G/K;R) is isomorphic, as an algebra, to the 
invariant set of Att. Hint: in the proof for a semisimple Lie group, replace the 
inverse map by the automorphism o. 


Exercise 1.7 Let G be a compact connected Lie group with Lie algebra g. Recall 
the existence of an isomorphism x: Q7,(G) = Ag* defined by x(w) = a. If X isa 
left invariant vector field, we also know that Q1(G) is stable by the coboundary d, 
the interior multiplication i(X) and the Lie derivative £(X). Let ® € A?g* and let 
(X, Xo, X1,...,Xp) be elements of g. We set: 


(((X)®)(Xq,... »Xp-1) = &(X, X1,... »Xp-1). 
p 
(0(X)O)(X1,...,Xp) = — D O%,..., [X, Xi, --., Xp). 
i=1 


(8@)(Xo,...,Xp) = J \(- 1) OX), XI, X05 + A on aee, Ceara. oy 


i<j 


Prove that these operators are the respective images of d, i(X) and L(X) by the 
isomorphism x. Hint: [113, page 156]. 
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As aconsequence, we have H*(G;R) = H*(Ag*, 5) = A(g*)g—9. The cohomology 
H*(Ag¥*, 5) is called the cohomology algebra of the Lie algebra g. 


Exercise 1.8 Suppose B is paracompact. 
(1) If p’: E’ > X x [0,1] is a locally trivial fiber bundle and i;: X > X x [0, 1], 
x +> (x,t) the canonical injections, show that ijE’ = i} E’. Hint: [145, Chapter 4]. 
(2) Let p: E > B be a locally trivial fiber bundle and fo, fi: X — B two 
continuous maps. If fo is homotopic to f show that fj E = fi. 


Exercise 1.9 Let p: E > B bea locally trivial fiber bundle over a paracompact base 
B. Suppose we have the following commutative diagram of continuous maps: 


Y x {0} ——_———_= E 


5 K gee 
J ew p 
= 
= 


Y x [0, 1] ——————_—~ B. 


Then prove that there exists a continuous map K: Yx[0,1] > Esuchthat poK =H 
and Kyyx,{o; = f. This property is called the homotopy lifting property. Hint: Use 
Exercise 1.8. 


Exercise 1.10 Let p: E > B be a locally trivial fiber bundle of fiber F. 
(1) Show that the induced map 7;(E, F) > 7;(B) is an isomorphism. 
(2) Prove the existence of a long exact sequence 


Dx 
(O71) — +78) — sa —=... 


Hint: Use Exercise 1.9 and the long homotopy exact sequence of a pair. 


Exercise 1.11 Let G be a Lie group. Consider a morphism between principal G- 
bundles: 


f 
FE’ —————> E 
r| | 
B B 


Then show that the map f isa homeomorphism. Hint: [145, Theorem 3.2, page 43]. 


Qp 
Exercise 1.12 Let QF t— > QE —~> QB be the loop space fibration on a 


fibration F > E > B. If Qp admits a section, show that QE has the homotopy type 
of QB x QF (simply as spaces). Hint: Use the section to construct a morphism of 
bundles QB x QF > QE. 
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Exercise 1.13 Show that H-spaces are simple (see Example 2.46 for the definition). 
Hint: Proposition 1.62. 


Exercise 1.14 If H is a maximal rank connected subgroup of a compact connected 
Lie group G, show that the homogeneous space G/H is simply connected. Hint: 
Consider the commutative diagram of fibrations, 


<3: ee 


oe 


T —~ G —> G/T, 


and use the fact that H/T and G/T are simply connected. 


Minimal models 


A minimal model is a particularly tractable kind of commutative differen- 
tial graded algebra (cdga) that can be associated to any nice cdga or to any 
nice space. The word “minimal” emphasizes that, at least in many cases 
of interest, the model is calculable. The amazing feature of minimal mod- 
els of spaces is their ability to algebraically encode all rational homotopy 
information about a space. This is, of course, why minimal models are 
important. 

This chapter includes definitions and the main properties of algebraic 
notions related to minimal models. In particular, the link between Algebra 
and Topology is explained as it is presented in the Preface. As an illustration, 
we list some correspondences between a space X (simply connected, for the 
sake of simplicity, and with finite Betti numbers) and its minimal model 


Mx = (AV,d): 


¢ the rationalized homotopy groups, 2;(X) @ Q, are dual to the graded 
vector spaces V’; 

the algebraic construction of Mx mirrors a well-known topological 
construction called the Postnikov decomposition of a space; 

the Ganea fibrations which appear in Lusternik-Schnirelmann category 
correspond to the filtration of AV by the wedge length A="V. 


Another crucial definition is given in this chapter: the notion of a for- 
mal space. Formal spaces are those spaces whose minimal models can be 
constructed directly from their cohomology algebras. In Chapter 4, we will 
prove that Kahler manifolds are always formal. In this way, we get an 
obstruction to the existence of a Kahler metric on a complex manifold M at 
the level of the rational homotopy type of M. As another geometric exam- 
ple, we will see in Chapter 3 that, among nilmanifolds, only the tori are 
formal. 

Sections 2.1 and 2.2 are concerned with the basic definitions and proper- 
ties of our algebraic tools: cdga’s, models, minimal models and homotopy 
between morphisms of cdga’s. This technical notion of homotopy cannot 
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be avoided. First, we need it to prove the uniqueness up to isomorphism of a 
minimal model. Secondly, while a rational homotopy type is detected by an 
isomorphism class of a minimal model, it is not the same for maps. The ratio- 
nal homotopy type of a map corresponds to a homotopy class of algebraic 
morphisms (and not a class of algebraic morphisms up to isomorphism). 

Section 2.3 includes the construction of a minimal model of a cdga and the 
important notion of relative minimal model. In Section 2.4, we provide the 
link between topological spaces and cdga’s beginning with the R-minimal 
model of a manifold and giving the analogue of the de Rham algebra for 
topological spaces, the Apr (—) construction. Subsection 2.4.3 contains a 
list of concrete examples of minimal models of spaces. 

Section 2.5 is devoted to some particular relations between homotopy 
invariants and minimal models. This includes the tensoring with Q of the 
homotopy groups, the Postnikov tower, and the statement of the Dichotomy 
theorem. Further, we relate the material of Chapter 1 to that of the present 
chapter by showing how to calculate models of locally trivial bundles, 
principal bundles and homogeneous spaces in Subsection 2.5.2. 

The notion of formality is defined and studied in Section 2.7. We give 
there the construction of the bigraded model and of the obstructions to 
formality. These results and techniques will be used several times in the 
following chapters, particularly in Chapters 3 and 4. 

In this chapter, we do not give the full proofs of all results, but, rather, 
concentrate on the main ideas, concrete examples and applications. For 
details of these proofs, the reader is referred to the original paper of Sullivan 
[246], or to expository books on the subject such as [38], [87], [116], [170] 
and [248]. 


2.1 Commutative differential graded algebras 


We begin with a series of definitions that form the foundation for everything 
that we will do concerning algebraic models. 


Definition 2.1 Let k be a field of characteristic zero. A graded lk-vector 
space is a family of vector spaces A = {A"},,>0 indexed by the non-negative 
integers. The elements belonging to A” are called homogeneous elements of 
degree n and we write |x| =n if x € A". We say that A is of finite type if 
each A” is finite dimensional. 


Definition 2.2. The suspension sV of the graded vector space V is the graded 
vector space defined by (sV)" = V"*! for all n. More generally, for any 
réZ, s'V = s(s’—!V) satisfies (s'V)" = V"*". 
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Definition 2.3 A differential graded k-algebra (a ik-dga or a dga for short), 
(A, d), is a graded lk-vector space A = {A"}y>0 together with a multiplica- 
tion AP @ Al —> AP*+4 that is associative with a unit 1 in A®°, and a linear 
differential d: A” + A"*! that is a derivation: 


d(a-b) = d(a)-b+ (-1)'"a- d(b). 


A morphism of dga’s f: (A,d) — (B,d) consists of a family of linear 
maps f: A” — B" that satisfy df = fd and f(a-b) = f (a) - f(b). 


Definition 2.4 A commutative graded algebra (a cga for short) is a graded 
algebra A whose multiplication is commutative in the graded sense; that is, 
for homogeneous elements a and b, 


a-b=(-1)18l bea, 


Definition 2.5 A commutative differential graded algebra (a cdga for short) 
is a differential graded algebra (A, d) whose multiplication is commutative. 


For instance the de Rham algebra of differential forms on a mani- 
fold M, Apr(M), is an R-cdga. Any smooth map between manifolds 
f: M — N induces at the level of differential forms a morphism of cdga’s: 
Apr(f): Apr(N) — Apr(M). An example of a Q-cdga is given by the 
rational cohomology of a space X equipped with the zero differential, 
(H*(X;Q), 0). A third example is given by the cochain algebra Ag* on 
a Lie algebra g (Definition 1.5, Exercise 1.7). 


Definition 2.6 The commutative graded algebra A is called free commuta- 
tive if A is the quotient of TV, the tensor algebra on the graded vector space 
V, by the bilateral ideal generated by the elements a ® b — (—1)!' "lb @ a, 
where a and b are homogeneous elements of A. 


As an algebra, A is the tensor product of the symmetric algebra on V°"™ 
with the exterior algebra on V°"4; 


A = Symmetric(V°"") @ Exterior( yodd) : 


We denote the free commutative graded algebra on the graded vector space 
V by AV. Note that this notation refers to a free commutative graded alge- 
bra and not necessarily to an exterior algebra alone. For instance, when G 
is a compact connected Lie group, its rational cohomology is a free com- 
mutative graded algebra, H*(G;Q) = A(x1,...,Xn) (Theorem 1.34) and 
the cohomology of its classifying space is also a free commutative graded 
algebra H*(BG;Q) = A(,..-,Un) = Q[M1,...,;Un] (Theorem 1.81). 
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Note that, in the case of cohomology, or when we want to emphasize that 
the cga is polynomial, we may write Q[V] as well as AV. 

We usually write AV = A(x;), where x; is a homogeneous basis of V. We 
denote by A’V the vector space generated by the products x1 --- x, with the 
x; in V. We also write ATV = @n>1 A” V and A=47V = @psq A” V. The 
elements of A27V are referred to as decomposable elements. 

Clearly the cohomology of a dga is a graded algebra, and the cohomology 
of a cdga is a commutative graded algebra. A morphism of dga’s inducing 
an isomorphism in cohomology will be called a quasi-isomorphism. For 
instance if G is a compact connected Lie group and M is a compact left 
G-manifold, then by Theorem 1.28, the injection of left invariant forms, 
Qr.(M) — Apr(M), is a quasi-isomorphism. 

Among the cdga’s, some have more interesting properties than others. 
This is the case for the so-called Sullivan cdga’s and minimal cdga’s. 


Definition 2.7 A Sullivan cdga is a cdga (AV, d) whose underlying algebra 
is free commutative, with V = { V"},n = 1, and such that V admits a basis 
Xq indexed by a well-ordered set such that d(xw) € A(xp)p<a- 


Definition 2.8 A (Sullivan) minimal cdga is a Sullivan cdga (AV, d) 
satisfying the additional property that d(V) C A=*V. 


Note that, if (AV,d) is a cdga such that V = V2, then it is a Sullivan 
cdga. 

It is quite easy to construct minimal cdga’s. If (AV, d) is a minimal cdga 
and a € (AV)” is a cocycle and a decomposable element, then we construct 
a new minimal cdga by introducing a new generator x in degree m — 1 and 
putting dx = a. This gives the minimal cdga 


(A(V @ kx), d). 
By iterating this process, we can easily construct a lot of minimal cdga’s. 


For instance, (A(x, y, 2), @) with |x| = |y| = 2, |z| = 3, dx = dy = 0 and 
dz = x* — y* is automatically a Sullivan minimal model. 


Remark 2.9 Let (AV, d) be a Sullivan cdga. Denote by dg the linear part 
of the differential d, dy): V — V, and note that dg is a differential. If 
x is a generator with dox # 0, then the ideal I generated by x and dx 
is acyclic and the quotient (AV/I, d) is also a Sullivan cdga of the form 
(AW, d). Therefore, in this way we can construct, by induction, a sequence 
of quasi-isomorphisms between a Sullivan cdga and a minimal one. Taking 
this into account, non-minimal Sullivan cdga’s often are sufficient to answer 
whatever homotopy questions we have in mind. 
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The prototype of a Sullivan cdga is the tensor product of a minimal cdga 
with a tensor product of cdga’s of the form (A(xj, y;), d@) where dx; = 0 and 
dy; = x;. In fact, each Sullivan cdga has that form. 


Proposition 2.10 ([87, Theorem 14.9]) Each Sullivan cdga is isomorphic 
to the tensor product of a minimal cdga and a tensor product of acyclic 
Sullivan cdga’s of the form (A(x, yj), d) with dx; = 0 and dy; = xj. 


Definition 2.11 An augmented cdga is a cdga (A,da) together with 
a morphism e: (A,da) — (k,0) that induces an isomorphism 
H°(e; Ik): H°(A, da) > k. The morphism e is called the augmentation. 


For instance, the choice of a point x in a connected manifold M defines, 
by evaluation at x, an augmentation 


Ex: Apr(M) > (R, 0) < 


When (A, da) is a cdga with an augmentation ¢, then the kernel of e, 
denoted A, is a differential ideal. The indecomposables of an augmented 
cdga (A,da) is the quotient complex O(A) = A/(A - A) with the induced 
differential O(da). 

When A° = k, then (A, d4) admits a unique and canonical augmentation, 
and O(A) = At/(At - At). When (A, da) = (AV, 4d) is a Sullivan cdga, 
we always consider the evaluation ¢ defined by e(V) = 0. We then have 
an isomorphism (O(AV), O(d)) = (V, do), where do is the linear part of 
the differential (see Remark 2.9). Each morphism f: (AV,d) ~ (AW, d) 
between Sullivan cdga’s induces a morphism of complexes 


O(f): (QAV), Q(d)) > (Q(AW), Od)). 
We then have the very useful 


Proposition 2.12 ([87, Proposition 14.13]) Let f: (AV,d) > (AW, d) be 
a morphism between Sullivan cdga’s. Then f is a quasi-isomorphism if and 
only if O(f) is a quasi-isomorphism. 


Corollary 2.13 If f: (AV,d) — (AZ, d) is a quasi-isomorphism between 
minimal cdga’s, then f is an isomorphism. 


Proof Since f is a quasi-isomorphism, O(f) is a quasi-isomorphism. Since 
the cdga’s are minimal, O(d) = 0. This means that the restriction of f to 
the indecomposable elements is an isomorphism. This implies directly that 
f is an isomorphism. 
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2.2 Homotopy between morphisms of cdga’s 


We denote by (A(t, dt), d) the cdga generated by two elements ¢ and dt 
in respective degrees 0 and 1 with differential d(t) = dt and d(dt) = 0. 
This cdga is acyclic; that is, H°(A(t,dt),d) = k and H?(A(t,dt),d) = 
0 for p > O. Let pj: (AG, dt),d) > (k,0), i = 0,1, denote the quasi- 
isomorphisms defined by p;(t) = i and p,;(dt) = 0. The cdga (A(, dt), d) 
has to be understood as an algebraic analogue of the algebra of de Rham 
forms on the interval [0,1]. This analogy is the basis for the following 
definition. 


Definition 2.14 Two morphisms of cdga’s, f,g: (A,d) — (B,d), are 
homotopic (i.e. f ~ g), if there is a map of cdga’s 


H: (A, d) > (B,d) ® (AG, dt), d) 
such that pypo H =f and p,;oH =g. 


When (A,d) = (AV, d) is a Sullivan cdga, the homotopy relation ~ is 
an equivalence relation on the space of maps from (AV, d) to (B,d) ([87, 
Proposition 12.7]). The set of homotopy classes of maps between the cdga’s 
(AV, d) and (B,d) is denoted by [(AV, d), (B, d)]. 


Lemma 2.15 (Lifting lemma) Let (AV, d) be a Sullivan cdga, f: (A,d) > 
(B,d) be a quasi-isomorphism of cdga’s, and y: (AV,d) — (B,d) be a 
morphism of cdga’s. Then there is a morphism of cdga’s w: (AV,d) > 
(A, d) such that f o W is homotopic to 9. 


(A, d) 
v 
yo 


Lemma 2.16 Let (AV, d) be a Sullivan cdga, f,g: (\V,d) — (A,d) two 
morphisms of cdga’s, and h: (A,d) — (B,d) be a quasi-isomorphism. If 
hf = hg, then f ~ g. 


Lemma 2.15 and Lemma 2.16 can be rephrased as the following global 
statement. 


Theorem 2.17 (see [87, Proposition 12.9]) Let (AV,d) be a Sullivan 
cdga and suppose f: (A,d) — (B,d) is a quasi-isomorphism. Then the 
composition with f induces a bijection on the set of homotopy classes 


2: Minimal models 


of maps 
[AV,f1: (AV, d), (A, d)] > [(AV,d), (B,d)]. 


There is another way to define an homotopy relation between morphisms 
of cdga’s. Let (AV, d) be a Sullivan cdga. Define the vector spaces V and V 
by (V)” = Vt! and (V)" = V”. We then form the Sullivan cdga (A(V@VO@ 
V), D) with D(v) = dv, D(@) = Oand D(@) = 0. The injectioni: (AV,d) > 
(A(V ® Ve V), D) is then a quasi-isomorphism. 7 

We define a derivation s of degree -1 of the algebra A(V @ V @ V) by 
putting s(v) = v, s() = s(¥) = 0. The derivation 6 = sD+Ds isa derivation 
of degree 0 such that for each element wu there i ss some p with oP (u) = 0. 
Therefore we can consider the automorphism e? of A(V @ V ® V), 


n 


ef =1d+64+07/2+67/64+---=) —. 
ou! 
Observe that e?(z) is always a finite sum for any z. Since 0(#) = 0, the 


formula simplifies to 


Mey 


n! 


n>1 


Definition 2.18 Two morphisms of cdga’s, f,g: (AV,d) > (B,d), are left 
homotopic, if there is a map of cdga’s H: (A(V®V@®V),D) — (B, d) such 
that f = Hoiandg=Hoe’®. 


The main advantage of left homotopy is the facility of construction of 
homotopies. If f: (AV, d) > (B,d) is a morphism of cdga’s, and if g: V > 
B is a linear map, then we obtain a morphism of cdga’s F: (A(V ®@ V @ 
V), D) — (B,d) defined by Fv) = fv), FW) = g@) and F() = d(g(v)). 
The map F is a left homotopy between f and F o e*. Moreover the two 
definitions of homotopy are the same when the source is a Sullivan cdga. 


Proposition 2.19 Two morphisms of cdga’s, f,g: (AV,d) — (B,d), are 
left homotopic if and only if they are homotopic. 


Proof We first consider the projection 7: (AV @V @ V),D) > (AV,d) 
defined by Olas =v, 1(v) = 0, and x(0) = 0. Then by Lemma 2.16, the 
morphisms e? andi: (AV) > (AV@V® V), D) are homotopic because zo 
e’ = oiand z isa quasi-isomorphism. It follows that two left homotopic 
maps are homotopic. 

Conversely suppose that f,g: (AV,d) > (B,d) are homotopic maps with 


homotopy given by 
H: (AV,d) => (B,d) @ (A(t, dt), d). 


2.2 Homotopy between morphisms of cdga’s 


We denote by F the composition of f with the canonical injection (B, d) > 


(B, d) ® (AG, dt), d), 
F: (AV, d) > (B,d) ® (AG, dt), d). 


We note that the ideal I = B@ A‘ (t, dt) is an acyclic ideal and that Im(H — 
F) CI. Therefore, by Lemma 2.20, F and H are left homotopic. The same 
is true for f = p10 Fandg =p, oH. 


Lemma 2.20 Let f and g be two morphisms from a Sullivan cdga (AV, d) 
into a cdga (B,d). Suppose I is an acyclic ideal in B such that for eachv € V, 
fv) — gv) € 1. Then f and g are left homotopic. 


Proof Suppose V! = 0 for the sake of simplicity. We construct a left homo- 
topy between f and g by induction on the degree of a homogeneous basis 
of V. We suppose we have defined H(v) and Hv) for v € V=" with 
Hiv) = fv), H@) € I and giv) = H(e®(v)). Let x € V"t!. The ele- 
ment g(x) —f(x) -H (Syst mo is a well defined cocycle in I. There is 
therefore an element u € J such that d(u) = g(x) —f(x) -HQ), 54 (sd @)). 


We then extend H linearly to V"t! @ (V)" by putting H(x) = f(x) and 
H(X) = u. This extension has the required properties. 


We end this section with some particular properties of homotopy that 
will be used later in the book. 


Proposition 2.21 (Lifting of homotopies) Let f: (AV,d) — (A,d), 
h: (A,d) > (B,d) and g: (AV) > (B,d) be morphisms of cdga’s with 
hof xg. 


f 
(AV, d) ——~> (A,d) 


ee 


(B, d) 


If h is surjective, then there exists a morphism f': (AV,d) > (A,d) such 
that f x f' andhof'=g. 


Proof Let H: (AV @ AV @ AV,D) = (B,d) be the homotopy between hf 
and g. For each element 7 of a basis of V we choose an element u, € A such 
that h(u,) = H(v). We then define the homotopy K: (A V@AV@AV,D) > 
(A,d) by Kv) = f(v) and K@) = uy. The morphism K is a homotopy 
between f and another morphism f’ such that 0 f’ = g. More precisely, f’ 
is defined by f’(v) = Ko e®(v). 
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Proposition 2.22 (Extension of homotopies) Let (AV @ AW, D) be a Sulli- 
van cdga with D(V) C AV, let f: (AV ® AW, D) = (A, d) be a morphism 
of cdga’s, and let g: (AV,D) — (A,d) be a morphism of cdga’s homo- 
topic to the restriction of f to (AV,D). Then g extends to a morphism 
&: (AV ® AW,D) = (A, d) homotopic to f. 


(AV, D) ——> (AV ®AW,D) 


"Few 


(A, d) 


Proof Denote by H the homotopy between the restriction of f and g, 
Hiv) = fv) and Hoe’ = g. We extend H by putting H(w) = 0 for 
w € W. This gives a new morphism g = H 0 e?: (AV @ AW, D) = (A,d) 
that is homotopic to f and extends g. 


Example 2.23 Suppose that the injection i: (AV, d) > (AV @ AW, D) has 
a homotopy section o. Then the identity on (A V, d) is homotopic to o oi and 
can be lifted into a map of cdga’s 0’: (AV @AW, D) > (AV, d) homotopic 
to 0. We can therefore suppose that o(v) = v forv € V. 


2.3 Models in algebra 
2.3.1 Minimal models of cdga’s and morphisms 
For the following, see [87, Section 12]. 


Theorem 2.24 (Existence and uniqueness of the minimal model) Let (A, d) 
be a kk-cdga satisfying H(A, d) = k. Then, 


1. There is a minimal cdga (AV, d) and a quasi-isomorphism 9: (AV,d) > 
(A, d). 

2. The minimal cdga (AV, d) is unique in the following sense: If (AW, d) is 
a minimal cdga and w: (AW,d) — (A,d) is also a quasi-isomorphism, 
then there is an isomorphism f: (AV,d) — (AW, d) such that W o f is 
homotopic to ¢. 

The cdga (AV, d) is then called the minimal model of (A, d). Further- 
more, 

3. If H'(A,d) = 0 and H*(A, d) is of finite type, then V is also of finite 
type. 


More generally, a Sullivan model of a cdga (A,d) is a Sullivan cdga 
(AV, d) that is quasi-isomorphic to (A, d). 
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In order to construct the minimal model of a cdga, we define inductively 
V” and g, = gy= such that yg, : (AV=", d) > (A, d) induces isomorphisms 
in cohomology in degrees < and induces an injection on H”*!, Suppose 
H'(A,d) = 0 for simplicity, and suppose that gy, has been defined. Write 
vert = Coker H”+!(y,) and W = KerH”*+?(g,). Choose cocycles a; € 
A”*1! such that their classes x; = [a;] form a basis of vee Also choose 
cocycles bj, for j € J in (AV=")"*? whose classes constitute a basis of W. 
There are then elements cj € A”*! such that ¢n(bj) = dc;. Consider now 


the vector space eae generated by the variables y;, 7 € J of degree 2 + 1. 


If we set V"t! = V7" lo Vee | then we can extend g, to a morphism of 
cdga’s, Yn41: (AV="t!,d) > (A,d), by dx; = 0, dy; = bj, On41 (Xi) = aj 
and ~n41(yj) = cj. Then H <"+1(y,,1) is an isomorphism and H”+?(,41) 
is injective. The construction will be done again in the case of an equivariant 
model, see Subsection 3.3.1. 


Example 2.25 Let (A, d) be the cdga (Q[x]/x”, 0), with |x| = 2r. Following 
the general process described above, we first introduce a generator y in 
degree 2r, with dy = 0 and g(y) = x and we have a map @;: (Ay,0) > 
(A, d). In cohomology, 9; induces the surjection 


Qly] > Qlx]/x”, a 


In order to make this map injective, we introduce a new generator z in 
degree 2rn — 1, with differential dz = y”, and we define g(z) = 0. This 
gives a new map 


P2rn : (AVY, Z)5 d) ad (A, d) be 


As a vector space, A(y,z) = Qly] ® Q[y] - z. Since d(y£z) = y&*”, the ideal 
generated by y” and zis acyclic, and H*(A(y, z), d) = QLy]/y”. In particular, 
the morphism @,,, is a quasi-isomorphism, and the minimal model of (A, d) 
is the cdga (A(y, z), dy = 0,dz = y”). 


We deduce the existence of minimal models for maps as a corollary of the 
lifting lemma (Lemma 2.15). 


Proposition 2.26 Let f: (A,d) > (B,d) be a morphism of cdga’s, and 
let gp: (AV,d) — (A,d) and w: (AW,d) > (B,d) be Sullivan models. 
Then there exists a morphism of cdga’s that is unique up to homotopy, 
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g: (AV,d) > (AW, d) such that Wog~fog. 


(A, d) (B, d) 
°] lv 
(AV, d) = _, (AW,d) 


Proof The existence of g follows from Lemma 2.15 because w is a 
quasi-isomorphism. The uniqueness up to homotopy follows directly from 
Lemma 2.16. 


If (AV, d) and (AW, d) are minimal algebras, then the map g: (AV,d) > 
(AW, d) is called a minimal model of f. Note that this model is only defined 


up to homotopy. We will often abuse language and call it the minimal 
model of f. 


2.3.2 Relative minimal models 


Definition 2.27 A relative minimal cdga is a morphism of cdga’s of the form 
i: (A,da) > (A@AV,d), 


where i(a) = a, da = da, d(V) C (At @ AV) © A22V, and such that 
V admits a basis (xy) indexed by a well-ordered set such that d(xq) € 
A® (A(x) B <a: 


When (A, da) is a Sullivan cdga, we have (A,d4) = (AZ, d). Clearly, a 
relative minimal cdga (A @ AV, d) = (A(Z @ V), d) is also a Sullivan cdga, 
but the cdga (A(Z@ V), d) is not necessarily a minimal cdga, even if (AZ, d) 
is a minimal cdga. 

Relative Sullivan cdga’s are in some sense the generic models for mor- 
phisms of cdga’s. We make the role of relative minimal models precise in 
the following theorem (see [87, Section 14)]). 


Theorem 2.28 (Relative version of Theorem 2.24) Let f: (A,d) > (B,d) 
be a morphism of cdga’s. We then have a commutative diagram 


oe 


(A @® AV,d) 
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where i is a relative minimal cdga and g is a quasi-isomorphism. This 
property characterizes (A ® AV, d) up to isomorphism. 


Under the conditions of Theorem 2.28, the map i is called the relative 
minimal model of f. 


2.4 Models of spaces 
2.4.1. Real and rational minimal models 


To apply minimal models to spaces or manifolds, we need a link between 
topology and algebra that puts us in the framework of commutative 
differential graded algebras. Let’s begin with manifolds and the field R. 


Definition 2.29 Let M be a connected manifold. The R-minimal model, 
(AV, d), of the de Rham algebra of forms Apr(M) is called the R-minimal 
model (or real minimal model) of M. 

If f: M — N isa smooth map between connected manifolds, the minimal 
model of Apr(f) is called the R-minimal model of f. 


There is, however, a more general construction due to Sullivan that 
works over the rational numbers. To each space X, Sullivan associated 
a cdga of forms with rational coefficients, App (X) (which we shall discuss 
in Section 2.4.2), whose cohomology is isomorphic to the cohomology of 
X with rational coefficients: 


H* (Apr (X)) = H*(X;Q). 


Definition 2.30 Let X be a path connected space. The Q-minimal model, 
(AV, a), of the Sullivan cdga of polynomial forms Ap,(X) is called the Q- 
minimal model (or the rational minimal model) of X. 

Iff: X > Y isamap between path connected spaces, the minimal model 
of Ap (f) is called the Q-minimal model of f. 


In the second part of the definition, we have used the fact that the con- 
struction of Apz, is natural. Each continuous map f: X — Y between 
path connected spaces induces a morphism of cdga’s Apr(f): Apt(Y) > 
Apy(X) and therefore has a unique (up to homotopy) minimal model 
Me: (AV,d) — (AW,d). The construction preserves homotopies as 
follows. 


Proposition 2.31 Two homotopic maps f,g: X — Y between path con- 
nected spaces induce two homotopic morphisms: Mr =~ Meg. In other 
words, if Mx and My denote the rational minimal models of X and Y, we 
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have a well defined map 
[X, Y] > [My, Mx]. 


When M is a manifold, the R-minimal model may be obtained directly 
from the de Rham algebra or from the Q-minimal model by extension of 
coefficients. That is, if (AV, d) is the Q-minimal model, then (AV @g R, d) 
is the R-minimal model. 

In the future, except when explicitly indicated otherwise, “minimal 
model” will always refer to “rational minimal model.” Also, each time 
we speak about the minimal model of a space, the space will be supposed 
path connected. 


Definition 2.32 A path connected space X is nilpotent if its fundamen- 
tal group, 1(X), is a nilpotent group that acts nilpotently on the higher 
homotopy groups m,(X), n > 2 (where the action has been described after 
Definition 1.61). 


Simply connected spaces and connected Lie groups are prime examples of 
nilpotent spaces. For instance a simple space (see Definition 1.61) is nilpo- 
tent. Therefore homogeneous spaces are nilpotent (see Proposition 1.62). 
Other examples are given by Eilenberg—Mac Lane spaces K(G, 1), where G 
is a nilpotent group. 

Proposition 2.33 Let X be a nilpotent space with finite Betti numbers 
and let (AV,d) be its minimal model. Then V is a graded vector space of 
finite type. 

Definition 2.34 The spaces X and Y have the same rational homotopy type 


if there is a finite chain of maps X > Y, <— Y2 > --. > Y such that the 
induced maps in rational cohomology are isomorphisms. 


In fact, for a nilpotent space X, the rational homotopy type is mani- 
fested as a space Xq, called the rationalization of X (see Subsection 2.6.1). 
The minimal model of X then characterizes the homotopy type Xo. The 
importance of Definition 2.32 is apparent from the following result. 


Proposition 2.35 Two nilpotent spaces with finite Betti numbers have the 
same rational homotopy type if and only if they admit isomorphic rational 
minimal models. 


Remark 2.36 To be clear, let us emphasize two points. First, while minimal 
models exist for all path connected spaces X of finite type, Proposition 2.35 
does not hold in general for non-nilpotent spaces. Second, for a path 
connected X admitting a minimal model (AV, d), the Sullivan condition 
(see Definition 2.7) on the existence of a particular basis of V can look 
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strange, but it is necessary. Consider, for instance, the case where X is a 
wedge of infinitely many copies of the sphere S*. Since the dimension of 
H?(X;Q) = Home(H2(X; Q), Q) is not countable, V2 does not admit a 
basis indexed by the natural numbers. We can however find a basis indexed 
by a well-ordered set satisfying Sullivan’s condition. This also shows the 
importance of the finite type hypothesis in Proposition 2.33 and in future 
applications. 


For manifolds, we often consider minimal models coming directly from 
the de Rham algebra. With this in mind, we make the 


Definition 2.37 Two cdga’s (or spaces) have the same real homotopy type 
if they have isomorphic R-minimal models. 


Example 2.38 Consider the family of Sullivan minimal cdga’s 
Ag = (A(€2; %45.975%9)s Da)» aeQV, 
where subscripts denote degrees, with the differential Dz given by 
D,(e) =0, Dg(x) =0, D,(y) = x* +.ae*, Dy(z) =e. 


We prove that Ag and Ay have the same rational homotopy type if and only 
if a/a’ is a square in Q. 

Suppose first that Ag and A, are quasi-isomorphic. There then exists by 
Corollary 2.13 an isomorphism gy: Ag — Ay. For degree reasons we have 


y(e) = Ae, p(x) = ux +. ae”, oy) = By, (2) = yz t+ dye, 


with a, B,y,6,u,4 € QA FD, uw £0, B £0, y £0. From the equations 
Dyy = Dg, we deduce 


Bx? + Ba'e* = px? egret + 2paxe ah es 


Therefore B = u?,a = 0 and a/a’ = (A*/p)?. 
Conversely if a/a’ is the square of t, then we define an isomorphism 
gy: Aq > Ay by putting g(e) = e, v(x) = tx, vy) = ty, Y(z) =z. 
However, since square roots exist in IR, we see that there is always an 
isomorphism over R between the cdga’s Az and A,. Hence, Ag and A, 
always have the same real homotopy type. We will return to this example 
in Chapter 6 (Example 6.15). 


2.4.2 Construction of Ap; (X) 


Let’s briefly outline the construction of Ap, (X). In fact, the details of the 
construction are essential for the derivation of certain basic properties of 
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models, but in what follows (i.e. the construction of minimal models and 
relative minimal models), we will only use the existence of the cdga Ap, (X) 
and properties of minimal models without making explicit the construction 
of Apr (X). 

Recall first that the standard n-simplex A” is the convex hull of the 
standard basis eg, e1,...,€, in R"*!: 


n 
Set £03 fH Ol 55H 
i=0 


A” = } (to, t1,...,tn) € R* 


Denote the set of singular m-simplices on X (i.e. continuous maps from 
A" — X) by S,(X). The sets S,(X) constitute a simplicial set whose 
boundary operators 0; and degeneracy operators s; are defined by: 


05: Sy(X) > Sy-1(X) 
0j(0)(to,..-5tn-1) = O(to,.--,ti-1, 0, ti,..-5tn—1) 
sj: Sn(X) > Sp4i(X) 
5)(7) (£05 << 5tp41) = 6 (0s .- 9th + tats ---stngt)- 
The simplicial cdga Apr is defined by: 


Gass A(to,.--5tn, dto,...,dtn) 
PL)n = ’ 

Qo — 1, >) dt) 
where the elements ¢; are in degree 0, the dt; are in degree 1, and the dif- 
ferential d is defined by d(t;) = dt; . This is an acyclic cdga that can be 
viewed as an algebra of polynomial Q-forms on A”. The face and degen- 
eracy operators of the simplicial cdga Apy are the morphisms of cdga’s 


defined by 


tis k<i 
0;: (Apt)n > (Apr) n-1 » (tg) = 4 0, k=i 
te is 
th, k<j 
Sj: (ApL)n > (Api) n41 Site) = 4 th +ti41, R= 
thits k>j. 


The cdga Apy(X) is then defined as a set of simplicial maps 


Api (X) = Homsimplicial Sx(X) , Ax) « 
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More precisely, a g-form is a correspondence that assigns to each singular 
n-simplex o anelement w, € (Apz)4, such that Wao = IjWy and Osa = SjWo- 


2.4.3. Examples of minimal models of spaces 


Example 2.39 (Lie groups) Let G be a compact connected Lie group. By 
Hopf’s theorem (Theorem 1.34), H*(G; R) is an exterior algebra on a finite 
set of variables x1,...,x, in odd degrees. Therefore by choosing closed 
forms w; € Apr(G) representing the x;, we define a quasi-isomorphism of 
cdga’s 


gp: (A(x), 0) > ApR(G), P(X) = @;. 


This shows that (A(x;),0) is the R-minimal model of G. Notice that bi- 
invariant forms are a natural choice for the forms «; (see Theorem 1.30). 

The computation of the rational minimal model is very similar. In fact, 
we have not used the fact that Apr(G) is the algebra of de Rham forms on 
G, but rather, only that H(Apr(G), d) = H*(G;R). 

We proceed in the same way for the rational minimal model and we keep 
the same notation for the generators x;. We choose cocycles w; in Apr (G) 
representing the x;, and we obtain a quasi-isomorphism of cdga’s 


gp: (A(xj),0) > ApL(G), Q(Xi) = aj. 


This shows that (A(x;),0) is the minimal model of G. In particular, by 
Corollary 1.86, the minimal models of U(7) and Sp(v) are respectively 


(A(©1,%35-++5%2n-1),0) and (A(y3,975---»¥4n-1), 0). 
In the same way, by Corollary 1.90, the minimal model of SO(7) is 


(A(23, +++ 22n—3)5 9), if 2 is odd, 
(A(235 ++ +5 Z2n—55 %n—1)5 0), when 7 is even. 


Here the subscripts indicate the degrees. 


Example 2.40 (Stiefel manifolds) If X is a simply connected space whose 
cohomology H*(X;Q) is free commutative (i.e. H*(X;Q) = A(x;)), then 
the same procedure as above shows that (A(x;), 0) is the minimal model of 
X. In particular, by Proposition 1.85, the minimal model of the complex 
Stiefel manifold V,, ,(C) is 


(A(X 2(n—k) 419 ++ +9%2n-1),9), 


and the minimal model of the quaternionic Stiefel manifold V,, , (H) is 


(A (4(n—k)-+39 ++ +9 V4n—1)5 0). 
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Here again the degrees of the elements are given by the subscripts. 


Example 2.41 (The torus T”) The minimal model of the torus T” is the 
cdga (A(x1,°*+ »Xn),0) where all the x; have degree 1. 


Example 2.42 (Classifying spaces) Let G be acompact simply connected Lie 
group. Then by Theorem 1.81, the rational cohomology of the classifying 
space BG is a polynomial algebra on a finite number of generators v; in 
even degree. Therefore, the choice of cocycles defines a quasi-isomorphism 


(A(vi), 0) > Ap_(BG). 


This shows that (A(vj), 0) is the minimal model for BG. We will prove this 
directly in Example 2.67, thus giving a third proof of Theorem 1.81. 


Example 2.43 (The spheres S”) The rational cohomology of the sphere S” 
is an exterior algebra on one generator in degree n. Denote by w a cocycle 
in degree 7 in Ap, (S”) representing the fundamental class. Then we get a 
morphism of cdga’s 


gp: (A(x), 0) > Apr(S”) 


defined by g(x) = w. When 1 is odd, A(x) is an exterior algebra on one 
generator and ¢ is clearly a quasi-isomorphism. 

When x is even, A(x) is the polynomial algebra Q[x] and H*(g): Q[x] > 
Q[x]/x? is not an isomorphism. For degree reasons w7 is then a coboundary, 
w* = da. We then add a new generator y to Ax of degree 2m — 1 with 
dy = x*, and define 


gp: (A(x, y),d) > Apr (S”) 


by putting v(x) = w and g(y) = a. Since H*(A(x, y),d) = Q[x]/x?, the 
new map ¢ is a quasi-isomorphism. In conclusion, the minimal model 


of S” is 


(Ax, 0) with |x| = 1, when 7 is odd 
(A(x, y), d), dx = 0, dy = x*, |x| =n, |y| = 2n — 1, when 1 is even. 


Example 2.44 (The complex projective space CP(m)) Since the rational 
cohomology, H*(CP(); Q), of the complex projective space of dimension 
n is isomorphic to Q[x]/x”*"!, with |x| = 2, we can choose, in Apr (CP(n)), 
elements a and £ of respective degrees 2 and 27 + 1 such that the class of 
a is x and dB = a"*+!, We then construct a morphism of cdga’s 


p: (A(x, y),d) > Apt (CP(n)) 
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defined by |x| = 2, |y| = 27+1, dx = 0, dy = x"*!, v(x) = wand g(y) = B. 
This morphism is clearly a quasi-isomorphism. Therefore (A(x, y), d) is the 
minimal model of CP(m). 


Example 2.45 (Product of manifolds) If M and N are connected mani- 
folds, then the multiplication map Apr(M) @ Apr(N) > Apr(M x N) isa 
quasi-isomorphism. Therefore the R-minimal model of M x N is the tensor 
product of the R-minimal models of M and N. 

In the same way, if X and Y are path connected spaces, then there is a 
quasi-isomorphism between Ap; (X x Y) and Apy(X) ® Ap, (Y). Therefore 
the minimal model of X x Y is the tensor product of the minimal models 
of X and Y. 


Example 2.46 (H-spaces) An H-space X is a space with a multiplication 
pu: X x X — X that is associative up to homotopy and admits a unit 
up to homotopy. Examples are given by Lie groups and loop spaces. The 
Hopf theorem (Theorem 1.34) can be generalized to H-spaces: The minimal 
model of an H-space X has the form (AV, 0) and its rational cohomology 
is a free graded algebra. 


Example 2.47 (Wedge of two spaces) Let X and Y be spaces with minimal 
models (AV, d) and (AW,d). We denote their wedge by X v Y and the 
minimal model of the wedge by (AZ, d). Then the injections i: X —~ XV Y 
and iz: Y <> X v Y induce a map 


g: (AZ, d) > (AV, d) @g (AW, d), 


where the cdga (AV,d) @g (AW,d) is obtained from the direct sum 
(AV, da) ® (AW, 4d) by identifying the units, and requiring the multiplica- 
tion to obey a- a! = 0 if a € AV and a’ € AW. Since the injections i; 
admit retractions, H*(g) is a surjection. Note now that H*((AV,d) @q 
(AW, d)) = H*(X;Q) @g H*(Y;Q) = H*(X v Y;Q). Therefore ¢ is a 
quasi-isomorphism, and a minimal model for X v Y is obtained by taking 
a minimal model of (AV, d) @g (AW, d). 


Example 2.48 (The diagonal map A: X > X x X) Let X be a nilpotent 
space with finite Betti numbers and Mx its minimal model. We note that 
the composition of the diagonal map A: X — X x X with the projection 
onto one component is the identity. It follows that a minimal model for A 
is the multiplication 


pb: Mx @® Mx > Mx, w(a® b)=a-b. 
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A relative model for the diagonal A is thus provided by a relative model 
for the multiplication w. We prove that this model has the form 


(AV, d) @ (AV, d) : > (AV, d) 


OP l* 


(AV ® AV @ A(sV), D) 


where (sV)” = V”t!, g(sx) = 0 and D(sx) = (x @1@1)—-(1@x® 
1) + a, where a, is a decomposable element, with x € V. We construct 
the differential D and the morphism g by induction on the degree of the 
generators. Suppose that D and g have been defined on (sV)<”. Then the 
restriction of 9, 


On: (AV=" @ AV=" @ A(sV)<", D) > (AV=", d) 


is a quasi-isomorphism because O(g,) is a quasi-isomorphism. We now 
take x € V"+!. The element y = (dx @ 1 @ 1) — (1 @ dx @ 1) is a cocycle 
that is sent to zero by @,. There is therefore a decomposable element z € 
(AVS"@AV="@A(sV)<")"*! such that D(z) = y. The element ¢,,(z) is then 
acocycle, and since g, is a quasi-isomorphism, there is a cocycle u € AV="@ 
AV=" ®@ A(sV)<" and an element a € AV such that 9,(z) = @,(u) + da. 
Since @, is surjective, we now choose an element a’ with 9,,(a’) = a and we 
put 2’ =z—u—D(d’). We also set D(sx) = (x @1@1)-(1@x@1)-2. 
Since @,(z’) = 0, the inductive step has been realized. 

This computation illustrates the fact that minimal models for spaces and 
maps are generally built by induction, generator by generator. 


2.4.4 Other models for spaces 


The minimal model of a space is unique up to isomorphism. This is part of 
its power. In fact, however, certain other models are also very useful as we 
will see later. We begin by giving a 


Definition 2.49 A model for a space X is a cdga (A, d) quasi-isomorphic to 
the minimal model (AV, d) of X, 


(Ajdy =H (AV 0) S Ape), 


A model for a continuous map f: X — Y is a morphism of cdga’s 
gp: (B,d) — (A,d) such that there is a diagram, commutative up to 
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homotopy, where the vertical arrows are quasi-isomorphisms, of the form 


Api (f) 
Api(Y) ——> Apr (X) 


a ic 


=| |= 


(B, d) (A, d) 


To give an example, let (AV,d) be the minimal model of an m- 
dimensional compact connected manifold M. Take a decomposition of 
(AV)” asa direct sum (AV)” = (Ker d)’"®S. Then the ideal I = S@(AV)*” 
is acyclic, the quotient map (AV,d) > (AV/I,d) is a quasi-isomorphism 
and (AV/I, d) is a model of M. 


2.5 Minimal models and homotopy theory 
2.5.1. Minimal models and homotopy groups 


Let X be a simply connected (or more generally, a nilpotent) space and let 
(AV, d) be its minimal model. Then, in a natural way, from (AV, d) we can 
obtain the rational cohomology of X, the vector space z,(X) ® Q and the 
homotopy Lie algebra ,.(QX) ® Q. We now explain this in detail. 

First, by construction, H*(AV,d) = H*(X;Q). Recall as well that the 
homotopy groups of a nilpotent space with finite Betti numbers are all 
finitely generated. For n > 2, we have m,(X) = Z™ @ T;, where Ty, is 
a finite group and a, a finite integer. The integer a, is called the rank 
of m(X). 


Theorem 2.50 (see [87, Theorem 15.11]) Let X be a nilpotent space with 
finite Betti numbers, and let (AV, d) be its minimal model. Then, forn > 2, 
we have a natural isomorphism 


V" 5 Hom(r,(X) ® Q, Q = Hom(zn(X), Q). 
In particular, for n > 2, 
dim V” = rank z,,(X). 


Here, “naturality” means that if we have a continuous map f/f: X > Y 
with minimal model g: (AV,d) > (AW, d) then we have a commutative 
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diagram 
Hom(z,(Y), Q) Hom(zp(X), Q) 
: | Q@) | - 
v" > Ww” 


For recall, O(~) denotes the map induced by @ on the indecomposable 
elements O(AV) — QO(AW). Modulo the isomorphisms O(AV) = V 
and O(AW) = W, the map O(q) can be described as the composition 
VS ATW 3 ATW/A2 WE W. 

Example 2.51 (Lie groups) Let G be a compact connected Lie group. Then, 
by Example 2.39, the generators of the minimal model are only in odd 
degrees. Therefore, dim teyen(G) ® Q = 0. 


Example 2.52 (Nilpotent groups) Let G be a nilpotent group and let Gi, 
be the lower central series 


G1) =G, Gq) =[G,G], and Gwy = [G, Goi_-1)] ; forr>2. 
The first rational invariant associated to G is the rank of G defined by 
rank G = > Gp)/G(p+t) - 
p 


The rank of the fundamental group of a nilpotent space can be deduced 
from its minimal model as follows. 


Proposition 2.53 If X is a nilpotent space whose minimal model is (AV, d), 
then 


rank 71(X) =dim V!. 


We will now describe the rational homotopy Lie algebra of a space X. 
Denote by QX the space of based loops on X. As we will see in Subsec- 
tion 2.5.2, the homotopy groups of QX are the homotopy groups of X 
shifted in degree by one; that is, there is an isomorphism s, 


S37) Fs 


When X is simply connected, the graded vector space z,.(QX) ® Q inherits 
a natural graded Lie algebra structure, called the rational homotopy Lie 
algebra of X. The Lie algebra structure arises as follows. Let f: S? + QX 
and g: S4 + QX be continuous maps. We then consider the map 


h: SP x $1 +> QX 
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defined by 
h(x, y) =f) -gQ) fe) -go)!. 


It is clear that the restriction of h to the wedge S? v S47 is homotopically 
trivial, so / induces a quotient map 


The class of in Tp+q(QX) is denoted by [f, g] and is called the Lie bracket 
of f and g. 


Proposition 2.54 This bracket defines a graded Lie algebra structure, 
denoted by (Lx)y = 1(QX) ® Q. 


A graded Lie algebra is a graded generalization of a Lie algebra (Defini- 
tion 1.5) since a Lie algebra can always be viewed as a graded Lie algebra 
concentrated in degree 0. 


Definition 2.55 A graded Lie algebra L over Q is a graded vector space 
together with a linear map 


[—, —]: Lp @ Lg > Lptq 
such that 
[a, b] = —(-1)#"l[b, a] 
[a, [b, cl] = [[a, b], c] + (—1)!4"""[b, [a, c}}. 


Denote by (AV, d) the minimal model of the simply connected space X. 
The differential d decomposes into the sum 


d=d,+d,+-- 


where dy is the component of the differential that increases the length by k: 
dp: V > Ak*!V. It is easy to see that dj is a derivation with d+ = 0, and 
we have the following fundamental result. 


Theorem 2.56 ([87, Proposition 13.16]) Let X be a simply connected space 
with finite Betti numbers which has minimal model (AV, d) and ratio- 
nal homotopy Lie algebra Ly = (Lx)x = 1(QX) ®@ Q. Then VP+! = 
Hom(Lyp, Q) and the bracket can be read off from d, by the formula 


(x, sIf, gl) = (—1)8\(dix, sf A sg) , xeVy,f.geL, 
where s is the isomorphism mq(QX) ® Q > 1441(X) @Q. 
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Example 2.57 Let X = S*” be a 2-dimensional sphere. Since the minimal 
model of X is (A(x, y),d), dx = 0, dy = x, |x| = 2 (Example 2.43), the 
Lie algebra Lx has two generators, a, and [a, a], with a in degree 2” — 1. 
This graded Lie algebra is the free graded Lie algebra on one generator a of 
odd degree: 


Lon = L@). 


Example 2.58 The rational homotopy Lie algebra of a wedge of spaces is 
the sum in the category of graded Lie algebras. This sum is called the free 
product of Lie algebras. We then write Lyyy = Lx |[Ly. An important 
property is that if Ly +> Lz and Ly —> Ly are surjective, then Lyvyy > 
Lzvw is surjective. We shall use this in Corollary 3.4. 


Example 2.59 The minimal model of the projective space CP(m) is given 
by (A(x, y), a) with dx = 0 and dy = x1, |x| = 2, |y| = 2n + 1 (Exam- 
ple 2.44). When m > 2, the quadratic part of the differential, d1, is zero, 
and therefore the Lie algebra is abelian, which means that all the brackets 
are zero. 


Denote by Z(Lx) the center of the Lie algebra Lyx. We deduce from 
Theorem 2.56 the following proposition 


Proposition 2.60 Let (AV, d) be the minimal model of a simply connected 
space X with finite Betti numbers. 


1. Suppose V = W@S with dV C A*W. Define the subspace E of m,.(X)® 
Q by 


E={xe2,(X) @Q|[w,x] =0, Vwe W}. 


Then s—'E is contained in Z(Lx) and dim Z(Lx) > dimS. 
2. If W Cc V = Hom (x, (X), Q) denotes the sub-vector space generated by 
the linear forms that vanish on sZ(Lx), then d,V Cc A7W. 


2.5.2. Relative minimal model of a fibration 


In Chapter 1, we recalled the definition of locally trivial fiber bundles 
and principal G-bundles. We now introduce a more general concept. A 
(Hurewicz) fibration is a map p: E — B which has the property that, for 
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each space X, and for each commutative diagram 


X x {0} E 


1} 


X x [0, 1] ——————~> B, 


there is a continuous map ): X x [0,1] > E satisfying poh = f and 
hoip =g. 

What is important for geometers is that a locally trivial fiber bundle with 
a paracompact base (for instance a manifold, a CW complex or a compact 
space) is a Hurewicz fibration [240, Chapter 2, Section 7]. 

When B is path connected, all the fibers p~!(x), x € B, have the same 
homotopy type. The fiber, F, of p is by definition any particular one of these 


p~!(x). We usually write the fibration in the form F > E iB Perhaps the 
most important feature of a fibration is that the homotopy groups of the 
spaces in the fibration fit into a long exact sequence (see also Exercise 1.10), 


2 > Iy(F) > aty(E) > p(B) > ty_1(F) > 1 (E) >... - 


An important example of a fibration is the path space fibration on a 
pointed space X, written 


ax > PX’ x, 


where PX is the set of continuous maps c: [0,1] — X with c(0) = xg, the 
base point of X, and p(c) = c(1). It is easy to see that PX is contractible, 
so the long exact homotopy sequence gives 7,(X) = m,_1(QX) for all 2. 
Notice that we have already used this isomorphism in the preceding section. 

Just as nilpotent spaces have algebraic models that reflect their homo- 
topical qualities and are (in principle) calculable, certain types of fibrations 
have analogous algebraic models. 


Definition 2.61 A fibration F > E > B is called quasi-nilpotent if B and 
F are path connected and the natural action of (B) on the homology 
groups of F is nilpotent. (This is always the case when the base B is simply 
connected.) 


Remark 2.62 The reason we do not call the fibrations of Definition 2.61 
nilpotent is because there is already a notion of nilpotent fibration that we 
will need only peripherally. A fibration F > E — B is nilpotent if, in the 
standard fashion, 21 (E) acts nilpotently on z,(F) for all k > 1. This implies 
that F is a nilpotent space. Furthermore, it can be shown that the nilpotency 
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of the spaces E and B implies the nilpotency of the fibration. For more about 
nilpotent fibrations, see [138, page 67]. 

A quasi-nilpotent fibration not only provides the right hypothesis for 
Theorem 2.64 below, but also jibes with the notion of nilpotent space. To 
see this, for a space X, consider the fibration X > X — K(z1(X), 1), where 
X is the universal cover of X. It is a standard result that X is a nilpotent 
space if and only if 21 (X) is nilpotent and 71 (X) acts nilpotently on H,(X), 
where X is the universal cover. Therefore, it is clear that X is nilpotent if and 
only if 21(X) is nilpotent and X > X —> K(z1(X), 1) is quasi-nilpotent. 


Now consider the lifting homotopy property of the fibration p: E > B 
in the case X = QB x F where QB is the space of based loops at the point 
bo and F = p~!(bo). The commutativity of the diagram 


QB x Fx {0} ——> E 


0| 


f 
QB x F x [0,1] ——~ B 


where t'(@, x, 0) = x and f(a, x,t) = w(t), givesa map h: QBx Fx [0,1] > 
E with ph = f and hip = V’. 


Definition 2.63 The holonomy representation of the fibration is the restric- 
tion, v, of h to QB x F x {1}. The image of v is contained in F: 


v: QBx Fo F. 
The connecting map of the fibration is the restriction of v, 
56 =v|: QB x {xo} > F 
where xo is a point in F and, in the fibration’s long exact homotopy sequence 
2.2 > Un(E) > m,(B) a Wyn—1(F) > ..., 


the morphism 0 is the composition my(B) = Iy—1(QB) aac Tn—1(F). 


Now let’s come back to models. Let F > E 5 Bbea quasi-nilpotent 
fibration. We form the following commutative diagram 


Apz(B) Api (E) Api (F) 


a. ee 


(AV, d) —> (AV @AW,d) —> (AW, d) 
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Here the morphism g: (AV, d) — Ap,(B) is the minimal model of B, y is 
a quasi-isomorphism and (AV,d) > (AV ® AW,d) is a relative minimal 
cdga. The cdga (AW,d) is the quotient cdga (AV @ AW, d)/(AT(V) @ 
AW) and the map p is the quotient map. The map jy is induced by the 
commutativity of the left-hand square of the diagram. 


Theorem 2.64 ([87, Theorem 15.3]) Suppose F > E % B is a quasi- 
nilpotent fibration. If B and F have finite Betti numbers and H'(p) is 
injective, then the map wW is a quasi-isomorphism, and the cdga (AW, d) 
is the minimal model of the fiber F. 


Proposition 2.65 (Long exact homotopy sequence of a fibration) With the 
above notation, we have a commutative diagram of long exact sequences 


~ 


vy" 7 Hom(zn(B), Q) 
~ Y 
A"(V @ W,QO(d)) Hom(z,,(E), Q) 
~ Y 
Ww" > Hom(z,(F), Q) 
do Hom(d,Q) 
S Y 
yr - Hom(z;,41(B), Q) 


where 0: 141(B) > 2,(F) denotes the connecting map of the fibration 
and dg is the linear part of the differential d given by the composition 


d 
W—> at (V8 W)—— at (VO W)/(At W, A27V) = V. 


Example 2.66 (The path space fibration) Let (AV, d) be the minimal model 
of a simply connected space X. Then a model for the path space fibration 
QX — PX — X is given by the relative model 


(AV, d) > (AV @ AsV, d) > (AsV, d), 


where |sv| = |v| — 1. Since PX is a contractible space, the linear part do of 
the differential d in (AV ® AsV, d) gives an isomorphism do: sV > V. 

By Theorem 2.64 the cdga (AsV,d) is the minimal model of the loop 
space QX. Since QX is an H-space, its cohomology is a free graded algebra. 
Therefore d = 0 and (AsV, 0) is the minimal model of QX. 
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Example 2.67 (The universal bundle) Let G + EG — BG be the universal 
principal bundle associated to the Lie group G. The total space EG is con- 
tractible, so as we saw above, my_1(G) = m,(BG) = my_1(QBG). Indeed, 
there is a mapping QBG — G inducing these isomorphisms, so G has the 
homotopy type of QBG. Now, we have seen that the minimal model for 
G is an exterior algebra on odd degree generators with trivial differential. 
We shall denote this by (AsV, 0) using the notation of Example 2.66. By 
what we saw in Example 2.66, the minimal model for BG must have only 
even degree generators. But then the differential of this model must be trivial 
also since there are no elements in odd degrees. Thus, the minimal model for 
BG is (AV, 0) with an isomorphism sV = V. Note that we have obtained 
another proof of Theorem 1.81, for H*(AV, 0) is a polynomial algebra on 
V. A relative minimal model for the universal principal bundle is given by 


(AV,0) > (AV @ AsV, d) = (AsV, 0), 
with d(sv) = v. 


Example 2.68 (The Hopf fibration) Let S$? — $7 4 54 be the Hopf 
fibration coming from the action of H on H? by multiplication in each 
component. A relative model for H has the form 


(A(x, y), 4) > (A(x, y) @ AV, d) > (AV, d), 


with |x| = 4, ly| = 7, dx = 0 and dy = x’. Since (AV, d) is the mini- 
mal model for the fiber $3, AV = Au, with |u| = 3, du = 0. Now since 
H*(A(x,y,u),d) = 0, we must have du = x, and we have a complete 
description of the relative minimal model. 


Example 2.69 (Model of a sphere bundle) Let S?”+! + E 4 Bbea sphere 
bundle. Denote by (AV, d) a model of B. Since the model of $7”+! is (Au, 0), 
|u| = 2n + 1, a relative minimal model for the sphere bundle is given by 


(AV, d) > (AV @ Au, d) > (Au, 0). 


Here du is a cocycle a € (AV)*"*7, and Ker H?"*?(p) = Q- [a]. The class [a] 
is the Euler class of the sphere bundle, and the model of the sphere bundle 
is completely determined by its Euler class. 


Let F > ES Bbea quasi-nilpotent fibration, f: X — B a continuous 
map, and 


Pep eg 
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the pullback fibration of p along f, defined as in Example 1.56 for locally 
trivial bundles. We denote by (AV, d) ~ (AV @ AW,d) > (AW,d) a 
relative minimal model for p and by gy: (AV,d) — (AZ,d) a minimal 
model for f. Note that the naturality of the action of the fundamental group 
of the base on the homology of the fiber implies that the pullback of a 
quasi-nilpotent fibration is quasi-nilpotent. Then we have the following. 


Theorem 2.70 With the above notation, the relative minimal cdga 


(AZ, d) > (AZ @ AW, D) & (AZ, d) @av (AV @ AW, D) = (AW, D) 


is the relative minimal model of the fibration p’. The differential D is defined 
by Dw) = (v @ 1)d(w), where yo ® 1 is the natural multiplicative map 
Q@1: AV@AW > AZBAW. 


We deduce the following result. 


Theorem 2.71 Let H be a closed connected subgroup of a compact con- 
nected Lie group G. We denote by 1: H — G the canonical inclusion 
and by Bi: BH — BG the induced map. Let H*(BG;Q) = AV and 
H*(BH;Q) = AW the respective cohomology algebras of BG and BH. 
We denote by sV a copy of the vector space V shifted by one degree, 
|sv| = |v] — 1 if v € V and define a differential d on AW @ A(sV) by 
dw = 0 if w € W and d(sv) = H*(Bi)(v) if sv € sV. Then the cdga 
(AW @ A(sV), d) is a Sullivan model for the homogeneous space G/H. In 
particular H*(G/H;Q) = HAW ® A(sV), d). 


These are the relative minimal model versions of the Cartan—Weil models 
of the homogeneous spaces G/H. 


Proof From Example 2.67, the relative minimal model of the fibration G > 
p 
EG > BGis 


(AV, 0) > (AV @ AsV, d) > (AsV, 0), d(sv) =v, 


and the model of Bz is H* (Bi; Q): (AV, 0) > (AW, 0). The pullback fibra- 
tion of p along Bu has the form G > E -4 BH. Since EG is contractible, q 
has the homotopy type of the inclusion of the fiber of Bu. Now by Propo- 
sition 1.80, this pullback fibration is the fibration G > G/H — BH. 
Therefore the relative minimal model of the fibration G > G/H — BH is 
given by 


(AW,0) > (AW, 0) @av (AV @ AsV, d) = (AsV, 0). 
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Now (AW, 0) @,av (AV @ AsV, d) is a Sullivan model for G/H. We can 
describe this model: (AW, 0) @,y (AV @ AsV, da) = (AW @ AsV, d) with 
dw = 0 and d(sv) = H*(Bi)(v). 


Example 2.72 (Model of a principal G-bundle) A principal G-bundle 
X — B is the pullback of the universal bundle EG — BG along a 
continuous map f: B + BG, so its model has the form 


(AW, d) = (AW @ AsV, d) > (AsV,0), 


where (A W, d) is the minimal model of B and (AsV, 0) is the minimal model 
of G. Moreover, by Theorem 2.70, we can understand the differential d(sv) 
in terms of the classifying map f. Namely, d(sv) is a cocycle in (AW, d) 
representing f*(v), where v € AV = H*(BG;Q). 


There are thus two ways for computing a Sullivan model for the fiber of 
a locally trivial bundle, or more generally the fiber of a fibration, p: E > B. 
The first way constructs a relative minimal model of p, (AV,d) > (AV ® 
AW,d) > (AW, 4d), and a minimal model for the fiber F is then (AW, d). 

The second way constructs the relative minimal model of the path fibra- 
tion on B, (AV,d) > (AV @ AsV, d) > (AsV,0), a minimal model of p, 
(AV, d) > (AZ, d), and forms the tensor product 


(AZ @ ASV, D) & (AZ, d) @av (AV @ ASV, a). 


2.5.3. The dichotomy theorem 


Rational homotopy theory provides a surprising way to “classify” simply 
connected manifolds which has often proved useful in geometry (e.g. see 
Chapter 6 and Section 5.7). The criterion for classification applies equally to 
all nilpotent spaces, so we will formulate it in this more general framework. 
We first divide the family of nilpotent spaces with finite dimensional rational 
cohomology (i.e. Deg dim H17(X;Q) < oo) into two classes as follows. 


Definition 2.73 Let X be a nilpotent space with finite dimensional 
rational cohomology. Then X is called a rationally elliptic space if 
dip>2 dim p(X) ® Q < o. Otherwise X is called a rationally hyperbolic 
space. 


The properties of the two classes are very different, so let’s begin to cata- 
logue these differences. Let 2 be the maximal integer such that H”(X;Q) 4 0 
and say that 7 is the dimension of X. For a closed manifold, this is, of course, 
the usual dimension of the manifold. 
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Theorem 2.74 (The dichotomy theorem: Hyperbolic case [87]) Let X be a 
rationally hyperbolic space of dimension n. Then: 


. The sequence ¥\y<, dim mp(X) ® Q has exponential growth: There are 


constants A > 1 and C > 0 such that, for m large enough, 


S> dim xp(X) ® Q= C-.A™. 


psm 


In particular, for each integer q, there is an odd integer m such that 
dim 7,(X) ® Q > g. 


. The sequence of Betti numbers of the loop space QX on X has expo- 


nential growth. This means that there is an integer A > 1 such that 
yok 9 bi(QX) = A* for k large enough. 


. There is no large gap in the sequence of homotopy groups. More specif- 


ically, for each integer q there is some integer p in the interval (q,q +n) 
such that dim mp(X) ® Q # 0. 


. There are infinitely many nonzero brackets in the rational homotopy 


Lie algebra Lx. More specifically, there is an integer N such that, for 
each a in Lx with \a| > N, there is another element B € Lx such that 


[a,[a,...,[a, B]...] #0. 


For the elliptic case, denote the homotopy Euler characteristic of the 
space X by 


Xr (X) = YV(rank 129g(X) @ Q — rank 772941(X) @Q). 
qz0 


Theorem 2.75 (The dichotomy theorem: Elliptic case [129],[87]) 
Let X be a rationally elliptic space of dimension n. Then: 


nABWN eR 


. The homotopy groups 1q(X) are finite groups for q > 2n. 

- Xn(X) < 0 (so dim Zeyen(X) ® Q < dim mogq(X) ® Q), and x(X) = 0. 
. The rational cohomology of X satisfies Poincaré duality. 

. dim H*(X;Q) < 2”. 

. The three following properties are equivalent: 


© x(X) > 0. 

¢ The rational cohomology is concentrated in even degrees; 
H4(X;Q) = 0 if q is odd. 

© Xn(X) = 0. 
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6. The dimension of X depends only on the ranks of the rational 
homotopy groups. 


n= SY \(-1)1*"q- dim 14(X) ® Q + dim Zeyen(X) ® Q 
q 


= )12q — 1) dim m4-1(X) ® Q— })2q — 1) dim m24(X) ® Q. 
q q 


de Doge dim 29(X) ® Q < n. In particular, there is no even homotopy 
in degrees greater than the dimension. 

8. diq24 — 1) dim m2g-1(X) ® Q < 2n — 1; in particular, there can only 
be at most one nontrivial mg_\(X) ® Qwith n < 2q—1 < 2n—1 and, 
necessarily, dim 12g-1(X) ® Q= 1. 

9. dimz,(X) @ Q <n. 

10. The sequence of Betti numbers of QX has polynomial growth. This 
means that there is an integer m such that wan bi(QX) < k” for allk. 


A useful criterion for rational ellipticity is given in Exercise 2.4. We can 
also characterize a rationally elliptic space in terms of its minimal model. 
A finite dimensional space X, with minimal model (AV, d) is rationally 
elliptic if and only if V is finite dimensional. For instance, tori T”, spheres 
S”, complex projective spaces CP(), Lie groups G and homogeneous spaces 
G/H are rationally elliptic spaces. On the other hand, a connected sum X 
(see Example 3.6) of g copies of S* x S$ is rationally hyperbolic for q > 2, 
because x (X) < 0 and this violates Theorem 2.75 (2). 

Of course, one distinct advantage of having an algebraic model at our 
disposal is that we can put algebraic constraints on the model and see the 
geometric reflection of the algebra. One important instance of this is the 
following. 


Definition 2.76 A Sullivan cdga is said to be a pure model if it has 
the form (AQ ® AP, d) with Q concentrated in even degrees, P in odd 
degrees and 


d(Q)=0, = d(P) cag. 


By Proposition 2.10, the minimal model of a pure Sullivan cdga is a pure 
model. Hence, the minimal model of a homogeneous space is a pure model 
by Theorem 2.71. The elliptic spaces having pure models constitute a special 
family of elliptic spaces. Part (5) of Theorem 2.75 is proved for that family 
of spaces in Theorem B.18. There is also a general structure theorem for 
pure models. 
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Theorem 2.77 Let (AQ @ AP, d) be a pure cdga and suppose that Py C P 
has d(Po:) = 0. Then 


(AQ @ AP, d) = (AQ ® AP, d) ® (APo, 0), 
where Py) ® P; =P. 


The idea of the proof is simple. Since d(P) C AO and d(Q) = 0, it is clear 
that the elements of Po never appear in any differentials. Therefore, (A Po, 0) 
splits off from (AQ @ AP, d). A geometric consequence is the following. 


Corollary 2.78 Let X be a space whose minimal model is pure and sup- 
pose that a € Ho,,4(X;Q) is in the image of the rational Hurewicz map 
h: Wop41(X) ® Q > Agg44(X;Q). Then X ~g Y x S2k+1 where Y also 
has a pure model. 


Proof The hypotheses imply that a corresponds to an odd degree generator 
of X’s minimal model which is also a cocycle. By Theorem 2.77, the model 


splits off (Aa,0) and this corresponds to X splitting off a sphere factor 
g2k+ 1 


Pure models provide a very interesting family of elliptic spaces: 


Theorem 2.79 ([87, Proposition 32.16]) A rationally elliptic space X with 
x(X) > 0 admits a pure model. Moreover we have the following formula 
connecting the Betti numbers to the rank of the homotopy groups, rq = 
rank mg(X): 


> dim H,(X; Q)t? = [[a i ee 
q i 


2.5.4 Minimal models and some homotopy constructions 


Let X be a nilpotent space with minimal model Mx = (AV, d). We already 
know how to derive the rational cohomology and the rational homotopy Lie 
algebra of X from (AV, d). In this section we explain the relations between 
the minimal model of X and its Postnikov tower. We then explain how to 
derive from the minimal model a good approximation for the Lusternik— 
Schnirelmann category of X. We also show how to obtain the minimal 
model of the homotopy cofiber of a map f from the minimal model of f. 

First of all, let G be an abelian group, and let 7 > 2. The Eilenberg—Mac 
Lane space K(G,7) is a CW complex such that z,,(K(G, ”)) = G, and such 
that the other homotopy groups are zero. Denote by (AW, d) the minimal 
model of K(G, 7). Since W* = Hom(z,(K(G, 2)), Q), d= 0, W = W” and 
dim W = rank G. 


2: Minimal models 
To a simply connected space X, we can associate a sequence of fibrations 


RG Ow S Xe Gas 


and maps fy: X > Xy with pn o fn = fn—15 


fn 

x Xn 
fa-1 

Xn-1 


satisfying the following properties: 


- Tq(Xn) = 0, q > ny; 

* 2q(fn) is an isomorphism for g < n; 

© Pu: Xn > Xy~-1 is a principal fibration obtained as a pullback of the 
path fibration K (,(X), 2) = Q(K (ty,(X),2+1)) > PK (an (X),n+1) > 
K(at,(X),n +1) along a map ky: Xp > K(ay,(X),1 + 1). 


The sequence of fibrations is called the Postnikov tower of X and the maps 
k, are called the associated k-invariants ({240)). 

Let (AV,d) be the minimal model of X. We then have the following 
properties. 


¢ The minimal model of X,, is given by the sub-cdga (AV=", d). 
¢ The minimal models of f,, and p, are, respectively, given by the injections 


(AV=",d) > (AV,d), (AV="*"1 dj) > (AV=",d). 


¢ The minimal model of the nth k-invariant ky: Xn-1 > K(ay(X), 
n + 1) is given by the map k,: (A(s-tV”), 0) = (AV="—!,d), where 
(s-ly7y"tl — Vy", (s-!V%1 =0,q An+1,ky(s!v) = dv. 


The Lusternik-Schnirelmann category of a space X, cat X, is the least 
integer 1 such that X can be covered by 2+1 open sets, each contractible in 
X. For instance the category of a point is zero, and the category of a sphere is 
one. The properties of the Lusternik—Schnirelmann category, its description 
in terms of minimal models and its role in algebraic and differential topology 
are described in [66] and [87]. Here we only recall the main points. 

A lower bound for cat X is given by the rational cup length 


cupg(X) = max{n|Ja4,...,0¢ € Ht(X;Q)such that a4 ---a, 40}, 
and an upper bound is given by the dimension of X. 


cupo(X) < catX <dim X. 


2.5 Minimal models and homotopy theory 


Suppose now that X is simply connected. By a result of Toomer ([253)]), 
the category of the rationalization Xo (see Subsection 2.6.1) is less than or 
equal to the category of X, 


cat Xp <catxX. 


The integer cat Xo is called the rational category of X, and is denoted 
catg(X). Because the rational homotopy type of X is encoded in its mini- 
mal model, it is no surprise that this invariant can be calculated from the 
minimal model (AV, d) of X. 


Theorem 2.80 ([86]) The integer cato(X) is the least integer m such that the 
minimal model of the projection qm: (AV,d) > (AV/(A7""V), d) admits 
a homotopy retraction. 


Denote by py: (AV, d) > (AW, d) the minimal model of gin. 


(AV, d) (AW m,d) 


a re 


(AV/ A>” V,d) 


The rational category of X is the least integer 7 such that there is a mor- 
phism r: (AW, d) > (AV, d) with ro py = id,y. One of the main results 
concerning rational category is the so-called mapping theorem. 


Theorem 2.81 (The mapping theorem [87, Theorem 28.6]) Letf: X > Y 
be a continuous map between nilpotent spaces. If m.(f) @ Q is injective, 
then cato(X) < catg(Y). 


The rational homotopy Lie algebra of a space of finite rational category 
satisfies properties that are similar to the properties of finite dimensional 
spaces. 


Theorem 2.82 ([87, Theorem 33.6 and 36.8]) Let X be a simply con- 
nected space with finite Betti numbers and finite rational category. When 
dim z,.(X) @ Q < 00, then dim H*(X;Q) < co and X is a rationally elliptic 
space. When dim m,(X) ® Q = ov, then 


1. There is B > 1 such that ae rank 2;(X) > B¥ for k enough large. 

2. dim moqq(X) ® Q = 0. 

3. There is an integer N such that for all a € 1g(QX) ® Q with q > N, 
there is B € 1,(X) ® Q such that ad(a)"(B) £ 0 for all n. 


2: Minimal models 


Minimal models are also a very good tool for describing the ratio- 
nal homotopy type of the homotopy cofiber of a map. If f: X — Y 
is a continuous map, its homotopy cofiber Cy is the space Y U CX/ ~, 
where CX = X x [0,1]/X x {1} and where ~ identifies (x,0) € CX to 
f(x) € Y. Recall that if f denotes the inclusion of a sub-CW complex or the 
inclusion of a submanifold, then Cy is homotopy equivalent to the usual 
quotient Y/X. 

Denote by M, the minimal model of f and suppose the following 
diagram is commutative up to homotopy, where the vertical arrows are 
quasi-isomorphisms. 


My 
My Mx 
(A, d) . (B,d). 


Then we have, 


Theorem 2.83 ([87, Proposition 13.6]) If g is surjective, then the minimal 
model of Q © Ker g is the minimal model of Cy. 


In particular the geometric realization of the minimal model of Q@ Ker g 
is the rationalization of Cy. 


2.6 Realizing minimal cdga’s as spaces 


In order to apply the algebra of minimal cdga’s to geometry, we have to 
understand how algebraic data can be realized geometrically. We begin by 
considering how a minimal cdga may be realized topologically. 


2.6.1 Topological realization of a minimal cdga 


Consider on one side the category of nilpotent spaces with finite Betti num- 
bers Topy and, on the other side, the category An composed of the cdga’s 
(A,d) with H°(A,d) = Q, and which admit a finite type minimal model. 
There is a realization functor ( ) going from Ay to Topyn (see [38] and 
[246]) that has the following properties: 


¢ The realization of a minimal cdga (AV, d), ((AV, d)), is a rational space; 
that is, its homotopy groups are rational vector spaces. 

¢ The correspondences X + Mx and (AV,d) +> ((AV, d)) are inverse to 
each other up to rational homotopy equivalence. The minimal model of 
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((AV,d)) is (AV, d); moreover, there is a map X > (Mx) that induces 
an isomorphism in rational cohomology. 


The space (Mx) is called the rationalization of X, and is denoted by Xo. 
This space is characterized by the following properties: 


1. Xo is a rational space. 

2. There is a map f: X — Xo inducing an isomorphism in rational 
cohomology. 

3. If Y is a rational space and g: X — Y is a continuous map, then there 
is a map, unique up to homotopy, /: Xo > Y such that g~ bof. 


The correspondence between Ay and Topy extends to maps. 


¢ If X, Y € Topn, then rationalization induces a bijection 
[X, Y] > [Xo, Yo] = [My, Mx]. 


¢ The realization of a relative minimal cdga (AV,d) > (AV ® AW,D) is 
a fibration p: E > B. 


The rationalization of a nilpotent finite type CW complex is not a finite 
type CW complex because the homotopy groups of the rationalization are 
Q-vector spaces, while the homotopy groups of a finite type CW complex 
are finitely generated. However, the realization described above can, in 
general, be improved, in a nonfunctorial way, to give a finite type CW 
complex whose minimal model is the original one. 


¢ Each finite type minimal cdga (A V, d) is the minimal model of a nilpotent 

space X with finite Betti numbers. If H*(A V, d) is finite dimensional, then 

we can choose X to be a finite CW complex. 

Each map between finite type minimal cdga’s is the minimal model of a 

continuous map between finite type CW complexes. 

¢ Each finite type relative minimal cdga (AV @ AW, D) is the relative min- 
imal model of a fibration p: E — B where E and B are finite type CW 
complexes. 


2.6.2 The cochains on a graded Lie algebra 


Let L be a graded Lie algebra. We can associate to L its cochain alge- 
bra C*(L) = (AV,d) with Vet! = Hom(Lp, Q) and differential d = d 
defined by 


(x, s[f, 21) = (-1)8\(dix, sf A sg), xéeV,f,geL. 


The next proposition follows directly. 


2: Minimal models 


Proposition 2.84 Every finite type graded Lie algebra L such that Lo = 
Ly = 0 can be realized as the rational homotopy Lie algebra of a simply 
connected space. 


The cochain algebra (AV, d) admits a bigradation defined by (AV)?.4 = 
(AP V)I-P, Since d(AV)P4 Cc (AV)P+14, this bigradation induces a bigra- 
dation on the cohomology. The gth rational cohomology vector space of 
a graded Lie algebra L, H7(L; Q), is by definition the graded vector space 
H@* (C*(L)). 

Every short exact sequence of Lie algebras 0 > Ly > Lz > L3 > 0 
induces a relative minimal cdga 


C*(L3) > C*(L2) > C*(L1), 


and is therefore realized by a fibration. 
A minimal presentation of a graded Lie algebra is a short exact sequence 


SLOW S164 bs 0 


where L() denotes the free graded Lie algebra functor and where f(W) c 
L=?(S). By [171] and [248], we then have isomorphisms of graded vector 
spaces 


S=H'(C*(L)), W = H*(C*(L)). 


When L is a finite dimensional nilpotent Lie algebra concentrated in degree 
0, the cochain algebra C*(L) is finite dimensional. Its realization is a nil- 
manifold. The theory of nilmanifolds will be described in Section 3.2. 


2.7. Formality 


Definition 2.85 A nilpotent space X, with minimal model (AV, da), is called 
formal if there is a quasi-isomorphism 


gp: (AV, d) > (H*(X; Q), 0). 
Remark 2.86 


¢ We can also define a cdga (A, d) to be formal if there is a chain of quasi- 
isomorphisms 
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We can take the minimal models of (A,d), the minimal models of the 
(B;,d;) and the minimal models of the morphisms by Theorem 2.26. 
By applying Corollary 2.13, we then see that the condition above is 
equivalent to Definition 2.85. 

e By a result of Sullivan (see Proposition 2.101, [206] and [246]), the 
definition of formality given above is equivalent to the existence of a 
quasi-isomorphism over the reals, 


g: (AV, d) @g R= (A*(X;R), 0). 


For a manifold M, this is also equivalent to the existence of a sequence of 
quasi-isomorphisms of R-cdga’s connecting Apr(M) and (H*(M; R), 0). 
We will come back to this point in Proposition 2.101. For a classical 
criterion guaranteeing formality, see Exercise 2.3. 


It follows directly from the definition that Lie groups, complex and 
quaternionic Stiefel manifolds and loop spaces are formal spaces because 
their respective cohomologies are isomorphic to their minimal models. 


Example 2.87 (Product of formal spaces) Let X and Y be formal spaces 
with respective minimal models (AV, d) and (AW, d). By the formality of 
X and Y, we have quasi-isomorphisms 


gy: (AV,d) > (A*(X;Q),0) and w: (AW,d) > (A*(Y;Q), 0). 


The minimal model of X x Y is the tensor product (AV, d) ® (AW, d) and 
we have a quasi-isomorphism 


g @w: (AV,d) ® (AW, d) > (H*(X; Q) ® H*(Y; Q), 0) 
= (H*(X x Y;Q),0). 
This shows that X x Y is formal. 


Example 2.88 (Retract of a formal space) If X is a formal space and Y is 
a retract of X, then Y is a formal space. Denote i the injection and r the 
retraction 


yix45y,  roir~idy. 


By the formality of X, we have a quasi-isomorphism yg: My —> 
(H*(X; Q), 0). Then the following composition of morphisms is a quasi- 
isomorphism 


M, 9 H*(Q) 
My —> Mx —> (A*(X;Q), 0) —~> (A*(Y¥; Q), 0) . 


2: Minimal models 


This shows that Y is a formal space. In particular, if a product X x Y is 
formal, the spaces X and Y are formal. 


An important property of formal spaces is the vanishing of all their 
Massey products. Let’s recall the definition. 


Definition 2.89 Let (A,d) be a cdga with cohomology H*. Let a,b,c be 
cohomology classes whose products ab and bc are zero. Choose cocycles (or 
closed forms if we work with the de Rham complex) x, y and z representing 
a, b and c. By definition, there are elements v and w such that dv = xy and 
dw = yz. The element 


vz — (—1)¥ law 


is then a cocycle whose cohomology class depends on the choice of v and w. 
The set (a, b,c) formed by the cohomology classes constructed using all the 
possible choices of v and w is called the triple Massey product of a, b and 
c. The triple Massey product is said to be trivial if the element 0 belongs to 
the set (a,b,c). 

Denote by I the ideal of H* generated by the classes of a and c. The set 
(a, b, c) projects to a single element in H*/I. Moreover, this element is 0 if 
and only if the triple Massey product is trivial. 


Proposition 2.90 Let X be a formal space. Then all triple Massey products 
vanish, 


Proof Denote by (AV, d) the minimal model of X. By definition we have a 
quasi-isomorphism 


gy: (AV, d) > (A*(X; Q), 0). 


Now take three cohomology classes a, 6 and c represented by the cocycles 
x, y and z in (AV,d), and suppose that there are elements v and w such 
that dv = xy and dw = yz. The cocycle vz — (—1)*!xw is mapped by ¢ 
to a cocycle in the ideal generated by the elements g(x) = a and g(z) = c. 
Since @ is a quasi-isomorphism, this implies that the triple Massey product 
set (a, b,c) belongs to the ideal generated by a and c. This Massey product 
is thus zero. 


Example 2.91 (A nonformal manifold) Denote by g: S* x S* — S* the map 
obtained by collapsing the wedge S* v S* to a point, and take the pullback 
of the Hopf fibration S? + S$” — S* along q (see Example 2.68). We obtain 
in this way a principal bundle S* + M —> S? x S*, whose relative minimal 
model is given by 


(A(a, b, u,v), d) > (A(a, b, u,v, t), d) 
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with |a| = 2, |b] = 2, |u| = 3, |v| = 3, |t)] = 3, da = 0, du = a*, db = 0, 
dv = b*, dt = ab. We can compute the cohomology in low degrees. A basis 
of H?(M;Q) is given by the classes a and b; H3(M;Q) = H*(M;Q) = 0. 
The cohomology in degree 5 has dimension two, and a basis is given by the 
two nontrivial Massey products 


(a,a,b) =[ub—at], and (a,b,b) = [tb—-—av]. 
Because these Massey products do not vanish, the manifold M is not formal. 


Definition 2.92 (Higher order Massey products) Let 11,..., up) be coho- 
mology classes. A defining system for the Massey product (u1,...,Up) is a 
collection of cochains mj, 1 <i <j < p, (7) € (1, p), with mj a cocycle 
representative for uj,i=1,...,p and 


ji 
d(my) = 0 (-1)!"#l nig - p41, - 
kai 
We then form the cocycle 
p-1 
oem) = Y(— 1)!" ela g - Mp stp - 
k=1 


The Massey product is trivial if there is a system mj for which the 
cohomology class of o{m;} is Zero. 


2.7.1 Bigraded model 


The main tools for the study of formality of spaces and manifolds are 
bigraded and filtered models (see [132]). 


Theorem 2.93 (Bigraded model of a graded commutative algebra) Let 
A be a finitely generated graded commutative algebra. We suppose that 
A® =k. Then the cdga (A, 0) admits a minimal model y: (AV, d) — (A,0) 
where V is equipped with a lower gradation V = ®p>0Vp extended in a 
multiplicative way to AV and where the following properties hold. 


1. d(Vp) C (AV) p-1. In particular, d(Vo) = 0. Therefore the cohomology 
is a bigraded algebra H* (AV, d) = ®p>0Hp(AV, a). 

2. Hg(AV,d) = 0 for q > 0, and Ho(AV, d) = A. 

3. g(Vp) = 0 for p > 0. 

The cdga (AV, d) is called the bigraded model of the graded algebra A. 


The construction of the bigraded model begins with the generators (or 
indecomposables) of A, Vo = At/(At - At). We define d|y, = 0 and 
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gy: A Vo > A by extending a vector space splitting Vo — A. Thus, at the 
very first stage, we obtain a surjection from AVo to A. We form A(Vo @ V1) 
and define the differential on V; to kill the kernel of AVo — A. Note that 
d(V1) C AVo. The addition of V; may introduce yet another kernel in 
cohomology and this must be killed by adding in V2 with d(V2) C (A(Vo ® 
V1))1. The process goes on, eventually resulting in the bigraded model. 

When X is a formal space, the minimal model of X is the minimal model 
of the cdga (H*(X; Q), 0), so we can therefore choose the bigraded model 
of the algebra H*(X; Q) as a minimal model for X. 


Proposition 2.94 Let M bea formal nilpotent manifold. Then all the Massey 
products (u1,...,Up),p = 3, are trivial in the de Rham complex Apr(M). 


Proof Consider the Massey product (#1,---,up) with p > 3. In the 
bigraded model (AV, d) we can choose a defining system mj; with mj € 
(AV);-i- This shows that the element @{7,;} is a cocycle in (AV )p—2 and there- 
fore is a coboundary because of Theorem 2.93 (3). Now, since (AV, d) is the 
minimal model of M, we have a quasi-isomorphism yw: (AV, d) > Apr(M) 
and the family w(mj) is a trivial defining system for the Massey product in 
Apr(M). This shows that all Massey products are zero. 


2.7.2 Obstructions to formality 


Let (A,d4) be a cdga. We suppose that H°(A,d4) = Q and that each 
HP? (A, da) is finite dimensional. We denote by 


wu: (AV, d) > (H*(A, da), 0) 


a bigraded model of the cohomology. There then exists a perturbation of 
(AV, d) that is a (not necessarily minimal) Sullivan model of (A, d4). More 
precisely, we have the following. 


Theorem 2.95 ([132]) With the previous notation, there is a differential D 
on AV such that 


1. (D—d)(Vp) C (AV) <p-2 (In other words the differential can be written 
D=d+d,+d3+--- where dg(Vp) C (AV)p—q). 

2. (AV, D) is a Sullivan model for (A, da). 

3. (A,d) is formal if and only if there is an isomorphism wo: (AV, D) > 
(AV, d) of the form g = id + 91 +92 +--+ with gg(Vp) C (AV) p—¢: 


Definition 2.96 The Sullivan model (AV, D) is called the filtered model of 
the cdga (A, da). 


We want to use Theorem 2.95 (3) to develop an obstruction theory for 
formality, so we note that it follows from a more general uniqueness result 
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for filtered models (see [132, Theorem 4.4]) and the fact that, if (A, d,) 
is formal, then the bigraded model is a minimal model and a filtered model 
for (A, da). 

Now let’s see what necessary condition Theorem 2.95 (3) leads to. 
Suppose g: (AV,D) — (AV,d) is an isomorphism with g of the form 
g =id+9,+@+---. From the relations D? = 0, y(ab) = v(a)y(b) and 
dy = @D we obtain 


a=, 
gi (ab) = gi (a)b + agi (b), 
dy, =d,+ 1d. 


In particular, dz and ¢ are derivations that satisfy g1(Vp) C (AV)p—1 and 
d2(Vp) C (AV )p-2. 

We are therefore motivated to define the graded Lie algebra of derivations 
Derg,; as the set of derivations @ of AV that decrease the lower degree by q 
and increase the usual degree by s: 


O(Vi)CLAVI  s 
6(ab) = 0(a)-b + (-1)5!a- 0(b). 


The commutator with d and the commutator bracket give Der,.,. the struc- 
ture of a differential graded Lie algebra (Der,.,.,D). The differential D is 
given by 


D@) =do0d—(-1) dod, 
so that (recalling d(Vp) C (AV) p-1) we have 
D: Derg,s— Derg+1,541 - 


Note that, for each 6 € Derg,;, q > 0, it is certainly true that 61+1(x) = 0 
for x € Vg. Therefore the formula 


gives a well defined automorphism of AV. 

Now we can construct a sequence of obstructions to the formality of a 
cdga (A,da). Let (AV,D) be a filtered model of (A, da). Since D? = 0, 
we have dd) + dod = 0 since it is the only part of D? that decreases the 
lower degree by 3. The derivation d) is thus a cycle in Der2,1. If there is an 
isomorphism g: (AV, D) > (AV, d) of the form yg = id + g, + ---, then 


dy = dg, — gid = D(g1). 
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Therefore the first obstruction to formality is the class of do, 
[dz] ¢ Hz,1(Ders,x). 


On the other hand, if the class of d2 is zero, then there is a derivation 
gy, such that dz? = dy, — yd. We then can form the automorphism e7®! 
and consider the new Sullivan model (AV, D’) with D’ = e®!De-®!. By 
construction, we have an isomorphism 


e 1: (AV,D') > (AV,D), 


but the main advantage of D’ is that D’ — d decreases the lower gradation 
by at least three. We can see this by writing 


D'=(d+@+..)(d+do4+...)Gd— 91+...) 
=d+(y,d—dg,+dz)+ terms decreasing lower degree by at least 3 


= d+ terms decreasing lower degree by at least 3 


since y; d — dy, + dz = 0 by assumption. We can therefore write D’ = 
d+d3+d4+--- with dg(Vp) C (AV)p—g. We then see that the second 
obstruction is the class of d3 in H3,1(Der,.,,.). Of course, this process leads 
to an inductive construction. 

Therefore, suppose by induction that (A,d,4) admits a filtered model of 
the form (AV, D,) with D, = d+d,+d,414+-:+ withr > 3. The element d, 
is a cycle in Der,,1, and defines the (r — 1)st obstruction [d,] € H;,1(Der.,»). 
Suppose we have an isomorphism 9: (AV,D,) > (AV,d) of the form 
ge” =id+g, +g. +---. Then gid = dg, since dy = 0. Thus, e~®! is 
an automorphism of (AV, d) and we obtain the composition e~! og” = 
id+qg7+.... Hence, we can suppose that g; = 0. By the same process, we can 
suppose that g2 = 3 =... = @,_2 = 0; that is, gp” =id+ ?, +--+, and 
d= dg”, _ gd. Hence, [d,] must be equal to zero in H*(Der,,,., D). 
Conversely, if we suppose that [d,] = 0, we can then replace (AV, D,) 


. (r) est Ar) ‘ 
by (AV, D,41) with D,41 = e*-1D,e-*r-1, As above, we also obtain an 


isomorphism oP r=1 > (AV, Dy41) > (AV, D,). 
If all the obstructions [dj] vanish, then we have a sequence of isomor- 
phisms 


=o, 
e "rT 

$e SP TAY Da) AY, Da) SS a SS AAV SD); 
where D; — d decreases the lower gradation by at least r, and where 


(2) ‘ . 
e *r-1 — id decreases the gradation by at least r — 1. In other words, each 
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stage of the construction creates a cdga which is closer to (AV, d) than the 
previous stage. Therefore, the composition 

@) (r-1) 
res OA fo) ee O---0 e #1 


is a well-defined isomorphism between (AV, d) and (AV, D). We therefore 
have the 


Theorem 2.97 Starting from the filtered model (AV, D) for (A, da), there 
is a sequence of obstructions in H* (Der..,, DP), [da], [d3], ..., [dr], ... such 
that the following conditions are equivalent: 


° [do] = [d3] =... =[d,] = 0; 
© (AV,D) X (AV,D) with (D! — d)(Vq) C (AV) q-r- 


In particular, all the obstructions vanish if and only if the cdga (A, da) is 
formal. 


The following proposition will significantly simplify future computations 
of the obstructions [d,]. 


Proposition 2.98 Let (AV, D) be the filtered model of a simply connected 
space X with finite Betti numbers such that H>"(X;Q) = 0. Suppose D = 
d+ dq + dg41 +++: and suppose there exists a derivation @ defined on 
AVER such that (Vs) C AV); _g41 and dy = d@ — @d on Ve" Then the 
obstruction [dq] is zero. 


Proof First, define 6 = 0 on Vj. We clearly have dg = do —6d = 0 
on Vg. Now, by induction on r, for r > 1 we extend @ on Vi such that 
d, = do — @d. By hypothesis, this has been done for r < . Suppose this 
has also been done for degrees < r and let x be an element of a basis of 
Ve’ Then d(x) + 6d(x) is a cocycle in (AVA By hypothesis, we have 
H>"(X;Q) = 0, so there is some element y such that d(y) = dg(x) + d(x). 
We define a linear map 0: Vise > (AVY, by putting 6(x) = y. This 
proves that @ can be defined on Vq with dg = d6 — 0d. 

Suppose now that we have defined @ on V-; and on V" such that dg = 
d@—6d and @ decreases the lower gradation by exactly g — 1. Then, for 
each element x of a basis of V/, the element dg(x) + 6 d(x) is a d-cocycle 
of positive lower degree in AV. By Theorem 2.93 (2), there is an element y 
such that dy = dg(x) + 6 d(x). We extend 6 linearly by putting 6(x) = y. 

In this way, we can define 6 on V with dz = d@ — @d. This shows that 
the obstruction [dg] is zero. 


Proposition 2.99 Let X be a (p — 1)-connected space, p > 2, of dimension 
< 3p — 2. Then X is formal. 
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Proof Let (AV, d) denote the bigraded model of H*(X;Q). By the connec- 
tivity hypothesis, VJ = 0 for q < p. By the minimality property of the 
model, V7 = 0 for q < 2p —1 and VJ = 0 for q < 3p — 2. We show that 
all the obstructions are zero. For the first one, [d2], we define 6 to be zero 
on V. The hypotheses of Proposition 2.98 are satisfied, and so [dz] = 0. 
By Proposition 2.98, the other obstructions are zero because V7 3? = 9 
for q > 3. 


For a cdga (A, da), we can extend scalars to obtain a cdga (A@k, d4@1,) 
over any field & of characteristic zero. We can also find a minimal model 
(AVp,d) > (A@k, d4@1,) over kk. Then, formality over the field k simply 
means the following. 


Definition 2.100 We say that a space X is lk-formal if its k-minimal model 
is quasi-isomorphic to (H*(X;kk), 0). 


The first question that comes to mind now is whether descent phenomena 
occur. That is, could a space “become” formal under a field extension. The 
following application of the framework of obstruction theory answers this 
question and will be very useful in Chapter 4. (Note that we have already 
discussed this result in Remark 2.86.) 


Proposition 2.101 A space X is k-formal if and only if X is formal. 


Proof The obstruction theory enunciated in Theorem 2.97 can be defined 
over the field kk. The associated complex of derivations Der(*) is obtained 
by extension of the scalars from Q to k of the complex Der,.,. described 
above. Since the obstructions are linear, the obstructions [dg] are zero over 


the field ik if and only if they are zero over Q. 


2.8 Semifree models 


Semifree models for differential modules are introduced in this section 
because they will be very useful tools in Chapters 7 and 8. 


Definition 2.102 Let (A, d) be a differential graded algebra. A differential 
A-module (M, d) is a complex equipped with a structure of A-module such 
that d(a-m) = da-m+(-1)'"a- dm. 


Definition 2.103 Let (A, d) be a differential graded algebra. A differential 
A-module (M, d) is called semifree if M is equipped with a filtration 
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such that d(M(p)) C M(p—1) and such that as an A-module, M(p)/M(p—1) 
is isomorphic to (A,d) ® (V(p),0). We write M =A® V. 


Proposition 2.104 ([87]) Let (A,d) be a differential graded algebra and 
(N,d) be a differential A-module. There then exists a semifree A-module 
(M, d) and a quasi-isomorphism of A-modules p: (M,d) > (N, 4d). 


Definition 2.105 The differential A-module (M,d) is called a semifree 
model of (N, d). 


Definition 2.106 Let (A,d) be a differential graded algebra and suppose 
(M, d) is a semifree A-module. Two morphisms of differential A-modules, 
f,g: (M,d) — (N,d) are homotopic, f ~ g, if there is a morphism of A- 
modules H: M + N of degree —1 such that f —g = dH+Hd. We denote by 
[(M, d), (N, d)] the vector space of homotopy classes from (M, d) to (N, d). 


Semifree modules enjoy properties very similar to those of minimal mod- 
els. The next proposition contains some of these that will be useful in later 
chapters. 


Proposition 2.107 ([87]) 


1. Let g: (B,d) — (A,d) be a quasi-isomorphism of differential graded 
algebras and let (M,d) be a semifree A-module, (M,d) = (A ® V,d). 
Then there is a semifree B-module (N,d) = (B @ V,d) and a quasi- 
isomorphism w: (B@V,d) > (A@V, d) such that W(b@v)—v(b)@v € 
A>" @ V, for b € B”. 

2. Let g: (B,d) — (A,d) be a quasi-isomorphism of differential graded 
algebras and (M, d) be a semifree B-module. Then A @p M is a semifree 
A-module and the map g ®@ id: M = B@g M => A @, M is a quasi- 
isomorphism. 

3. (Lifting property) Given a commutative diagram of differential A- 
modules 


Mi 
| 
wv 
M — M2 


where M is semifree and is a quasi-isomorphism, then there is a unique, 
up to homotopy, morphism of differential A-modules 6: M + My, such 
thatw ~ po. 


Part (3) of Proposition 2.107 can be rephrased in the form 
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Proposition 2.108 If(M, d) is asemifree A-module and f : (N,d) > (N’,d) 
is a quasi-isomorphism of differential A-modules, then the composition with 
f induces an isomorphism [(M, d), (N, d)] > [(M, d), (N’, d)]. 


We denote by Hom’, (M, N) the vector space of A-morphisms of degree 
p from M into N. The differential D: Hom‘, (M, N) > Hom?*!(M, N) 
defined by D(f) = df — (—1)'/!fd makes Homa(M, N) = ®gHom4(M, N) 
into a cochain complex. By construction, H?(Hom,4(M,N)) = 
[(M, d), (N, d)]. 

Let (M,d) and (N,d) be two differential A-modules, and let (P,d) > 
(M, d) be a semifree model for (M, d). Then, by Proposition 2.108, the coho- 
mology H7(Homa,(P, N)) is independent of the choice of semifree model 
(P, d) and is denoted by Ext4 (M,N). 

Semifree modules are very useful for the study of fibrations. Let F > 
E —s B bea fibration and denote by C*(—) the singular cochains functor 
with coefficients in Q. Then the morphism C*(p) makes the cochain algebra 
C*(E; Q) a module over the cochain algebra C*(B; Q). We then have: 


Proposition 2.109 ([87]) With the above structure, C*(E;Q) admits a 
semifree model of the form (C*(B; Q) ® H*(F;Q), D). In the same way, 
when B is simply connected, a semifree model for the minimal model of E 
is given by (AV ® H*(F; Q), D), where (AV, D) is the minimal model of B. 


Exercises for Chapter 2 


Exercise 2.1 Show that the correspondence f +» H*(f) induces a bijection 


[(AV, 0)(A, d)] —> Hom(V, H*(A,d)). 


Exercise 2.2 Let (AV, d) be a minimal model. Show that the correspondence f 
O(f) induces a bijection 


(AV, d), Msn] —> Hom(V", Q). 


Exercise 2.3 In [70, Theorem 4.1], a criterion for formality was given that 
sometimes makes it easy to say that a minimal cdga is not formal. 


Proposition A minimal cdga (AV, d) is formal if and only if V decomposes as a 
direct sum V = C @ N with d(C) = 0 and d injective on N such that every closed 
element in the ideal generated by N is exact. 

Prove this result. Hints: Suppose that the property holds. This says that all coho- 
mology of (AV,d) comes from the subalgebra AC where C = @C’' consists of all 
generators which are cocycles. Define a linear map yw: @; V' > H*(AV,d) by 


wic) =[c] forc € @;C! 
w(n) =0 for n € @jN'. 
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Extend w multiplicatively to AV and show that the extension is a cdga homomor- 
phism. Then show that, since the cohomology is generated by C, w induces the 
identity on cohomology. 

For the other direction, suppose that (AV,d) is formal. Let w: (AV,d) > 
H*(AV,d) be such that w* is the identity. Let C be the kernel of w restricted 
to V. See [257], for example, for a proof. 


Exercise 2.4 Let X be a simply connected CW complex of finite type. Suppose that 
there is an integer 2 > 0 so that 2;(X) @ Q = 0 for r > nm and H?(X;Q) = 0 for 
n <p < 2n. Show that H?(X;Q) = 0 for p > n. In particular, X must be rationally 
elliptic of dimension n. Hint: if H2(X;Q) 4 0 for some g > 2n, add generators to 
the minimal model (in degrees greater than or equal to 27) to kill all cohomology 
above degree 2”. Show by Theorem 2.74 (3) that this is a contradiction. 


Exercise 2.5 Suppose X is a finite CW complex that is (r — 1)-connected with 
dim X < 4r—4 and H24+!(X;Q) = 0 for q > 0. Show that X is formal. (Note that 
X is not assumed to be a manifold.) 


Exercise 2.6 Characterize the compact homogeneous spaces that are formal in 
terms of their minimal models. (Hint: see Theorem 2.77). 


Exercise 2.7 Let f: M1 — Mp be a quasi-isomorphism of semifree A-modules. 
Show that there is a morphism of differential A-modules g: Mz — My such that 
gof and f og are homotopic to the identity. 


Manifolds 


A smooth compact manifold has many properties that make it distinct 
from an ordinary topological space. From the topological viewpoint, the 
existence of Poincaré duality in (co)homology is crucial to almost any 
result about the manifold. From the geometric viewpoint, the existence 
of a Riemannian metric allows the manifold to be studied using analytic 
techniques. In subsequent chapters, we shall see how these two points of 
view mix together to yield interesting results in both directions: topology 
applied to geometry and geometry applied to topology. 

In this chapter, we show how minimal models of manifolds reflect the 
special properties of manifolds. In particular, we see how Poincaré duality 
plays a huge role in almost all aspects of the rational homotopy of man- 
ifolds, but especially in the geometric realization of algebraic data and in 
the problem of determining whether a manifold is formal. Also, restricting 
manifolds to satisfy certain properties constrains their minimal models as 
well, and we will see this clearly in the case of nilmanifolds and biquotients. 
Now let’s describe exactly what is in the chapter. 

In Section 3.1, we study how manifolds are linked to minimal models 
through Poincaré duality. In particular, we state the Barge—Sullivan realiz- 
ation criteria which tell us which minimal models contain manifolds inside 
their rational homotopy types. We also describe a model for connected 
sums, understand their rational homotopy groups and show which simply 
connected 4-manifolds are rationally elliptic. We end this section by giving 
proofs of the theorems of Miller and Stasheff, which state two important 
criteria for formality, using the obstruction theory of Subsection 2.7.2. 

In Section 3.2, we consider a particular class of manifolds (which we will 
meet throughout the book) called nilmanifolds. The minimal model of a 
nilmanifold is very special indeed and this means that we can understand 
many general properties of nilmanifolds. 

The construction of models can easily be extended to the case of cdga’s 
equipped with the action of a finite group and we develop this in Section 3.3. 
This then leads to an understanding of the cohomology of the classifying 
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space of a compact connected Lie group. For instance, we prove the 
well-known isomorphism H*(BG; Q) = H*(BT;Q)”© between the coh- 
omology of BG and the invariant subalgebra of the cohomology of the clas- 
sifying space of a maximal torus T of G under the action of the Weyl group 
W(G) of G. 

Section 3.4 prepares the way for one of the main objects of Chapter 6, 
the biquotients G//H of a compact connected Lie group G by a closed 
connected subgroup H. We define biquotients here and give their principal 
properties. We also show how Sullivan’s theory allows the study of biquo- 
tients through a special minimal model obtained from a description of G//H 
as a certain type of pullback. 

Finally, in Section 3.5, we describe the canonical model for a Rieman- 
nian manifold in terms of Hodge theory. While this type of model is not 
well-known, its potential for application in geometry is apparent from 
Theorem 3.54, which says that the real homotopy theory of an isometry 
of a closed simply connected Riemannian manifold is determined by the 
induced homomorphism on real cohomology. 


3.1 Minimal models and manifolds 


In order to apply the algebra of minimal models to geometry, we have 
to understand how algebraic data can be realized geometrically. We have 
already seen in Subsection 2.6.1 that a minimal model may be realized by a 
space. While it is useful to have spatial realizations of models, for geometry 
it is essential to have realizations as closed manifolds. This, of course, leads 
to many restrictions on the original algebra. Let’s consider this now. 


3.1.1 Sullivan—Barge classification 


The most fundamental algebraic aspect of compact manifolds is the fact that 
their cohomology satisfies Poincaré duality. We want to be able to realize 
minimal models by manifolds, so we need to build in the Poincaré duality 
requirement. 


Definition 3.1 A cga H is a k-Poincaré duality algebra of dimension x if 
each H14 is of finite lk-dimension, H” = kaw, H>" = 0 and the multiplication 
induces a nondegenerate bilinear pairing HI @ H" 7 + H" =k for 0 < 
q<n. 


Let (AV,d) be a minimal model, with H!(AV,d) = 0 and such that 
H*(AV, d) is a Poincaré duality algebra of dimension n. Also suppose that 
cohomology classes p; in degree 4i for 41 < n have been chosen. Let p 
denote the collection {p;}. A realization of the pair ((AV, d), p) is a manifold 
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whose minimal model is (AV, d) and whose Pontryagin classes are the pj. 
The theorem of Sullivan and Barge (see [21], [246]) gives necessary and 
sufficient conditions for the realization of this data. Note first that in case 
the dimension is 4k, we have a quadratic form on H2* whose signature is 
related to the Pontryagin numbers by the Hirzebruch signature formula (see 
[141]). 


Theorem 3.2 ([246]) Let (AV, d) be a Sullivan model whose cohomology 
satisfies Poincaré duality with a fundamental class in dimension n and V' = 
0. We also choose cohomology classes p = {pj} € H** (AV, d). 


1. If 1 is not of the form 4k, then there is a compact simply connected 
manifold that realizes the pair ((AV, d), p). 

2. Ifn =4k, and the signature is zero, there is a compact simply connected 
manifold that realizes the pair ((AV, 4d), p) if and only if the quadratic 
form on H?* is equivalent over Q to a quadratic form ~ sexe 

3. Ifn =4k and the signature is nonzero, then there exists a compact sim- 
ply connected manifold realizing the pair ((AV,d), p) if and only if the 
quadratic form on H?K is equivalent over Q to a quadratic form ~ xe 
and the Pontryagin numbers are numbers satisfying the congruence of a 
cobordism [244]. 


In other words, the conditions that are necessary for the realization of 
algebraic data by a closed manifold are also sufficient. To see if a quadratic 
form has the form pea over Q is not easy in general. Let’s look at an 
elementary example to illustrate this point. First, the rational quadratic form 
2x* + 2y? can be written (x + y)* + (x — y)*, and therefore has the form 
desired. On the other hand, the quadratic form x” + 2y* cannot be written 
in the form +27 + t* by a standard computation. So we have, in particular, 
that the graded algebra A(x, y)/(2x? — y?, xy), with |x| = |y| = 2, is not 
the cohomology of a manifold. The beginning reader will check that the 
quadratic form associated to this algebra is x* + 2y?. 


3.1.2 The rational homotopy groups of a manifold 


Let M be a simply connected m-dimensional compact manifold, p a point in 
M, and D an n-dimensional disk centered at p in M. The spaces M’ = M\{p} 
and M” = M\ int D have the same homotopy type. Denote by yg: S”~! > 
M” the inclusion of the boundary of D. Then M is homeomorphic to the 
space obtained by attaching an m-dimensional cell to M” along the map 9. 


Theorem 3.3 ([87, Section 37]) Let M bea simply connected manifold such 
that the cohomology algebra requires at least two generators. Then, 
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1. the inclusion i: M' = M induces a surjective map 
ig: Tx (Q2M") @Q> m.(QM) @Q; 


2. the kernel of ix is a free graded Lie algebra; 

3. if we filter the Lie algebra m,(QM’) ® Q by the powers of the ideal gen- 
erated by [g], we obtain a filtered Lie algebra whose graded associated 
Lie algebra is the free product of Lie algebras 


Lig) | [ (QM) @ Q); 


4. if p is an indecomposable element in the Lie algebra m,.(QM’) ® Q, then 
we have an isomorphism of graded Lie algebras 


1.(QM’) ® Q = Lig} | [rx (QM) @ Q). 


Corollary 3.4 (The rational homotopy of a connected sum) Suppose M and 
N are n-dimensional manifolds whose cohomologies require at least two 
generators. Then there is a filtration on m,.(Q(M#N)) ® Q such that the 
associated graded Lie algebra is isomorphic to (1(QM) ® Q) |] (a (QN) ® 
Q) |] L@®) for some element x in degree n — 1. In particular, we have an 
isomorphism of graded vector spaces 


m4(2(M#N)) @ Q  (14(QM) ® Q) | [or(QN) @ Q J JL. 


Proof Denote by wy and yo the attaching maps of the top cells in M and 
N. By Theorem 3.3, the inclusion i: M’ v N’ > MV N induces a surjective 
map on the rational homotopy groups (see Example 2.58). The connected 
sum M#N is obtained from M’ v N’ by attaching a cell along w+ Yo. 
Therefore we have a factorization of i as 


Mv N' > MEN -3 MVN, 


where j is the canonical injection and q pinches the tube $”~! x [0,1] 
connecting the two components to a point. This shows that the pinching 
map q induces a surjective map on the rational homotopy groups. Filtering 
1 (Q(M’ Vv N’))@Q by the ideal generated by [y1] and [W2], we get a filtered 
Lie algebra whose associated graded Lie algebra is 


((QM) ® Q) | [rx (QN) @ @ J [Lvi) | [Ldy2)). 


Therefore filtering 2,,(Q(M#N)) @ Q by the ideal generated by [y1], we get 
a graded Lie algebra isomorphic to (7,.(QM) ® Q) | [ (1. (QN) ® Q) [[ L@), 
with x = [W]. 


3: Manifolds 


Remark 3.5 Note that, under the hypothesis of Corollary 3.4, the connected 
sum M#N is a rational hyperbolic space. 


Example 3.6 (Model of a connected sum) Let M” and N” be simply con- 
nected compact m-manifolds. Denote by q the pinching map M#N > MvN 
and by 9: Myyn — Moen the minimal model of g. Denote also by 
am € Mmuvyn and an € Myvn cocycles representing the fundamental 
classes of M and N. Since [g*(@y)] = [¢* (@n)] is the fundamental class of 
M#N, we can introduce a new generator x and define an extension of 9, 


eg: (Muvn ® Ax, d) > Moen, 


by putting dx = wy — an. Since H="(y) is an isomorphism and we 
know that H*>”(M#N;Q) = 0, to obtain a quasi-isomorphism, we have 
only to inductively introduce new generators x; in degrees > m so that 
H*>"(Mmvn ® A(x, xi), d) = 0. 

Recall that in Example 2.47 we have given a process to construct the mini- 
mal model of Mv N. That computation combined with the present process 
gives a procedure to derive a Sullivan model of M#N from the minimal 
models of M and N. When the algebras H*(M; Q) and H*(N;Q) are not 
generated by only one element, then the map .(q) @ Q is surjective, which 
implies that ¢ is injective. The relative minimal model we have constructed 
above is then the minimal model of M#N. 


Example 3.7 The minimal model of a connected sum M#N depends on the 
choice of the fundamental classes wn and wy of N and M. If we reverse the 
orientation of N the fundamental class becomes —wy, and we have dx = 
om + on. This change of orientation can change the rational homotopy 
type. This is the case when M = N = CP(2). 

Write H*(M; Q) = Q[x]/x? and H*(N; Q) = Q[y]/y?. If the fundamental 
classes are x* and y*, the minimal model for M#HN = CP(2)#CP(2) is 
(A(x, 9,25 £),d), dx = dy = 0, dt = xy, dz = x* — y*. By Exercise 2.4, 
we can see that no other generators are required. Hence, CP(2)#CP(2) is 
rationally elliptic. 

If we reverse the orientation in N, we get (A(x, y, 2’,t’),d), dx = dy = 0, 
dt' = xy, dz’ = x* + y* and this is a model of CP(2)#CP(2), the blow-up of 
CP(2) at a point (see Subsection 8.2.1). It is quite easy to see that there is 
no isomorphism between the two cdga’s (see Exercise 3.2). Therefore, the 
two manifolds do not have the same rational homotopy type. 


Example 3.8 (Rationally elliptic 4-manifolds) Rational homotopy condi- 
tions imposed on manifolds often restrict possibilities greatly. For instance, 
which rational homotopy types of closed simply connected 4-manifolds are 
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rationally elliptic? Of course, the key properties that we shall use are con- 
tained in Theorem 2.75. In particular, there is the dimension formula (6) as 
well as the refinements (7) and (8) of Theorem 2.75. In what follows, for 
each i, we shall refer to the i-th rational homotopy group simply by 7;. 

The first thing to notice is that, by (8), 0 < dim 25 < 1 and0O < dim m7 < 
1 and they cannot be non-zero simultaneously. Moreover, again by (8), if 
dim 27 = 1 or dim z5 = 1, then 73 = 0. Similarly, by (7), if 74 4 0, then 
m2 = 0 and, if m4 = 0, then dim m2 < 2. Finally, by (7), dim 24 = 0 or 
dim 74 = 1. This means we can work with each case separately. 

So suppose 24 = Q. Then the dimension formula (6) restricts the possi- 
bilities for homotopy. For instance, if 75 = Q, then the formula becomes 
4=5-—4+1 = 2, which is not true. Thus, in this case we cannot have 
a degree five generator. The other two cases are when 27 = Q and when 
m5 = 0 =777. The respective dimension formulas are 4 = 7 — 4 + 1, which 
is true, and 4 = 3dim 73 —44+ 1 = 3dim m3 — 3, which is false since 4 is 
not divisible by 3. The true case gives a model with a degree 4 generator 
and a degree 7 generator. The differential is then forced since we need finite 
cohomology. The model is therefore (A(x4, 7), dy = x*) and we recognize 
this as a model for S*. 

Now suppose 4 = 0. Then, since dim 22 < 2, the reader can show 
that the only dimension formula possibilities are 4 = 5 — dim m2 and 
4 = 3dim 73 — dim x2. The first, with dim m2 = 1, gives a model 
(A(x2,95),dy = x) and this is a model for CP(2). The other can only 
hold when dim 73 = 2 and dim zz = 2. The possible models are: 


© (A(x1,%25 91,92), dy1 = xt, dy2 = x5); a model for S* x S*. 
© (A(«1,.X2, 91,92), 491 = X12, dy2 = x} — x5); a model for CP(2)#CP(2). 
© (A(«1,%2, 91,92), 491 = X12, dy2 = x} +x); a model for CP(2)#CP(2). 


Therefore, the rational homotopy types of simply connected rationally 
elliptic 4-manifolds are given by S4, S* x $*, CP(2), CP(2)#CP(2) and 
CP(2)#CP(2). See Exercise 3.1 for the case of elliptic 5-manifolds. 


3.1.3 Poincaré duality models 


A Poincaré duality model for a compact simply connected n-dimensional 
manifold M is a cdga (A, d) that satisfies the following properties. 


1. There are quasi-isomorphisms (A, d) SoM M = Apr(M). 

2. AP = 0 for p > n, A® = Q, A! = 0, each A7 is finite dimensional and 
A” = Qa, for a € A”. 

3. The map gy: A? + Hom(A” ?, Q) given by g(a)(b) = d if ab = ha, is 
an isomorphism. 
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When (A, d) is a Poincaré duality model, then its dual Hom((A, d), Q) 
is a free (A, d)-module of rank one generated by the homomorphism that 
takes the value 1 on w. 

When dim V < oo and V = V4, then (AV, d) is a Poincaré dual- 
ity algebra. A result of Lambrechts and Stanley generalizes this fact 
(see [169]). 


Theorem 3.9 Every compact simply connected manifold admits a Poincaré 
duality model. 


3.1.4 Formality of manifolds 


Since we wish to study aspects of the geometry of manifolds using alge- 
braic models, our first step might be to see if the particular manifold of 
interest is formal (see Section 2.7). Of course, there are some important 
classes of manifolds that are formal. For instance, spheres, Lie groups 
and Kahler manifolds (see Theorem 4.43) are formal spaces. The first 
important result on the formality of manifolds is due to Miller [192]. We 
give here a proof that is inspired by Miller’s, but which uses differential 
graded algebra models instead of Lie models. Our proof makes use of 
the obstruction theory for formality presented in Subsection 2.7.2. A very 
different and interesting proof can also be found in [97]. After Miller’s 
theorem, we give a powerful theorem of Stasheff [241] that says that an 
n-dimensional manifold M is formal if its (7 — 1)-skeleton is. The original 
complicated proof of this result also used Lie models (which are gener- 
ally good for situations where cell-attaching occurs), but here we stay 
within the world of differential graded algebras. Let’s begin now with 
Miller. 


Proposition 3.10 ([192]) Let M be a (p — 1)-connected compact manifold, 
p = 2, of dimension m < 4p — 2. Then M is formal. 


Proof To prove the theorem we will use the obstruction theory developed in 
Proposition 2.98. Let (AV, d) denote the bigraded model of H = H*(M; Q). 
By the connectivity hypothesis, Va = 0 for g < p, and this implies V7 = 0 
for g < (r+1)p—r. By Poincaré duality, we have H4 = 0 form—p <q<m 
andH” =Q-o=Q. 

Before we look at the obstructions we make two observations. First 
of all, we notice that At V5, does not contain any non-zero cocycle. To 
see this, suppose that A+ Vs, has nonzero cocycles. We denote by (x;) 
an ordered basis of Vs; such that d(x,) € AVo @ A(x1,.--5X;-1), and 
we denote by a a nonzero cocycle in A(x1,...,x,r), where r is the small- 
est possible for a cocycle. We write a = dyx} + ...a1xX, + ag with 
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an # O and aj € A(xX1,...,X,-1). Then d(a,) = 0 and, by our min- 
imality condition, a, is a constant. From da = 0, we then deduce that 
n and (x;~)+d(ay_1) = 0. This shows that by making a change of generators 
we can suppose dx, = 0, which is impossible. Therefore, no cocycles exist 
in AT Vs. 

Poincaré duality is crucial in the proof. We will explicitly use 
the following property of Poincaré duality algebras: every linear map 
f: W@®H”* — H" factors as a composition 


WeH" 22 Hy @ Ht ms ym 


Given f, for every element w € W, we obtain by adjunction a linear map 
fw: H™* > H"™ defined by fi,(x) = f(w ® x). By Poincaré duality, there 
is then an element x, € H” such that f(y) = xw-y for any y. We define 
g(w) = Xy linearly and obtain a map g: W > H” such that f(w ® x) = 
p(w) +x. 

Now we can consider the obstructions to the formality. By Propo- 
sition 2.98, the only obstructions are [d2: ve => (AVo)”] and 
[d3: ve — (AVo)”]. The other obstructions are zero because Ve" =0 
for gq > 4. Denote by p: A Vo — H the natural projection. For degree 
reasons, the composition 


~ A 
d: V™-! 4 V1 @(AVo) & Vi@H 


is injective. More precisely, in degree m = 4p — 2 we must have d wee) Cc 
V,- Vo and p: Vo > His injective. There is thus a linear map 6: Vj @H > 
H”™ defined by 6|,,,5 = po dy and @|c = 0 for any complement C to Im d. 
By definition, we have 0 od = po dp. This is expressed in the following 
diagram 


Vi@H 


H™ 


By the property of Poincaré duality algebras given above, there is then a 
linear map g: V; — H such that 0(x @ bh) = v(x) - hb. We now choose a 
linear map 1: Vi — AVo such that p o G1 = gy. We define ¢; to be zero 
on Vo and extend it as a derivation gj on AV; ® AVo. Note that we have 
a commutative diagram (with the top row being gy; and where yw and ji are 


3: Manifolds 


the multiplications) 


~1@1 hh 
Vi ® AVo — AVo~o ® AVo —~ AVo 


=| 


H®@H A 


Hence, pgi = pu(G1 ®@ 1) = u(p @ p)G1 ® 1). 
The equality 0(x®h) = g(x)-h = (g(x) @h) also provides a commutative 
diagram 


yal 1p u 
Vi @®AVo — H®AV—o — > HOH H 


1@p | 
0 


Vi@H 


Hence, 6(1 @ p) = u(1 @ p)(v @1). 

Using the relations expressed by these diagrams, consider, for each elem- 
ent z € V2, the element d2(z) — gy, (dz). This element is a coboundary as can 
be seen from the following calculation. 


p(da(z) — g1(dz)) = pd2(z) — pei (dz) 
= 0d(z) — w(p ® py ® V(dz) 
= 6(1 ® p)(dz) — w(pG1 ® p) (dz) 
= (1 ® p)v @ 1)(dz) — Uy ® p) (dz) 
= L(g @ p)(dz) — Uy ® p) (dz) 
= 0. 
Let dw = dx(z) — ¢1(dz) and define gj (z) = w. We can thus define gj on 


V2 so that dz = dy, + gd and the first obstruction is zero. 
For [d3], we have only to consider the case m = 4p — 2. The composition 


ve 3S iP? @ vey @(neve} 4 v3 


29, 
r“@VE 
eer : =2 
is injective because there is always a nonzero part in v3? @ v5 . The same 
construction as above gives a map g2: V; — (AV);—2 such that dg2 + 
gy2d = d3. Thus, the second obstruction vanishes as well and the manifold 
is formal. 


3.1. Minimal models and manifolds 


Now let’s turn to Stasheff’s theorem. Before we can prove the result, we 
need some preliminaries on the homology of bigraded models (see Theo- 
rem 2.93). Let (AV,d) be the bigraded model of a commutative graded 
algebra H satisfying Poincaré duality in dimension m. We write Ry, = 
HY" (AVen, d) for n > 1. Then denote by 71: (AVen)n > Vn ®AVo the nat- 
ural projection with kernel (A27 V>1)@A Vo and by 12: V,@AVo > Vn @H 
the projection that associates to a @ B the tensor product a ®[B]. The com- 
position 72 0 71 vanishes on [d(A V<y)], and the restriction to the cocycles 
induces a linear map 


6: Ry, > V, @H. 
Lemma 3.11 The map 0 is injective. 


Proof We proceed by induction on x. We suppose the result is true for 
q <n, and we write AVen = A(x1,...,X¢) with dxj € A(x1,...,Xj-1). 
Now let @ be an element of R, and a € A(x1,...,x,) be a cocycle with 
[a] =a such that r is minimal among all representatives of a. Then, 


-1 
a= xb up + xP Up-1 1... +Xpuy+Uu0, 


with u; € A(x1,...,%;—-1). Since a is a cocycle, dup = 0. If up = dv, then, 
replacing a by a! = a — (—1)*rld(xPv), we get a new cocycle in the class of 
a such that a’ = xp! W,-4 +...+uU5. We can therefore suppose [up] 4 0. 
When p > 1, da = O implies that p(dx;) up +dup_1 = 0 as well. The element 
p X; Up + Up_y is therefore a cocycle in (AV)q for some q, 0 < q <n, and is 
a coboundary in (AV) <p: 


PXrUp + Up-1 =adv. 


We then replace a by a” = a-—d 1p, and we obtain a new 
P y ; 


representative of a of the form 


-1 
a’ =x? Uy +... tu. 


In conclusion, we can always suppose p = 1 and that a representative of a 
has the form a = 44 x, + uo, with uy € AVo, [u1] 4 0, and x; € Vy. 


We can now state and prove Stasheff’s theorem. 


Theorem 3.12 Let M” be a simply connected compact manifold. If M\{x} 
is formal, then M is formal. 


Proof Let (AV, d) be the bigraded model of H = H*(M;Q) with asso- 
ciated filtered model (AV, D). Because M\{+} is formal, we can assume 
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that D = d on V<""!. We will now inductively construct derivations 
Qi: Ve > (AV)x-i, § = 1, such that, denoting D; = D and D, = 
D,-1 — (dg-1 — @-1d), we have D, = d on Ve, + V<"~!. This will 
imply the result by the obstruction theory of Subsection 2.7.2. 

Now suppose ¢1,...,—2 have been constructed and write D = D,_1. 
Since D = D,-1 = d on Vz,;, we can suppose that (D — d)(Vpy) C 
(AV)<p—r- In particular, (D — d)(V,) C AVo. Since D = d on (AV) <ys 
we have Ry = H™,((AV)<r,d) = Hi" ,((AV)<r,D) and the injec- 
tion (AVz,,D) — (AV,D) induces in cohomology a map w: R;-1 > 
H™(AV, da) = Qe. At this point we use Poincaré duality just as we did 
in the proof of Miller’s theorem. Namely, for each graded vector space W 
and each degree 0 map g: W @ H > H”™ = Qa, there is a degree 0 map 
f: W > H such that g(w ® hb) = f(w) -h. Since 0: R,_1 > V;_-1 ® H is 
an injection (by Lemma 3.11), there is a linear map ¢,_1: V;-1 — H such 
that yy = “(G1 ® 1) 08, where uw: H@H — H is the multiplication. This 
is expressed by the following diagram 


R,-1 H 


G,-1@1 


V,-1 ® H —~+ H@®H 


We then lift G,_; into a linear map g,_1: V;-1 > AVo such that [g,_1(v)] = 
@r-1(v) for v € V;_1. Now we extend g,_; to a derivation on AV<,;_1 by 
putting g,_1(Vq) =Oifq<r-1. 

Now let u be a d-cocycle in (AV),_1. Then we have 


[Yr-1(#)] = WG-1 ® NO ([u]) = p(w). 


To see this, write vu = )\v; ® uj + u’, with v; € V,-1, uj € AVo and 
u’ € (A=*Vs1) ® AVo. Then, since g(Vq) = 0 forg < r—1landw' isa 
nontrivial product, we have 


[v1] = [ora (Dov @ mi) | = DIG a@dI - Wa 
= WG-1 @ 1)6((a)) = w(Ua). 


Now let z € V?”~!. By our description of D, we see that Dz = dz + d,z. 
Hence, with respect to D-cohomology, we have w([dz]) = [dz] = —[d,z] in 
H™ (AV, D). Note that dz is a D-cocycle because D = d on AV,_1. By the 
calculation [g,_1(u)] = w({u]) above, we get 


[drz + —1(dz)] = [dz] + [gr-1 (dz)] = —W([dz]) + w((dz]) = 0 


3.1. Minimal models and manifolds 


and d,z + g,_1(dz) is a coboundary. Hence, there is a u € (AV), such that 
du = d,z+,_1(dz). Define g,_1 linearly on ve by g,-1(z) = 4 to obtain 
d,z = dgy_1(2) — G—-1(dz) on V"“1. 

Now let ¢ be in V? for some gq < m— 1. If [y,_1dt] & 0, then there is a 
cocycle a such that [g,_1d¢] - [a] = w € H”. But this is impossible because 
(recalling that D = d on V”~! and @,_1 is a derivation) 


[p,—-1dt] - [a] = [g,-1d(ta)] = w([dta]) = 0. 


Therefore, [g,_1dt] = 0 and there is an element u € (AV), such that du = 
¢,-1(dt). We define g,_1(t) = u on a basis of Ver We can continue and 
define y,_1 on VS!"~! such that d, = dy,_1 — g,_1d. Then by putting D, = 
e?r-1De~*-1, we obtain a derivation satisfying our inductive hypothesis 
D,-=don-Vr"— + Vea. 


Now let’s use Stasheff’s theorem to give another proof of Miller’s theo- 
rem. While the proof of Miller above showed the power of the obstruction 
theory developed earlier, it still lacked a good intuitive interpretation. 
Stasheff’s result shows us exactly how the hypotheses of Miller’s theorem 
produce a formal (4p — 3)-skeleton. 


Proof 2 of Miller’s Theorem 3.10. Let (AV, d) denote the bigraded model 
of H = H*(M; Q). By the connectivity hypothesis, Ve = 0 for gq < p, and 
this implies V7 = 0 for g < (r+ 1)p —r. By Poincaré duality, we have 
H4I(M\{«};Q) = 0 for g > 3p — 2. Therefore, by Proposition 2.99, M\{x} 
is formal, and by Stasheff’s Theorem 3.12, M is formal. 


The results above are the most fundamental formality results for man- 
ifolds. Once we have these basic results, however, we can ask how various 
geometric constructions behave with respect to formality. In particular, we 
can see that formality is preserved by certain constructions. The following 
result exemplifies this fact. 


Theorem 3.13 The connected sum of two compact simply connected 
formal n-dimensional manifolds is formal. 


Proof Let M and N be nilpotent compact n-dimensional manifolds, and 
MHN be the connected sum. With the notation of Example 3.6, we have a 
quasi-isomorphism 


gp: (Muvn ® A(x, xj), d) > Mnan , 


where dx = wy — an, and the x; are in degrees > n. 
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On the other hand we have a surjective quasi-isomorphism (see 
Example 2.47) 


ao: Muvn > Mou GQ Mn. 
We obtain a quasi-isomorphism by tensoring with A(x, xj), d: 
o': (Mmvn & A(X, Xi), d) > (Mm BQ Mn ® A(X, Xi), D) oy 


with D(x) = od(x) and D(x;) = (o @ 1)d(xj). 
By using the formality of M and N, we finally obtain quasi-isomorphisms 


(Mu @o Mn ® A(x, xj), D) > (H*(M; Q @o H*(N;Q) @ A(x, xj), D) 
S (H*(M; Q) @g H*(N;Q /(om — on), 0) 


where D = 6 0D and 6: My @ Mn > H*(M;Q) @ H*(N;Q) isa quasi- 
isomorphism obtained from the formality of M and N. 


3.2 Nilmanifolds 


In [183], Malcev studied nilpotent, simply connected Lie groups N acting 
transitively and properly on a compact manifold M. Recall that any con- 
nected, nilpotent, locally compact group acting properly on a manifold is a 
Lie group. Directly from the definition, we see that M is isomorphic to the 
quotient of N by the co-compact discrete subgroup I stabilizing a point. 
We call M = N/T a nilmanifold and sometimes write the pair (N,T) to 
denote M = N/T. 

Let (N,T) and (N’, IT’) be two nilmanifolds. Malcev observed that any 
isomorphism between TI and I’ can be extended to a homeomorphism 
between N and N’. Thus, a nilmanifold is determined by its fundamental 
group. We therefore arrive at 


Question 3.14 What are the conditions for an abstract group T to be the 
fundamental group of a nilmanifold? Note that this is equivalent to asking 
when a group T is a uniform, co-compact discrete subgroup of a Lie group. 


Malcev provided the answer by giving a necessary and sufficient condi- 
tion: Tis the fundamental group of a nilmanifold if and only if T is nilpotent, 
finitely generated and torsion-free. 

A simply connected nilpotent Lie group is diffeomorphic to a Euclidean 
space, so a nilmanifold has a fundamental group that is a finitely generated 
torsionfree nilpotent group and has higher order homotopy groups which 
are trivial. Nilmanifolds then provide prime examples of K (zr, 1)-manifolds; 


3.2 Nilmanifolds 


that is, compact manifolds with the fundamental group as the only non- 
trivial homotopy group. Clearly, any nilmanifold is orientable. Examples 
are given by any torus T” = R”/Z” and the Heisenberg manifold formed 
by the quotient of the Lie group of matrices of the form 


1 a b 
0 1 cy, 
00 1 


with a, b and c real numbers, by the subgroup of the corresponding matrices 
with integer entries. 


3.2.1 Relations with Lie algebras 


Instead of starting with the discrete group I, we may start with the Lie 
group N and ask: 


Question 3.15 What are the conditions on a connected, simply connected, 
nilpotent Lie group N that ensure the existence of a uniform, co-compact 
subgroup? 


This was also answered by Malcev. A necessary and sufficient condition 
is that the Lie algebra of N has rational structure constants relative to some 
chosen basis. To any nilmanifold, we can associate a rational nilpotent Lie 
algebra n which naturally elicits the following 


Question 3.16 What is the topological invariant corresponding to this 
rational Lie algebra? 


To answer this question, Malcev gave the following necessary and suffi- 
cient condition: (N,I,) and (N,I2) have isomorphic rational Lie algebras 
if and only if N/(T1 N12) finitely covers N/T, and N/T. We also note 
that, in [183], Malcev gives an interesting example of two nonisomorphic 
rational Lie algebras which become isomorphic over the reals. An example 
of this type of descent phenomena for the rational and real homotopy type 
of manifolds is given in Example 6.15. 

With all of this in mind, let n be a nilpotent Lie algebra with the property 
that there exists a basis in n, €1, €2,...,@,, such that the structure constants 
ck arising in brackets 


[ej, ej] = ye Chie 
k 


are rational numbers for all i, 7, &. In fact, Malcev showed that, correspond- 
ing to n, there is a simply connected nilpotent Lie group N which admits 
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a lattice (i.e. a discrete co-compact subgroup) T so that N/T is a compact 
nilmanifold. 


Example 3.17 Consider the nilpotent Lie group of upper triangular matri- 
ces having 1’s along the diagonal, U,,(R). 


1 “12 4130... Xin 
U,(R) = 0 1 x23... Xn |x €R 
0 0 1 


Let U,(Z) Cc U,,(R) denote the set of matrices having integral entries. Then, 
U,(Z) is a lattice and the quotient 


is a nilmanifold. The group U3(R) is called the Heisenberg group and 
the resulting nilmanifold is called the Heisenberg (nil)manifold. For other 
examples, see [257, Chapter 2]. 


Let g denote a Lie algebra with basis {X1,..., Xs}. Then the dual of g, 
g*, has basis {x1,..., xs} and there is a differential 5 on the exterior algebra 
Ag* given by defining it to be dual to the bracket on degree 1 elements, 


bxp(Xj,X;) = —xp(LXi, X;]), 


and then extending 6 to be a graded derivation. Now, [X;, Xj] = © CX, 


where Cy are the structure constants of g, so duality then gives 
5x~(X;, Xj) = —ck 
XR (Xi, X} Ci 
and the differential has the form (on generators) 


6x, = —- S cx; A Xj. 


i<j 


We note that the Jacobi identity in the Lie algebra is equivalent to the 
condition 6* = 0. Therefore, we obtain a cdga (Ag*,5) associated to the 
Lie algebra g. The cdga (Ag*, 5) is the cochain algebra on the Lie algebra 
L = g (see Subsection 2.6.2), and the differential 5 is a particular case of the 
differential defined in Subsection 2.6.2 because g* is concentrated in degree 
one. 


Theorem 3.18 (Model of a nilmanifoldI) If N/T is a nilmanifold, then the 
complex (An*,5) associated to n, is isomorphic to the minimal model of 
N/T. 


3.2 Nilmanifolds 


Proof The proof follows from Nomizu’s theorem (see [209]) which says 
that the natural inclusion of invariant de Rham forms on the nilpotent Lie 
group into de Rham forms on the nilmanifold 


int (N) > Apr(N/T) 


is a quasi-isomorphism. Here, observe that the Lie group is not compact as in 
Theorem 1.30. (Also, note that the notation Q;(N) for invariant forms was 
used in Definition 1.25.) From the definition of the Lie algebra associated 
to a Lie group, we have 


(An*,5) = (ABR (N), 4). 
Hence, the composition 
(An*,8) > ABR(N) > Apr(N/T) 


displays (An*,5) as a Sullivan model for N/T. It remains to prove that 
the complex of n is a minimal cdga. This follows from the general dual rel- 
ationship between nilpotent Lie algebras and cdga’s. Consider the dual basis 
X1,...,Xn to the basis X1,..., X, of n (ordered by central series extensions 
of n). Then, as above, the differential 5 is defined on generators by 


6x, = ye chin; NX; 


where [X;, Xj] = )¢ ckX ,. Since the X; are ordered according to the way the 
nilpotent Lie algebra n is built from central series extensions, the differential 
must be decomposable in terms of earlier generators. 


Example 3.19 
Consider the Lie algebra n of dimension 2 + 2 having basis 


{X1,..-5Xm, Y1,---5¥n,Z, W} 
with bracket structure given by 
[X;, Yj] =—Z foralli=1,...,m 
and all other brackets zero. The associated minimal model is given by 
Ai ss Xs Viseney Vat 1),.0) 


with dx; = dy; = dw = 0 and 


m 
dz= ys xj A Vie 
i=1 
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For instance, if m = 1, then n = (U,V, Y, T) with only nonzero bracket 
[U, Y] = —V. The associated minimal model is A(u,v,y,t) with only 
nonzero differential dv = wy. Note that, in this case, the element w = ut+vy 
has w* = 2utvy # 0. We will see in Subsection 4.6.4 that this implies that 
the corresponding nilmanifold, called the Kodaira—Thurston manifold, is a 
symplectic manifold. 


Perhaps the most important rational homotopy property of nilmanifolds 
is that they are rarely formal spaces. 


Proposition 3.20 Any formal nilmanifold M" has the rational homotopy 
type of a torus T”. 


Proof Suppose that M is formal. Let (AV,d) = (A(«1,..-5Xn),d) be the 
minimal model of M and suppose g: (AV, d) > (H*(M;Q), 0) is a for- 
mality quasi-isomorphism. Now, each generator x; has degree 1, so AV 
is an exterior algebra with dim (AV)” = 1. A basis element for this 
top dimension is the product of all generators uw = x1-+-xXy. Since g* is 
an isomorphism, g*(u) #4 0. Therefore y(u) 4 O and this implies that 
(xj) # 0 for each i = 1,...,”. In fact, g must be injective. For, suppose 
that y = c- xj, °° eM sche with |y| = j and g(y) = 0. Then there is a 
complementary set of generators xj,,,,...,%;,_; such that 


MiMi, YHK-w 


for some K € Q with K 4 0, and we have 


1 
y(u) = K P (Kins “ Xin) 3 gly) = 0, 


and this is a contradiction. 

Now, ¢ is an injective cdga morphism to a cdga with differential equal 
to zero, so the differential d in (AV, d) must be zero as well. Therefore, M 
has the rational homotopy type of a torus. 


Remark 3.21 


1. It is also instructive to see how Proposition 3.20 fits with our approach 
to formality via the bigraded model. Of course, the key feature is again 
the fact that the top cohomology class is represented by the product 
of all generators of the model. Let g: (AV, d) > (H*(M; Q), 0) be the 
bigraded model of the cohomology of M. Because we assume that M 
is formal, this bigraded model is, in fact, the minimal model of M. 
By hypothesis, V = V! is finite dimensional. Denote by x1,...,x, a 
bigraded basis of V'. The element obtained by multiplying all gener- 
ators, {6 = X1 + X2°++-Xy, is a cocycle in (AV)’ and a basis of (AV)’. 


3.2 Nilmanifolds 


Indeed, since the model is an exterior algebra and since the nilmanifold 
is orientable, the element jw is a nontrivial top class and we must have 
r =n. Also, since (Vp) = 0 if p > 0, we must have w € (AV)o. Because 
the lower grading is multiplicative, this implies that all the elements x; 
belong to Vo. Hence, the differential d is zero and (AV, 0) is the minimal 
model of a torus T”. 

2. Another way to say this is that, unless each generator is a cocycle (in 
which case, the nilmanifold is a torus), then the top degree element is a 
cocycle, representing a nontrivial cohomology class, in the ideal gener- 
ated by the noncocycle generators of the minimal model. By Exercise 2.3, 
we again obtain the fact that nontoral nilmanifolds are never formal. 

3. In fact, a formal nilmanifold M = K(z,1) must be diffeomorphic to a 
torus by the following argument. Suppose M has the rational homotopy 
type of an m-torus. Then, since 71(M) = 7 is finitely generated nilpo- 
tent, it rationalizes to (@mZ)g = (®mQ) and, since it is torsion-free, 
the rationalization z + @Q is injective. Hence z is finitely generated, 
torsion-free and abelian, so we have x = @Z. By Mostow’s classification 
of solvmanifolds, M is diffeomorphic to a torus. 


3.2.2 Relations with principal bundles 


Let M = N/T be the quotient of the nilpotent Lie group N by the dis- 
crete co-compact subgroup I. It is well known that the exponential map 
exp: n = T,N — N isa global diffeomorphism, and this in fact gives a 
diffeomorphism from N” to R”. Since N > M is a covering because I acts 
on N by translations, M is a K(T, 1) with I a finitely generated torsion-free 
nilpotent group. On the algebraic side, there is a refinement of the upper 
central series of T, 


TDy%D732D.-:-DT, > 1, 


with each [;/Tj41 = Z. The length of this series is invariant and is called 
the rank of T. So, for T above, rank ([) = 1. This description implies that 
any uw € T has a decomposition u = u;' ++", where (u4,) =Ty,,--- (uj) = 
T;/Tj41. The set {u1,-+-u,} is called a Malcev basis for T and, using this 
basis, the multiplication in T takes the form 


x y1 y, P1(X5y) Pulx,y) 
rr “Uy = Uy Uy" 
where 
Pi(X,Y) = Xi + Vi + T(%1, ~~ Xj-15V15--- Vi-1)- 


For instance, for the group N = U,(R) with T = U,(Z), a Malcev basis is 
given by {uj | 1 <i <j <n} where uj =I + ej and ej denotes the matrix 
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with all zeros except for a 1 in the ij-th position. We then have 


Dij (X,Y) = Xi + Vij + > XikV hj: 


i<k<j 


Now, consider the central extension T,, > I — I. The cocycle for the 
extension is t,: xl > Z. Of course I is also finitely generated torsion-free 
with refined upper central series, 

rT T,1. Tr 


Ta=—D—bD...D dD = 1. 
Pn Un Pn Pn 


Hence, rank (T) =” — 1 and 
Pi(x, y) = pi((x, 0), (y, 0)) = xi + Vi + TCI, --Xi-15Y15-+-Vi-1) 


for i < n. The cocycle t, gives an extension cohomology class [ty] € 
H?(P;Z) = H*(K(, 1);Z) = [K(P, 1), K(Z,2)] = [K(, 1), BS'], so we 
obtain a principal circle bundle over K(T, 1): S!' > K(T, 1) > K(P,1) 3 
CP(co). We iterate this procedure modeled on the algebraic decomposition 
of F to obtain an iterated sequence of principal S'!-bundles classified by 
extension classes [t;] € H2(T;; Z) (where the coefficients are untwisted since 
the extension is central and IT’; arises at the ith stage of the construction). 
This sequence of bundles produces a nilmanifold because the sequence 
of extensions gives a torsion-free nilpotent group. On the other hand, 
the decomposition of M = K(I,1) into a tower of principal S'-bundles 
classified by the 1; is precisely the right information allowing us to con- 
struct the minimal model of M from relative Sullivan cdga’s with the 
twisting of the differential corresponding to the 7;. Alternatively, for the 
more homotopically-minded reader, we can see that the sequence of prin- 
cipal S!-bundles is precisely the (refined) Postnikov tower for M (see 
Subsection 2.5.4) with the 1; being the k-invariants. Therefore, we have 


Theorem 3.22 (Model of a nilmanifold II) The minimal model of a 
nilmanifold M = N/T of dimension n has the form 


M~m = (A(x1,---Xn)5d) with |x;| = 1, 


and dx; = tj, the extension cocycle for the ith stage of the upper central 
series of T. 


Example 3.23 Take generators u and y for H!(T*;Z) corresponding to 
the torus’s circle factors and note that the fundamental class of T? is the 
cup product uy. Since a map T* > BS! = K(Z,2) is characterized by its 
effect on cohomology, we can use wy to classify a principal circle bundle 


3.3 Finite group actions 


S! — H - T*. In fact, the total space is just the Heisenberg manifold 
H = U3(R)/U3(Z) from Example 3.17. Now let KT = H x S! and note 
that we now have a principal T* bundle, T* — KT > T? with classifying 
map T* > BT? = K(Z@Z, 2) given by the map (wy, *). In this way we get 
one factor of the the total space being trivial. The relative minimal model 
is then given by the relative cdga 


(A(t, y),0) > (AM, y,U5t),D) > (Alu, £), 0) 


with Diu) = 0, D(y) = 0, Dv) = uy and D(t) = 0. Here the differential 
is determined by the classifying map. Indeed, principal bundles are always 
easy to model because the classifying map defines the differential. 


Remark 3.24 We have given two descriptions above for the minimal model 
of a nilmanifold. The connection between them rests on the fact that the 
duals of the lower central series quotients of a Lie algebra together with the 
dual to the Lie bracket define a cdga (see Exercise 1.7 or [246] for instance). 
This duality is reflected by the relative models associated to the tower of 
principal fibrations above. 


3.3 Finite group actions 


In geometry, we often have occasion to view a manifold through the sym- 
metries it admits. In order to use algebraic models in this context, we need to 
know how to transport the action of a symmetry group to the model. Here 
we will consider the case of finite transformation groups and in Chapter 7 
we will consider connected groups. 


3.3.1 An equivariant model for '-spaces 


Let T be a finite group. A I'-cdga is a cdga on which the group I acts by a 
homomorphism I > auteggq(A, da). 


Definition 3.25 A I'-cdga (A,da) is called minimal if (A,da) = (AV, 4d) 
with 


1. d(V) c A24(V). 

2. Each V" is a V-module (i.e. this gives a V-structure to AV). 
3. d is T-equivariant: d(ga) = gd(a). 

4. V admits a filtration by sub l-spaces 


Oc VO)c VA) c::-c Vin) c---V=U,V), 
with d(V(n)) C (AV(n— 1)). 


Generalizing the nonequivariant case, we have 
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Theorem 3.26 (see [111], [215], [163], and [258]) 

Let (A, da) be a V-cdga. Suppose that H°(A,da) = Q and H'(A,d,) = 0. 
Then there exists a V-minimal algebra (AV, d) and a T-equivariant quasi- 
isomorphism y: (AV,d) — (A,da). The T-minimal algebra (AV, d) is 
called the .-minimal model of the l-cdga (A, da), and it is unique up to 
l-isomorphism. 


We give here the main lines of the proof. First recall that if V is a T- 
module and W is a sub I'-module, then W admits a T-complement S in V. 
To construct S, we first choose a complement T of W and we denote by 
wz: V — W the projection with kernel T. We can now make z equivariant 
by putting 


m'(x) = >> g7'ar(gx). 


gel 


The kernel S of 7’ is a P-complement of W in V. 

This is very useful. Suppose that p: E —> E’ is a surjective '-module 
morphism. We denote by T a P'-complement of Ker p in E, and we note that 
p: T > E’ isa T’-equivariant isomorphism. Hence, p admits an equivariant 
section. 

Finally suppose that W C V is a sub-r'-module with [-complement S. 
The projection V > V/S is a '-equivariant projection V > W. 

We now construct the minimal model g: (AV, d) — (A, da) by induction 
on the degree of V. We put V! = 0, V7 = H?(A, da) and we let 2 denote the 
canonical projection from the cocycles to the cohomology, 2: Z*(A, da) > 
H?(A, da). We also denote by p a ’-equivariant section of 2. Then we define 
d(V*) = 0 and g) = Piy2 =p. 

Consider the inductive step now. Suppose we have constructed a I- 
minimal algebra (AV<*, d) and a '-equivariant morphism of cdga’s 


~p_1: (AV<*, d) > (A, da) 


such that H’(gp_1) is an isomorphism for r < k — 1 and an injection for 
r = k. We define Vl = W @ Z where W = Coker H*(yj_1) and sZ = 
Ker H&+!(g,_1). We then define the extension 


op: (AV=*, d) > (A, da), 


in the following way. First of all, d(W) = 0, and (g);w = o, where 
o is an equivariant section of the projection Z&(A,d4) > H*(A,da) > 
Coker H*(y,_1). 

We now choose an equivariant projection, 2: H&t!(AV) => 
Ker H*+!(g,_,) and we denote by o’ an equivariant section of the compo- 


sition ZRt1(AV) > H&t+1(AV) 5 Ker H*+1(g,_1). We put d(z) = 0'(sz). 


3.3 Finite group actions 


Note that B = o’s(Z) is a [-module, and g,_;(B) Cc Imdy. We denote by 
m' an equivariant projection Imd4 — y,_,(B) and by t: gg_,(B) > A* an 


. ; . es d t 
equivariant section of the projection Ak’ —+ Imd, —> g,_1(B). We finally 
define the restriction of y to Z by o(z) = t@p_10'(Sz). 
In [40], Bredon proves the following result about the projection 7: X > 
KT 


Theorem 3.27 ([40, Theorem 2.4]) If T is a finite group acting on a space 
X that is a manifold or a CW complex, then the projection m induces an 
isomorphism 


n*: H*(X/T;Q) > H*(X;Q) , 


where H*(X;Q)! denotes the cohomology invariant under the induced 
action of T. 


What is very interesting about the invariant cohomology H*(X;Q)! is 
that each equivariant quasi-isomorphism induces an isomorphism on invari- 
ant cohomology. Moreover, the invariant part of the cohomology of a 
T'-complex is the cohomology of the invariant part of the complex. This 
is the content of the following theorem. 


Theorem 3.28 The following properties hold: 


1. If (A, da) is a V-cdga, then A" is a subcomplex, and the injection of A 
into A induces an isomorphism H*(A') = (H*(A))!. 

2. If f: (A,d4) > (B, dp) is an equivariant quasi-isomorphism, then the 
induced map (A',da) — (B', dg) is also a quasi-isomorphism. 


Proof (1) Note first that the injection AT <> A induces an injection in 
cohomology. If a € A! such that a = d,(b), then 


1 1 1 
a=|— Yea} =| — Yada) | =da| — Yo gd 
ma iT] gdaa(0) A iT g 


ger gel 


Therefore, a is exact by an invariant element. 
Now, if [a] € H*(A)', then 


1 
[a] = Ws 


gel 


Since mM Yiger 84 € Al, [a] e H*(A!). 
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(2) Suppose f: (A,d4) — (B,dg) is an equivariant quasi-isomorphism. 
We then have the following commutative diagram. 


7 


H(A)? H(B)! 
ee. 
H(A) H(B) 


Since the vertical arrows are monomorphisms, f’ is injective. Let x ¢€ 
H(B") = H(B)!. By surjectivity of H*(f), there is some element y € H*(A) 
such that H*(f)(y) = x. Since H*(f) is an equivariant isomorphism, 
H*(f)() = x where ¥ = 1/|I'|Zggy € H*(A)!. This proves the surjectivity 
of f’. 


Corollary 3.29 Let T be a finite group acting on a CW complex X, and let 
(AV, d) be its P-minimal model. Then H*(X/1T;Q) = H*((AV)', d). 


Proof We have 


H*((AV)", d) = (H*(AV,d))" = H*(X;Q! = H*(X/T;Q. 


Note that the computation of the integer cohomology of X/T is more 
difficult because a homotopy equivalence, f: X —> Y, which is equiv- 
ariant does not necessary give a homotopy equivalence X/T — Y/T. 
Consider, for instance, the Z/2-equivariant map S©° — {x}. This is a homo- 
topy equivalence, but the quotient map RP(co) — {x} is not a homotopy 
equivalence. 


Remark 3.30 

(1) In fact, if X/T is simply connected, then its minimal model is the minimal 
model of (AV,d)!. By [40, Corollary II.6.3], if the action has a connected 
orbit, then 21 (X) — 21(X/T) is a surjection. If X is simply connected and, 
for instance, there is a fixed point, then certainly the orbit of the fixed point 
is connected, so 24(X/T) = 0 as well. This is then a case when the minimal 
model of X/T can be identified as the minimal model of (AV, d)'. 

(2) Suppose a finite group I’ acts on the space X. If the ['-equivariant min- 
imal model of X, (AV, d), is equivariantly isomorphic to the I'-equivariant 
minimal model of H*(X;Q), then we say that (X,I°) is '-formal. Using 
the results of [215], it can be shown that a formal I’-space is '-formal. 
That is, if X is a formal space with an action of a finite group I’, then 
the equivariant minimal model can be constructed from the action of T 
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on H*(X;Q). Moreover, in this situation, we can show that the minimal 
model of X/T is the minimal model of H*(X/T;Q), so that X/T is 
formal. To see this, let 6: (AW,d) — (AV,d)! be the minimal model 
of (AV,d)!. By Corollary 3.29, we know that (AW, d) is the minimal 
model of X/T. Now consider the commutative diagram below, where the 
right square comes from the inclusion of invariant elements and the for- 
mality quasi-isomorphism 6, and the left square comes from lifting the 


r 
composition (AW, d) Es (AV, d)F a H*(X;Q)! via the isomorphism 
HO PQ) = HCO) 


(AW, d) (AV,d)! (AV, d) 


ee ee 


H*(X/T;Q) —> H*(X;Q! —~+ H*(K;Q 


By Theorem 3.28, since 6 is a quasi-isomorphism, so is 6‘. But then the 
lift (AW, d) — H*(X/T;Q) is also a quasi-isomorphism. Hence, X/T is 
formal if X is. 

(3) There is a more complicated notion of equivariant model that is 
also truer to the spirit of modern equivariant homotopy theory (see [98], 
[258] for example). There are various types of formality which pertain 
to these models, even in the case of toral actions. In particular, symplec- 
tic geometers now refer to an action whose Borel fibration has collapsing 
spectral sequence as equivariantly formal or TNCZ formal. An interesting 
comparison of these varying notions of formality is given in [235]. 


3.3.2 Weyl group and cohomology of BG 


Let G be a compact connected Lie group. We prove that the cohomology 
of the classifying space BG can be recovered from the action of the Weyl 
group on the cohomology of a maximal torus. We begin by considering the 
Euler characteristic of the quotient of the group by a maximal torus. 


Proposition 3.31 Let T be a maximal torus of a compact Lie group G. 
Then the Euler characteristic of G/T is strictly positive, x(G/T) > 0. In 
fact, this Euler characteristic is equal to the number of elements of the Weyl 
group, x(G/T) = |W(G)|. 


Proof Consider the action of the torus T on G/T. The fixed points set is 
determined by 


(G/T)" = |geGig"'TgcT}/T, 
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which means (G/T)! = N(T)/T = W(G) by definition. The result follows 
now from x((G/T)!) = x (G/T) (see Proposition 3.32 below). 


In the proof of the proposition we have used the following standard 
proposition whose proof will be given in Chapter 7 (see Theorem 7.33). 


Proposition 3.32 Let T be a torus acting smoothly on a compact manifold 
M with fixed point set M'. Then M! has the same Euler characteristic as 
M: 


x(M") = x(M). 


Now, as an application of the previous results, we obtain a characteriza- 
tion theorem for maximal tori. 


Theorem 3.33 Let T be a torus contained in a compact Lie group G. Then 
the following conditions are equivalent. 


1. T is a maximal torus. 

2. The Euler characteristic of G/T is positive: x(G/T) > 0. 

3. The cohomology of G/T is concentrated in even degrees. 

4. The rank of T is equal to the number of generators of the algebra 
A*(G;Q). 


Proof By Proposition 3.31, if T is maximal, then x(G/T) > 0. When T is 
not a maximal torus, T injects into a maximal one T’ and we have a fiber 


bundle 
T/T > G/T > G/T’. 


Since x (T’/T) = 0 and since the Euler characteristic of the total space of a 
fibration is the product of the Euler characteristics of the base and the fiber, 
we have x(G/T) = 0. 

The conditions (1) and (2) are therefore equivalent. Recall now that, by 
Theorem 2.71, a minimal model of G/T has the form 


(AQ ® AP, d), 


where O = O?, P = P*'4, d(Q) = 0, and d(P) C AQ. Moreover dim O = 
rank T,and dim P = rank G. The equivalence of the properties (2), (3) and 
(4) is then a particular case of Theorem 2.75 (5) (also see Theorem B.18). 


In [75], in order to study homotopy-theoretic analogues of Lie groups, 
Dwyer and Wilkerson observed that the result above can be used to give 
a definition of maximal tori: namely, a torus T included in a compact Lie 
group is maximal if the Euler characteristic of G/T is strictly positive. 


3.3. Finite group actions 


Recall, from Example 1.79, that if G + EG — BG is the universal 
bundle for G, we can choose T ~ EG — BT = EG/T as the universal 
bundle for T. More precisely, BT is the set of orbits of EG under the right 
action of T induced by the action of G. We define a right action of W(G) 
on EG/T by [x] - [#] = [xn], if x ¢ EG and [m] ¢ W(G) = N(T)/T. 
On BG = EG/G this action becomes trivial: [x] - [”] = [xn] = [x]. In 
summary, we have an action of the Weyl group and the map Bi: BT > BG 
is equivariant. Now we can give the main result of this section. 


Theorem 3.34 Let T be a maximal torus of a compact connected Lie group 
G. Then the canonical morphism H* (BG; Q) > H*(BT;Q) is injective and 
H*(BG; Q) can be identified with the invariant set of H* (BT; Q) under the 
action of the Weyl group: 
H*(BG; Q) = H*(BT;Q)* ©. 

Proof Consider the Serre spectral sequence of the fibration G/T + BT > 
BG. The second page of it, Be = H?(BG;Q) ® H1(G/T; Q,, is entirely 
concentrated in even degrees by Theorems 1.81 and 3.33. Therefore, the 
spectral sequence collapses and H*(BT;Q) = H*(G/T;Q) @ H*(BG; Q). 
Thus H*(BG; Q) — H*(BT; Q) is an injection. 


; j p , 
For the second part, we observe that if F——>E—~B isa fibration with 
an action of a group I such that the maps j and p are T’-equivariant, then 
the Serre spectral sequence E?”? induces a spectral sequence of the invariants 


r 
EP 4 . Let’s apply this to the fibration G/T + BT — BG with the given 
actions of the Weyl group W(G). We then get an isomorphism 
H*(BT;Q)" © = H*(BG;Q)* © @ H*(G/T;Q*©. 


As we saw above, the action of W(G) on H*(BG;Q) is trivial, so 
H*(BG;Q) = H*(BG;Q)”©™. From Lemma 3.35 below, we deduce that 
H*(BG;Q) = H*(BT;Q¥©. 


Lemma 3.35 


H*(G/T;Q™ © = H°(G/T;QYO =Q 
Proof From the covering 


W(G) = N(1)/T G/T G/N(T), 


we get: 
x(G/T) = x(N(T)/T) - x(G/N(T)) 
= |W(G)|- x(G/N(T)). 
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Since x(G/T) = |W(G)| by Proposition 3.31, we obtain x(G/N(T)) = 1. 
On the other hand, we know that H*(G/N(T);Q) = H*(G/T;QY© 
by Theorem 3.27. Therefore, the vector space H*(G/N(T);Q) is evenly 
graded with an Euler characteristic equal to 1. This can only happen if 
H*(G/N(T); Q) = 0. 


Remark 3.36 The Serre spectral sequence of G/T + BT — BG gives an 
isomorphism H*(BT) = H*(G/T) ® H*(BG) which is not an isomorphism 
of algebras even in elementary cases. For instance, if G = SU(2) = S?, then 
we have T = S! and G/T = SU(2)/S! = S? so that we obtain the Hopf 
fibration. The spectral sequence isomorphism above is then 


H*(S*;Q) ® H*(BSO(3); Q = Qlx2]/(x5) ® Qlx4] = Qlya] 
=H (BI: Q) 


where the indices on generators denote the degrees of the generators. This 
is clearly not an isomorphism of algebras. 


Example 3.37 Let T be a maximal torus of Sp(7). Here, we determine the 
canonical homomorphism H*(BSp(n);Q) — H*(BT, Q) that is described 
in Theorem 3.34. First recall from Corollary 1.86 and Section 1.5 that: 


¢ the rational cohomology of BSp(z) is given by H*(BSp(m);Q) = 
Q[q1, 92,---59n] with g; € H“ (BSp(); Q); 

¢ the maximal torus T of Sp(m) is the product of 7 circles, correspond- 
ing to the set of diagonal matrices, and its classifying space has rational 
cohomology H*(BT; Q) = Q[t1,..., tn]; 

the Weyl group of Sp(z) has 2m! elements acting by permutation of 
coordinates possibly composed with reverses of orientations. This implies 
that the set of invariants H*(BT;Q)” is generated by the symmetric 
polynomials in the square of the ¢;’s. 


Therefore, the canonical isomorphism H*(BSp(7); Q) = H*(BT; Q)W 
is obtained by sending gz onto the kth symmetric polynomial in the oe 
i = 1,...,n. For instance, the canonical inclusion j: H*(BSp(3);Q) = 
Qlq1, 92,93] @ H*(BT;Q = Ql, to, t3] is defined by j(q1) = t7 +45 +43, 
j(q2) = tft} + fh + 1303, f(a) = tft}. 

The minimal model of the injection of BT into BSp(3) is given by 


fe (Gis G2, 73)30) > CNG ss £3),.0)5 
lqil =4,192| = 8,193| = 12, 
with 


jqd =0+64+4, j@)=8864+446+844, jq@) =784. 


3.3 Finite group actions 
Therefore a Sullivan model of Sp(3)/T is given by 
(A (41, £25 3593575911)» 4) 
with |y;| = i and 
dy3) =04+644, doy =06+2744488, don) =784. 
This model is minimal and is therefore the minimal model of Sp(3)/T. 
Example 3.38 Let j: H = Sp(1) x Sp(1) ~ G = Sp(3), where H is viewed 
as a subgroup of G through the inclusion Sp(1) x Sp(1) x 1 C Sp(3). A 
description of H*(Bj;Q) can be derived in a similar way to that of the 


maximal torus inclusion of Example 3.37, and this leads to a calculation of 
the model of Bj: 


7°: (A(G15 92543) 0) > (A(4, 24), 9) 
with 
Iql=4, |q2l=8, |q3}=12,  ly4l = lzgl =4, 
and 
Pq) =yatz4, f°(g2)=yar4, f°(G3) = 0. 


We deduce from Theorem 2.71 the following model of Sp(3)/(Sp(1) x 
Sp(1)): 


(A (045 245 V35V75 911) 4) 


with |yj| = 1, d(y4) = d(z4) = 0, d(v3) = y4 +24, d(y7) = yaz4, dQ11) = 0. 
The cancellation of the acyclic ideal generated by y3 and y4 + z4 gives a 
minimal model 


(A(V4, Y75911)4) 5 


with d(v4) = 0, d(y7) = as d(y11) = 0. As a consequence, the homo- 
geneous space Sp(3)/(Sp(1) x Sp(1)) has the rational homotopy type of 
S# 0.5! 


Example 3.39 We consider K = Sp(1) as a subgroup of G = Sp(3), through 
the diagonal inclusion 

0 0 

c O |], 

0 ¢ 


and we are looking for a model of the homogeneous space Sp(3)/Sp(1). 


oon 


Sp(1) —+Sp(1) x Sp(1) x Sp(1)  Sp(3)._ cr ( 
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We first note that the injections jj, i = 1,...,4, of Sp(1) into Sp(3) 
given by 


 (c00 (00 - KEDO (100 
cS 1o010],¢cBf-100),c8loco],cS] 010 
001 001 001 00c¢ 


are homotopic, the homotopies between j, and j2, and between jz and /3 
being given by the following morphisms 


c 0 0 cost sint 0O 
tr | 0 1 0 |-] —sint cost 0 |, te [0,7/2], 


00 1 0 0 1 
cost sint 0O 0 c O 

tre | —sint cost O |}-|-1 0 O |], te [0,3z/2]. 
0 0 1 0 01 


The injection j;: Sp(1) — Sp(3) is the fiber of the principal fiber bundle 
Sp(3) > Sp(3)/Sp(1) = V3,2(H). From the determination of the model of 
Sp(”) in Example 2.39, we see that the relative minimal model of this fiber 
bundle is 


(AQ75 V11)> 0) P. (AQ75 V11>5 ¥3)> 0) a (AY¥35 0) . 


For degree reasons, there is no choice for the morphism p: namely, we must 
have p(y3) = y3 and p(y7) = p(y11) = 0. 

The multiplication jz on Sp(3) is associative with unit. For degree reasons 
the model of the multiplication is given by 


V: (A(¥3,Y75911)99) > (AW3,. 97511) 9) ® (AW35.Y75911)5 9) 


with v(y3) = y3 @1+1@y3, v7) = y7 @14+1@y7 and v1) = 
yi1 @14+1@y14. 

We now observe that the morphism A: Sp(1) — Sp(3) can be viewed as 
the composition 


11X13 XJ4 


Sp(1) —>Sp(1)3 Sp(3)3 > Sp(3), 


where o is the diagonal map. We know the models of each of these maps. 
We then deduce that the model of A is 


(A(¥35.¥75 ¥11)59) > (Ay3,0), 3 > 3y3. 


3.4 Biquotients 


In particular, 73(A) ® Q is an isomorphism. It then follows from the 
long homotopy exact sequence of the fiber bundle Sp(1) & Sp(3) > 
Sp(3)/Sp(1) that the minimal model of Sp(3)/Sp(1) is (A(y7, 11), @) for 
some differential d. For degree reasons the only possibility is d = 0. There- 
fore, the homogeneous space Sp(3)/Sp(1) has the rational homotopy type 
ofS? 9 8"1, 


Example 3.40 Let T be a maximal torus of U(z) and W(U(n)) its Weyl 
group (see Section 1.5). With the same method as in Example 3.37, we 
prove that the inclusion 


H*(BU(7); Q) = Qle1,. : Cn] ae H* (BT; Q) = Qit1, oe stn] 


sends the class c; onto the ith elementary symmetric polynomial in the fj. 
See [198] or [199, Theorem 5.5, page 136]. 


Example 3.41 Let T be a maximal torus of SO(2m+1) and W(SO(2m+1)) 
its Weyl group (see Section 1.5). The inclusion 


H*(BSOQm + 1);Q) = Qlp1,.--,2m] —> H*(BT;Q) = Qltt,.--, tm] 


sends the class p; onto the ith elementary symmetric polynomial in the ne 
See [198] or [199, Theorem 5.16, page 144]. 


Example 3.42 Let T be a maximal torus of SO(2m) and W(SO(2m)) its 
Weyl group (see Section 1.5). The inclusion 


H*(SO(2m); Q) _ Qlpi,-. : ->Pm—1> x] =? H* (BT; Q) — Qt, . : stn] 


sends the class p; onto the ith elementary symmetric polynomial in the ¢? 
and x on ft, ...tm. See [198] or [199, Theorem 5.16, page 144]. 


3.4 Biquotients 
3.4.1. Definitions and properties 


Let G be a compact Lie group and H be a closed subgroup of G. We 
introduced the homogeneous space G/H as the manifold of left classes, 
G/H = {xH | x € G}, obtained as the quotient of G by the right action of 
H (i.e. x ~ y if and only if x~!y € H). If K is a closed subgroup of G, we 
could also consider the manifold K\G of right classes, K\G = {Kx | x € G}, 
obtained as the quotient of G by the left action of K (i.e. x ~ y if and only if 
yx! € K). When K acts on the quotient G/H, we obtain a new space from 
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the data (G, K, H). More precisely, since we are interested in manifolds, we 
consider the following situation. 


Definition 3.43 Let H and K be closed connected subgroups of a com- 
pact connected Lie group G such that K acts freely on G/H. The quotient, 
denoted K\G/H, is a closed manifold whose elements are denoted by KxH, 
x € G. Any closed manifold diffeomorphic to K\G/H is called a biquotient 
of G. 


As we will see in Chapter 6, biquotients are important examples of Rie- 
mannian manifolds with non-negative sectional curvature. In fact, they are 
the only known examples of manifolds with positive sectional curvature. In 
Subsection 3.4.2, we will present the construction of a Sullivan model of a 
biquotient. In order to do that, we need to consider biquotients as they are 
presented in [81] and [238]. 

First, the definition of biquotient is more symmetric in H and K than it 
appears. From 


Kx.b = Kx @ hex 'Kx and kxH =xH Ske xHx7! 


we see the following. 
Proposition 3.44 The following properties are equivalent: 


¢ the group H acts freely on K\G; 
¢ the only pair (k,h) € K x H where k is conjugate to h is (e,e); 
¢ the group K acts freely on G/H. 


Remark 3.45 Let Ty and Tx be maximal tori of H and K respectively. 
Then (G, H, K) satisfies the second property above if and only if (G, Ty, Tx) 
does. Since the biquotient is unchanged if we replace H and K by conjugate 
subgroups, one can always suppose that Ty and Tx are contained in a 
maximal torus of G. 


Proposition 3.44 gives us two principal bundles whose base is the 
biquotient: 


H > K\G > K\G/H and K > G/H > K\G/H. 


In the first bundle, H acts on the right of K\G and, in the second, K acts 
on the left of G/H. We are looking now for a third principal bundle with 
K\G/H as base. Observe that G acts on the right of K\G by Kx.g = Kxg 
and on the left of G/H by g.xH = gxH. We therefore have a right action 
of G on the product K\G x G/H, defined by (Kx, yH).g = (Kxg, g~!yH). 
It is now easy to see that G acts freely on K\G x G/H if and only if the 
properties of Proposition 3.44 are satisfied. In this case, the canonical map 
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K\G x G/H —> K\G/H, (Kx, yH) t KxyH, induces a diffeomorphism 
between K\G xg G/H = (K\G x G/H)/G and K\G/H. Hence, 


G > K\G x G/H > K\G/H 


is a principal bundle and from the three principal bundles, we can deduce 
the following result. 


Theorem 3.46 ([238]) Let G be a compact connected Lie group such that 
H and K are closed connected subgroups of G satisfying the equivalent 
properties of Proposition 3.44. Then we have the following homotopy 
pullback 


K\G/H BH 
BK BG 


The maps BK — BG, BH — BG are induced by the canonical inclusions 
K~G,H °c G. The composition K\G/H — BG is a classifying map for 
the principal G-bundle K\G x G/H > K\G/H. 


Proof Consider the following morphisms of principal bundles defined 
above. 


A G K 


| | 


K\G KG XG =— Gin 


| | ! 


K\G/H ——— K\G/H ——— K\G/H 


The classifying maps of these bundles give a commutative diagram 


K\G/H —— K\G/H —— K\G/H 
BH BG BK 


which is the commutative diagram of the statement. Observe now that G/H 
is the common fiber of K\G/H — BK and BH — BG. Therefore, we have 
a homotopy pullback. Finally, the description of maps follows directly from 
the construction of the square. 
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Remark 3.47 In [82], Eschenburg defined a biquotient as the base space of a 
principal bundle with a homogeneous space as total space. He then reduced 
the situation to our Definition 3.43 by considering actions of subgroups of 
G x G on G. For completeness, we now develop this viewpoint following 
Totaro’s presentation in [255]. 

Let G be a compact connected Lie group with center Z(G). We let G x G 
act on the left of G by (x, y).g = xgy_!. We embed Z(G) diagonally in Gx G 
and denote by A(Z(G)) the subgroup image in G x G. This subgroup acts 
trivially on G, so we get an action of (G x G)/A(Z(G)) on G. Observe that 
this action is transitive with G/Z(G) as the stabilizer at e. 

Now consider a second compact Lie group L with a homomorphism 
L— (G x G)/A(Z(G)). With the action described above, this homomor- 
phism makes L act on G and we suppose that this action is free. From the 
observations above, we see that the quotient G//L of G by the action of 
L can be written as a biquotient of (G x G)/A(Z(G)) by G/Z(G) and the 
image of L in (G x G)/A(Z(G)): 


G//L = (G/Z(G))\(G x G)/A(Z(G)))/L. 


We thus recover our initial presentation of a biquotient. 

If U isa closed subgroup of G x G, we are in the framework just described. 
We may observe that the action of U on G is free if and only if the only 
pair consisting of conjugate elements (x,y) € U is (e,e). In this case, the 
quotient manifold, denoted by G//U, and called the biquotient of G by U, 
is diffeomorphic to U\(G x G)/A(G). Here, G//U is the quotient of the 
U-action on G given by (#1, u2)g = U1 guy | for (u1,u2) € Uandg eG. 

Note that the case U = K x {1} gives the homogeneous space K\G. 


Remark 3.48 Let G be a compact connected Lie group and H and K be 
closed connected subgroups of G giving raise to a biquotient K\G/H. If 
the rank of G is equal to the sum of the ranks of H and K, then the same 
argument as in Exercise 1.14 implies that K\G/H is simply connected. 

In this direction, we also quote an observation of Totaro [255, Lemma 
3.3]: with the notation above, if a biquotient is simply connected, then it can 
be written as a biquotient of a simply connected group G by a connected 
group H acting on G by a homomorphism H —> (G x G)/A(Z(G)). In 
the case of a 2-connected biquotient this homomorphism can be lifted to 
H>GxG. 


Remark 3.49 Let U be a subgroup of G x G. In [151], Kapovitch and 
Ziller studied the biquotients G//U such that the algebra H*(G//U; Q) is 
generated by one element. They obtained a complete classification and, as a 
consequence, proved that the only biquotient which can be an exotic sphere 
is diffeomorphic to the Gromoll-Meyer sphere Sp(2) //S?. 
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This last result is also proved independently by Totaro in [255]. In 
[54], Cheeger constructed closed manifolds of non-negative sectional cur- 
vature as the connected sum of two rank-one symmetric spaces. The 
purpose of [255] is to determine the Cheeger manifolds which are 
diffeomorphic to biquotients. Totaro obtains a complete answer and, 
among other results, shows that there are only finitely many diffeomor- 
phism classes of 2-connected biquotient manifolds of a given dimension. 
The proof uses Friedlander’s and Halperin’s result on elliptic spaces 
(see [101]). 


3.4.2 Models of biquotients 


Now that we understand the basic properties of biquotients, let’s give 
algebraic models for them. Throughout this section, we suppose that the 
biquotients we are considering are simply connected. The main tool we shall 
use is Theorem 3.46. 


Theorem 3.50 ([150]) Let H and K be closed connected subgroups of a 
compact connected Lie group G defining a biquotient K\G/H. We denote 
by ty: H > G, tx: K > G the canonical inclusions and by Buy: BH > 
BG, Bix: BK —> BG the induced maps on classifying spaces. Let AV = 
H*(BG;Q), AWy = H*(BH;Q), AWx = H*(BK;Q) be the cohomology 
algebras of BG, BH and BK respectively. We denote by sV a copy of the 
vector space V shifted by one degree, |sv| = |v| — 1 if v € V, and define a 
differential d on AWy ® AWx ® A(sV) by dw = 0 ifw € WH ® Wx and 
d(sv) = H*(Biy)(v) — H*(Bix)(v) if sv € sV. 

Then the cdga (A(Wy ® Wx) ® A(sV), d) is a model for the biquotient 
K\G/H. In particular, H*(K\G/H;Q) = H(A\(Wy @ Wx) ® A(sV), d). 


Proof Using Theorem 3.46, we construct a biquotient as a homotopy pull- 
back. A model of the homomorphisms between the classifying spaces is 
given by 


9H GK 
(AWH, 0)x—_ (AV, 0)—>+(AWx, 0) 


where gy = H*(Biz) and gx = H*(Bix). We first have to transform one 
of these two maps into a relative model, such as 


9H OK 
(A WH, 0)<—— (A V, 0) —+(AWx ® AV ® A(sV), D) 


where Gx is the canonical inclusion and Diw, = Div = 0 and Dsv = 
v — ox(v) if sv € sV. From Theorem 2.70, we know that a model of the 
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homotopy pullback is given by 


(AWH, 9) @av,o) (AWK @ AV @ ASV), D) 
= (AWH @ AWK ® A(sV), d) 


with diw,, = dw, = 0 and dsv = gy(v) — gx(v) if sv € sV. 


Corollary 3.51 The minimal model of a simply connected biquotient is 
pure. 


Example 3.52 Consider the biquotient Sp(1)\Sp(3)/Sp(1) x Sp(1) intro- 
duced by Eschenburg (see [82, page 164]). This space is obtained from 
the canonical inclusion of K = Sp(1) in Sp(3) through the diagonal map 
(see Example 3.39) and the inclusion H = Sp(1) x Sp(1) x 1 € Sp(3) (see 
Example 3.38). We have already determined the following canonical homo- 
morphisms yy: H*(BG;Q) = A(q1,92,93) > H*(BH;Q = A@5q}) 
and gx: H*(BG;Q) — H*(BK;Q) = A(q1). Theorem 3.50 gives as a 
model of the biquotient, 


(AG 1594591) ® A(¥35. 75911) 4) 
with 


dq, = dq, =dq, =0, 


dy3 = gn(q1)—¢K(q1) = +7, — 3%, 
dyy = gn(q2)— ¢K(q2) =% 4, — 391; 
dyiy = 9n(q3) — 9K(q3) = —- 


Since the differential dy3 is linear, we may simplify this model by quotienting 
out a contractible ideal generated by y3 and dy3. We then obtain the minimal 
model of Sp(1)\Sp(3)/Sp(1) x Sp(1): 


(AQ, 91) ® A(y7, 911), 4) 
with 
dq, = dq, =0, 
dyy = 64-9) — 39 =-F 4341 H — 3%, 
dy = —@}. 
This cdga is pure and Theorem B.18 implies: 


H™(Sp(1)\Sp(3)/Sp(1) x Sp(1); Q) = AG, 91)/1, 
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where I is the ideal generated by dy7 and dy,1. Changing the generators by 
a= —q, and b =q, — q1 gives: 


H*(Sp(1)\Sp(3)/Sp(1) x Sp(1); Q) = A(a, b)/(@?, b? + ab +47). 


This algebra is isomorphic to H*(Sp(3)/Sp(1) x Sp(1) x Sp(1); Q) (see 
Exercise 3.3). Since these spaces are formal, they have the same ratio- 
nal homotopy type. But, by considering their Pontryagin classes, Singhof 
proved that they do not have the same homotopy type (see [238, Theorem 
4.2 and Example 4.4]). 


Example 3.53 Consider the biquotient Sp(2)//S*, obtained from the canon- 
ical inclusion S* x 1 Cc Sp(2) and the diagonal inclusion S* — Sp(2), 
g +> (g,g). With the same technique as above, it is easy to see that Sp(2) //S? 
has the rational homotopy type of S’. In fact, it is homeomorphic to S” (as 
Gromoll and Meyer proved in [118]) and has non-negative curvature since it 
is a biquotient. Since any homogeneous space homeomorphic to a sphere is 
diffeomorphic to a sphere (as Borel observed), Sp(2) //S? cannot be obtained 
as a homogeneous space. This proves that the class of biquotients is larger 
than the class of homogeneous spaces. 


3.5 The canonical model of a Riemannian manifold 
In Section A.4, it is shown that the de Rham p-forms on a closed smooth 
manifold M have a direct sum Hodge decomposition for each p, 


Abp(M) =H? 6 Im(A) = H? @ Im(d) @ Im(s), 


which, in fact, is an orthogonal decomposition with respect to the inner 
product on forms arising from a metric on the manifold and defined by 


(a, B) ay a A *p. 
M 


Here, 6: Ae (M) > Ae (M) is adjoint to the exterior derivative d with 
respect to the inner product and A = 5d +d6. The subspace H? denotes 
the harmonic p-forms; namely, the forms a such that da = 0 and da = 0. 
Furthermore, each a has a unique decomposition 


a=H(a)+ag+as, 


where H(a) € H?, az € Im(d) and as € Im(5). Moreover, H? and Im(d) 
give all closed forms in Ab p(M) and, from the discussion following Corol- 
lary A.11, we see that a is exact precisely when H(a) = 0, ws = 0 and 
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a = dB; for a unique element Bs € Im(65). In particular, we see that, for each 
k, H®(M) = HE canonically (once a metric is fixed). This rigid metric struc- 
ture on a closed manifold gives an indication that our standard minimal 
models can be improved in this case. In particular, recall that Proposi- 
tion 2.26 gives a homotopy commutative diagram lifting a morphism of 
cdga’s to minimal models. The lack of exact commutativity presents vari- 
ous problems when translating from geometry to algebra and back again, 
so a remedy for this deficiency is highly desired. A model built on harmonic 
forms using the Hodge decomposition provides this remedy, so we will now 
describe this canonical model (see [245]). 

To begin, we note that we can introduce an inner product to any cga of 
the form A(V!@V2@.. .). Suppose each vector space V* (where V’ is the set 
of homogeneous elements of degree i) has an inner product which we denote 
by (—,—),. Then, for A =A1A...AAp, B = BLA... A Bp € AP(V2E4), 
we define 


(A, B) = det ((A;, Bj)2k+1)- 


Monomials of different lengths are declared orthogonal. By extending 
bilinearly, this defines an inner product on the exterior algebra A(V24+!), 
Note that this definition only works because both exterior multiplication 
and the determinant are alternating. So what can be done for V2 since 
A(V24) is a symmetric algebra? Well, the determinant must be replaced 
by a non-alternating version called the permanent of a matrix. For an 
n X n-matrix A, the permanent is defined to be 


perm(A) => ye A10(1) °° * @no(n)- 


oS, 


Note that this differs from the definition of the determinant only in the 
missing sign factor (—1)88"°. The key property of the permanent is that 
switching columns has no effect. Therefore, for A = A, A... Adp, B = 
Bi A... A Bp € AP (V4), we define 


(A, B) — perm((Aj, Bj) 2p). 


By extending bilinearly, this defines an inner product on the symmetric alge- 
bra A(V24), Putting the two definitions together provides an inner product 
on all of A(V! @...). 

Now let’s construct the canonical model with inner product for a closed 
simply connected Riemannian manifold M. Let (Apr(M), d) denote the de 
Rham algebra of M with a Hodge decomposition associated to a given 
Riemannian metric. Begin constructing the model by taking the symmetric 
algebra freely generated by degree 2 harmonic forms, (A(H7),d = 0), and 
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mapping the harmonic forms identically to Apr(M). Clearly, this induces 
an isomorphism in degree 2 cohomology and, since H3(A(H), d = 0) = 0, 
an injection in degree 3 cohomology. 

Inductively assume that A(m — 1) = A(V="~!) has been constructed with 
inner product and canonical morphism py,_1: A (2 — 1) > Apr(M) with 
p*_, an isomorphism in degrees through 1 — 1 and an injection in degree n. 

The injection p*_,: H"(A(n—1)) > H”(M) = H” induces an orthogonal 
decomposition 


H" =Im p*_, ®U", 


where the Hodge inner product on H” provides the orthogonal complement 
U”. Now let L = A(n — 1) ® A(U") with inner product defined as above 
and py: L + Apr(M) preliminarily defined by 


Dale = Patise 2) Pale = U7 ST 


By the definition of U”, we see that p% is an isomorphism through degree 
n. However, to carry out the inductive step, we must also define p} so as 
to be injective in degree n + 1. With this in mind, suppose p}([a]) = 0 for 
a € L”*!, Then there is some B € Atp(M) with dB = pyp(a). Now, using 
the Hodge decomposition, 


Pn(@) = by, (a) + AX py(a) + SY ona) = 4B, 


and the discussion above, we see that /p,,(~) = 0; Yp,(w) = 0 and a canonical 
choice for B is B = Xp,(a) € Im(5). Thus, if we take a basis a1,...,a, for 
Ker(p%)"+!, there are canonical choices xp,(@;)5-++sXp,(a,) € Im(6) with 
AX p,(a;) = Pn(aj). Let W" = Ker(p*)"*! with basis {@1,...,@,}, each @; in 
degree n. Form 


A(n) =L ® A(W”) with d|, = d, dlw = IdKer(pxyntl- 


Also, using the basis {@1,...,@,}, define pnlw by pn(@j) = Xp,(a;)- Then pn is 
defined on all of A(7) and, clearly now, p;; is an isomorphism through degree 
n and an injection in degree n + 1. Also, the inner product extends since 
H"*!(L) has an inner product inherited from the orthogonal decomposition 
of cocycles Z"*+!(L) = B”+!(L)@H"*1(L) and so therefore does Ker(p*%)"*1 
from H"*!(L) = Ker(p*)"*! @ Im(p*)"*". Finally, note that p,(U) © H 
and p,(W) © Im(6) by uniqueness of the Hodge decomposition. 

Hence, (A(7), d) is the mth stage of a (canonical) minimal model for M. 
If we continue in this way, we obtain the canonical model (CM~y, d) oe 
(Apr(M), d). Note first that this canonical model is an R-minimal model 
and that it requires a Riemannian metric to produce the Hodge decom- 
position. Secondly, note that the construction produces the following 
geometrically important result (compare Proposition 2.26). 
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Theorem 3.54 Let f: M — M be an isometry of a closed simply connected 
Riemannian manifold M. Then: 


1. The induced morphism Apr(f): Apr(M) > Apr(M) has a lift to the 
canonical model, f©: CMy —> CMw, and this makes the following 
diagram strictly commutative 


Cc 


f 
CMm — {= CMnm 


Pace 2 
Apr(f) 


Apr(M) ——> Apr(M) 


2. The real homotopy theory of f is determined by f*, the induced 
homomorphism on cohomology. 


Proof Because f is an isometry, Apr(f) preserves the Hodge decomposi- 
tion. In particular, Apr(f)(H*) = H? and this defines f©|: A (H*) > 
A(H*) which obviously makes the restricted diagram commute. Inductively, 
assume f©: A (n— 1) > A(n— 1) exists with p f© = Apr(f) p and which 
preserves the inner product on A(n — 1). Now using the notation above, 
A(n) = A(n— 1) ® A(U") @ A(W”), so if we can define f© correctly on U 
and W, we shall be done. Of course, we have an orthogonal decomposition 
H”"(M) = H” = Im p* @ U, so because f* = Apr(f)|7 is an isometry, we 
have fly = f*lu = Apr(f)|u. Clearly, even with this extended definition 
of f©, we have p f© = Apr(f) p and the inner product is preserved. Now, 
we know that 


dApr(f)(p(@;)) = dApr(f)(Xp(a;)) 
= Apr(f)(dxp(a;)) 
= Apr(f)(p (ai) 
= p(f(ai)), 


since aj € A(n — 1) @ A(U"). Also, because o(W) C Im(S) and Apr(f) 
preserves the Hodge decomposition, we see that Apr(f)(e(@))) is the unique 
element in Im(8) with dApr(f)(p(@;)) = p(f©(aj)). By definition of W”, 
there is a unique element w; € W” with dw; = f©(a;). Define f©(@)) = 
w; and do this for each i to obtain f©|w». Hence, f©: A (n) > A(n) is 
defined with p f© = Apr(f) p. By induction, we have therefore defined the 
required f©. 
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The construction of f© shows that it is completely determined by 
Apr(f)\7 and this is precisely f* since H = H*(M). Hence, the real homo- 
topy type of f, represented by the morphism of models f©, is determined 
by the induced homomorphism on cohomology. 


Exercises for Chapter 3 


Exercise 3.1 Show that the only rational homotopy types of simply connected 
closed rationally elliptic 5-manifolds are S> and S* x S?. 


Exercise 3.2 Show that CP(2)#CP(2) and CP(2)#CP(2) have different rational 
homotopy types. Hint: suppose ¢: H*(CP(2)#CP(2); Q) > H* (CP(2)#CP(2); Q) is 
a rational equivalence. It must have the form: ¢ (x1) = ax1+bx2, @(x2) = cxy+dx2. 
Now use $(x1 x2) = 0, (x7) = (x5) to derive a contradiction. 


Exercise 3.3 Prove that H*(Sp(3)/Sp(1) x Sp(1) x Sp(1);Q) = Q[a, b]/(a3, b? + 
ab + a”), with |a| = |b| = 2. Hint: Use the techniques developed in Example 3.39 
and Example 3.38. 


Exercise 3.4 Show that a model for the biquotient $!\Sp(7)/SU(1) is given by: 
A(t, 025+ +5 On) V35+++5V4n—1)5 4), 


where |¢| = 2, |o;| = 24, |y;| = i, dt = do; = 0, dy3 = 202 — t? and dy4i-1 
= 202; + oy 45-2;(—1)*oros. Hint: [150, Example 6]. 


Exercise 3.5 (1) Show that the minimal model of Sp(5)/SU(5) is 


(A(a6, @105 &11, 15, @19), d), 


with |o;| 1, dag dajo 0, day = a2, dats = 46105 day9 = Cas 
(2) From this model compute the cohomology algebra of Sp(5)/SU(5) and prove 


H*(Sp(5)/SU(S5); Q) =" (c6, C105 4, b) /I, 


where I is the ideal generated by (a2, 0%), 06010, 64, &104 + a¢b,a9b, ab), 

where c¢, cio, a and b denote the classes associated respectively to a6, @10, 

6.015 — 11010, AGQ19 — 10045. 

(3) Show that the space Sp(5)/SU(5) is not formal. 

(4) Construct the bigraded model and the filtered model of Sp(5)/SU(5) in degrees 
< 32. 


Exercise 3.6 Let X = S* x S? x $3 x S°. We define a Z4-action on X by the shift map 
T (u4, 42, 43,44) = (U2, U3,U4, 41), for uj € S>. Prove that the orbit space X /Z4 has 
the rational homotopy type of $* x $°. Hint: Use Corollary 3.29 and Remark 3.30. 
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Exercise 3.7 Show that a formal rationally elliptic space with teyen ® Q = 0 must 
be a product of odd spheres. Hint: imitate the proof of Proposition 3.20. 


Exercise 3.8 Prove the following result. 
Theorem. Any compact Riemannian symmetric space is formal. 
Hints: Consider the linear map 


p: H*(M) > Apr(M), p([“)) = hu, 


where /h,, is a unique harmonic representative (see Theorem A.10). It is well known 
that, for a Riemannian symmetric space (see Exercise 1.6), harmonic forms are 
identified with left-invariant forms under the action of the isometry group of the 
manifold (also see Remark 1.51). But the product in the de Rham algebra of invari- 
ant forms is again an invariant form in Apr(M) and therefore p is a cdga-morphism 
inducing an isomorphism in cohomology. 


Complex and symplectic 
manifolds 


Just as a complex analytic function has special properties compared to 
an ordinary smooth function, so does the de Rham algebra of a complex 
manifold display additional structure to that derived from the manifold’s 
smooth structure alone. In particular, the splitting of the de Rham algebra 
into (p,q)-parts endows a complex manifold with two differentials whose 
interactions are extremely powerful in many regards, but especially in 
discovering rational homotopy properties of the manifold. 

In this chapter, we study models of the de Rham and Dolbeault algebras 
of a complex manifold M. We present the particular topological properties 
of Kahler manifolds M, and, in particular, we prove that they are formal. 
The main tool for the link between Dolbeault and de Rham algebras is a 
perturbation theorem which allows the construction of a model of a filtered 
cdga and starts from a model of any stage of the spectral sequence associated 
to the filtration. Examples of this are given which come from the Borel 
spectral sequence of a principal holomorphic bundle or from the Froélicher 
spectral sequence of a complex manifold. The use of models is particularly 
well-suited to the study of these spectral sequences and, in this context, we 
revisit some examples, due to Pittie, in which the Frélicher spectral sequence 
collapses at level 3. We relate these examples to the notion of Dolbeault 
formality of a complex manifold. 

Properties of symplectic manifolds have also been discovered using alge- 
braic models (e.g. see [165], [178], [257]). In the last part of this chapter, 
we describe some of the implications of models for symplectic topology. 
For a compact symplectic manifold, it has been shown by Mathieu [185] 
and Merkulov [190] that the hard Lefschetz property is related to the exis- 
tence of symplectically harmonic forms in each cohomology class and with 
a more technical property called the dé-lemma. Since this last property 
is revealed as the key to the proof of formality of Kahler manifolds, we 
may wonder if it has the same effect in the symplectic case. This ques- 
tion is answered negatively by Cavalcanti [52] and we will take it up in 
Chapter 8. 
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Section 4.1 contains definitions and examples of complex and almost 
complex manifolds. Recall that a complex structure on a real vector space 
gives a bigradation on the complexification, V°, of V which extends to the 
exterior algebra AV°. We first describe the bigradation of the algebra A‘ of 
complex-valued smooth differential forms on an almost complex manifold. 
In the case of a complex manifold, the de Rham differential on A° can be 
decomposed as d = 8+ 4, with a of bidegree (1,0) and 0 of bidegree (0, 1). 
This property is a necessary and sufficient condition for an almost complex 
manifold to be a complex manifold. The almost complex manifold is then 
called integrable and, in this case, the derivations @ and @ are differentials 
(a7 = ae 0) which also commute (9 + 09 = 0). The complex (A‘, 9) 
is called the Dolbeault complex or the Dolbeault algebra of the complex 
manifold M. 

In Section 4.2, we recall the definition of Kabler manifolds. The 
Kahler form of a Kahler manifold is the skew-symmetric part of a her- 
mitian product. It has bidegree (1, 1) if we consider it as a form on each 
complexified tangent vector space. One purpose of this section is simply 
to describe certain properties of the de Rham and Dolbeault algebras of 
compact Kahler manifolds. For instance, the fact that the differentials d, a 
and @ induce the same Laplacian is a necessary and sufficient condition for 
the existence of a Kahler metric. This also entails a technical result, called 
the 0d-lemma (see Lemma 4.24), that, in turn, implies the formality of the 
rational homotopy type of a Kabler manifold. This is stated and proved 
in Theorem 4.43. We present other topological properties of Kahler mani- 
folds as well involving the vector space of homology (see Proposition 4.33) 
or the algebra of cohomology (see Theorem 4.35). In this section, we also 
show how we can put a complex manifold structure on the total space of 
a principal bundle with base a Kahler manifold and with structure group 
an even dimensional torus, see Subsection 4.2.2. These manifolds are called 
Calabi-Eckmann manifolds. The complex structures of the Hopf surface, 
or the Kodaira—Thurston manifold or of any even dimensional compact 
connected Lie group are particular cases of this situation. A theorem of 
Blanchard [29] implies the non-Kahlerness of these manifolds. 

Section 4.3 is dedicated to understanding the Dolbeault model of a com- 
plex manifold. We define this model, prove its existence and introduce the 
notion of Dolbeault formality. In the case of a Kahler manifold, the de 
Rham and the Dolbeault complexes coincide. Thus, the Dolbeault model 
of a Kahler manifold comes about from the usual methods. In a more gen- 
eral situation however, the Dolbeault model is not so easy to construct. In 
order to do this, we introduce the notion of deformation; namely, to any 
filtered cdga (A, d, F) (see Definition 4.55), we associate a spectral sequence 
(E,,d,), each of whose stages is a commutative differential bigraded 
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algebra (cdba). In [133], it is proved that a model of (A, d, F) can be recov- 
ered from a model of the cdba (E,;, d,) for any r > 0 (see Theorem 4.56). This 
is used here for the Dolbeault model of the total space of a holomorphic 
principal bundle by way of the Borel spectral sequence. A more geomet- 
rical computation involving Chern—Weil theory is also presented for the 
Calabi-Eckmann manifolds, T2”_»~E—~>B. As examples, we exam- 
ine the product of two odd spheres and of the total space of a principal 
fibration having base the product of two complex Grassmann manifolds of 
2-planes in C4. 

Indeed, Theorem 4.56 provides a general point of view for many different 
circumstances. For instance, it gives the filtered model of Chapter 2 from 
the bigraded model and it also comes into play in Section 4.4 as follows. 
The complex valued de Rham algebra of a complex manifold is a bicomplex 
and it can be filtered by the first degree. From this filtration, we obtain a 
spectral sequence, called the Frélicher spectral sequence, such that (ES: do) 
is the Dolbeault complex (A”1, 0). From Theorem 4.56 and this spectral 
sequence, we see that a de Rham model can be constructed as a perturbation 
of the Dolbeault model. This perturbation is the right object for the study of 
the degeneracy of the Frolicher spectral sequence. First, we observe that we 
always have FE; = E. in the case of a Kahler manifold. At first glance, since 
this spectral sequence is built from a bigraded model, it appears to degen- 
erate at level 2. It is now well-known that this does not, in general, happen 
and we end this section with an example where Er # E3 and E3 = Ey. The 
context, due to Pittie [228], is that of an even dimensional Lie group viewed 
as the total space of the holomorphic principal bundle T——>G—+G/T 
built from the inclusion of a maximal torus T. More particularly, Pittie 
proves the non-degeneracy of the Frélicher spectral sequence at stage 2 for 
G = SO(9). In fact, if G is an even dimensional Lie group, with a complex 
structure coming from the holomorphic principal bundle, we can prove that 
the associated Frélicher spectral sequence collapses at stage 2 if and only 
if G is Dolbeault formal (see [249] and Theorem 4.74). We illustrate this 
situation in the case G = SO(9). 

Section 4.5 is devoted to properties of symplectic manifolds. We recall 
the definition and the most basic examples: R?”, the cotangent bundle 
and Kahler manifolds. In Subsection 4.5.3, we study what kind of prop- 
erties and tools of complex manifolds carry over to the symplectic world. 
We consider the hard Lefschetz property, the d5-lemma and Brylinski’s 
symplectically harmonic forms (see [44], or also Libermann [173]). In 
particular, we present Mathieu’s result disproving a well-known conjec- 
ture of Brylinski and Merkulov’s result linking several of these different 
notions. The relations among all these notions magnify the need for a 
more general viewpoint that includes the symplectic and complex settings. 
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This is the generalized complex geometry of Hitchin that we mention 
briefly. 

When the properties we are looking for are purely homological, symplec- 
tic manifolds may be replaced by c-symplectic manifolds; that is, manifolds 
which mimic symplectic manifolds cohomologically. We consider these 
types of manifolds in Section 4.6 and study several examples. In particular, 
we demonstrate that (c-)symplectic homogeneous spaces and (c-)symplectic 
biquotients must have maximal rank. For the important test class of nilman- 
ifolds, the two notions, symplectic and c-symplectic, coincide. Moreover, 
we show that the only symplectic nilmanifolds of Lefschetz type are tori (up 
to diffeomorphism). This property, combined with Mathieu’s theorem, then 
provides counterexamples to the Brylinski conjecture. In Subsection 4.6.5, 
we pose and discuss a question on the boundary of symplectic geometry 
and homotopy theory; namely, which symplectic manifolds are nilpotent 
spaces? 

In an Appendix (Section 4.7), we recall the basics of complex (and sym- 
plectic) linear algebra: in particular, how the structure of a complex vector 
space can be expressed in terms of real objects. We end with a discussion of 
hermitian products which provides background for the discussion of Kahler 
metrics in Section 4.2. 


4.1 Complex and almost complex manifolds 


Let’s first recall some well-known definitions and properties concerning 
complex manifolds. References for these notions are [155], [264]. Complex 
structures in linear algebra are recalled in Section 4.7 and this serves also 
as a reference for the notation. 


4.1.1 Complex manifolds 


Definition 4.1 A complex manifold M, of (complex) dimension n, is a mani- 
fold which admits an open cover (U;)je1 and coordinate maps y;: U; > C”, 
such that y; 0 yg! is holomorphic on g,(U;(\ Uz) C C", for any j and k. 
The open sets Uj are called charts of M. 


Let f: U c C” + C” be defined on an open set U of C”. We set x = 
(X15--+5Xn)> ¥Y = (15---5 Vn) with z = x+iy and we recall that f(x +iy) = 
(P1(x, y), +i01(x, y),...) is a holomorphic map if the real components of 
f, P, and Og, are differentiable as functions R*” — R and satisfy the 
Cauchy—Riemann equations: 

OPp  AQz OPp  _IQz 


Ox; Ay” Y; dx; 
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The first obvious example of a complex manifold is given by C” or any 
open set of C”. Complex projective space is an example of a compact 
complex manifold as we see next. 


Example 4.2 Recall that CP” can be defined as the quotient of C”*+! — {0} 
by the equivalence relation 
(21, 24% > n+1) oy (AZ15 cee 5 AZn+1) ’ 


where A € C — {0}. Denote by [z1,...,2,] the equivalence class 
of (z1,...,2n) € C*!. We cover CP” by the open sets US 
{[z1, sapere ee = 0} with coordinate maps 


21 BE Sn+1 
gj 2 Uy > C%5 Ole, <+-52n44) = Cs i ) , 
J J 


where the hat over a coordinate indicates that it has been deleted. On 
pp (U; (| Uz), we have the holomorphic map 


4 Pal Zp_1 1 Zn 
Pj Pp Cae. 480) “lets otkcts tsa =[ drey a a) . 
aj BR 8 aj 


Thus, CP(7) is a complex manifold of complex dimension 1. 


Example 4.3 Let f: M > N bea covering space. If the base N is a complex 
manifold, then the map f induces a complex manifold structure on M. 
Indeed, if gj: U; — C” is a chart in N, then g; of is a chart on each 
component of f—! (Uj). 

If we suppose now that M is a complex manifold and also that the cover- 
ing group acts holomorphically, then we have a complex manifold structure 
on N. For instance, if Z2” is a discrete lattice of C”, we obtain a complex 
manifold structure on the quotient C”/Z2”. We call it a complex torus. 


A complex manifold M of complex dimension 7 is also a smooth manifold 
of dimension 2”. We denote by Ta(M), (or T(M) if there is no confusion), 
the tangent bundle of M. The tangent space at one point, x, is denoted 
by T,(M). For instance, if M = C”, then the tangent space T(C”) = R?” 


: 0.0 
is generated by tae ~|. The real vector space T(C”) has a complex 
Xj OY; 
0 0 0 0 
structure given by J (=) = — and] (=) =-—. 
xj J 9Yj dy; ax; 


Proposition 4.4 Let f: U Cc C” — C” be smooth on the open set U as a 
map from R2” to R2". The map f is holomorphic if and only if the induced 
map fx: T (R2”) > T (R2”) is compatible with the complex structures in 
the sense that fo] =Jo fx. 
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Proof As done above, denote by (P,,O;) the real components of f. The 
derivation law gives: 


. Ox; = ; Ox; OXp i Ox; IVE 
*\ ay; Oyj Ox~ Ay; AYR” 


k 


It is now easy to see that f is holomorphic if and only iff, of =Jof,. 


The notions of bundle, principal bundle (see Section 1.10) and vector 
bundle carry over from the smooth case to the holomorphic case and give 
the definitions of holomorphic bundle, principal holomorphic bundle and 
holomorphic vector bundle respectively. 

For instance, the tangent vector bundle of a complex manifold M is a 
holomorphic vector bundle. Let U; be a chart of M and x € Uj. The com- 
plex structure on T(C”) = R?” can be transferred to T,,(M) by jx» Where 
gj: U; — C” is a coordinate map. More precisely, the complex structure 
on T;,(M), also denoted by J, is defined locally by J = x oJ gj. Observe 
that this structure does not depend on the choice of U; and gj because, on 
T(C”) = R*”, we have oj, ogp,.0] og, ogjx = J, due to the holomorphicity 


of v; | 0 gp. Therefore, the next result follows immediately. 
j 


Proposition 4.5 Let M be a complex manifold with real tangent bundle 
T(M). There exists a bundle map J: T(M) > T(M) such that J,.: T;(M) > 
Tx(M) is a complex structure on T.,(M). 


4.1.2 Almost complex manifolds 


Almost complex manifolds are exactly those manifolds whose tangent 
bundle satisfies the conclusion of Proposition 4.5. 


Definition 4.6 Let M be a smooth manifold of dimension 2n. An almost 
complex structure on M is a bundle map J: T(M) — T(M), such that each 
Jx is a complex structure on T,(M). The couple (M, J) is called an almost 
complex manifold. If (M, J) comes from a complex structure on M, we say 
that the almost complex structure is complex. 


Remark 4.7 Suppose that an almost complex manifold (M, J) comes from 
two complex manifold structures on M. Then, by Proposition 4.4, the iden- 
tity map is a holomorphic map between the two complex manifolds. Thus, 
if an almost complex structure (M, J) is complex, this complex structure 
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on M is unique. The existence of almost complex manifolds that are not 
complex will be discussed in Subsection 4.1.4. 


Proposition 4.4 leads naturally to the next notion. 


Definition 4.8 A map f: (M,J) > (M’,]’) between almost complex man- 
ifolds is said to be almost complex if it is a smooth map such that 


J ofs=faoJ. 


The existence of an almost complex structure on a manifold M is not very 
common. Let’s look first at the case of spheres. Evidently, the dimension of 
the manifold must be even and we have only to consider even dimensional 
spheres. 


Example 4.9 (Even dimensional spheres) Since $* = CP(1), we already 
know that a complex structure exists on $7. Nonetheless, let us now take a 
new look at S*, starting with the canonical inclusion of R in the quaternionic 
field H. The orthogonal subspace E of R in H gives a decomposition H = 


R @ E and a unique way of writing g ¢ Has g =a+ X with a « Rand 
X ¢ E=R’. In this context, the quaternionic product becomes: 


=> > —s > > > > 
(a+ X)\(b+ Y)=(ab-(X,Y)+(a@Y+bX4+XAY), 


where (—,—) is the scalar product and A the vector (or cross) product in 
R?. On E, the subspace of pure quaternionic numbers, the previous law 
reduces to: 


>> >> > > 
XY =-(X,Y)+Kay. 


This formula shows that the vector product on E = R? can be directly 
deduced from the quaternionic product of H. Let’s recall now the central 
role played by this vector product in the construction of the usual almost 
complex structure on S*. 


The tangent subspace T= (S*) at X €S? is identified with the subspace 
[¥ €R3| (X,Y) =0]. We define Jp: Tz (S*) + TS?) by Jy (¥) = 
eR’ | (X, Y) = 07. We define JQ: TZ") > THOS”) by JZ (Y) = 


X « Y. This is in fact the almost complex structure of $2 coming from its 
classical complex structure. 

The interest of this viewpoint is that exactly the same procedure works 
for the field IK of Cayley numbers. The choice of an orthogonal subspace F 
of R in K gives a decomposition K = R @ F and the Cayley product on K 
induces a vector product A on F = R’ by: 


> => >> > > 
KAY=XY 4(X%,Y). 
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Since the tangent subspace Tz (S®) at X € S® is identified with the 
> —s 
subspace [Y ER’ |(X,Y)= ol, we define Is Ts (S°) > T3 (S®) by 


Is (Y) = X a Y. This gives an almost complex structure on S°. The 


previous argument works also for any smooth oriented six-dimensional 
manifold embedded in R’, see [49] or [155, Example 2.6]. For instance, 
since the map 


s4 x 52—>R’, (X,¥1, 25 3)! ((1 ot) x, Re 3) 


is an embedding, we see that S* x S? is an almost complex manifold. 

The constructions of almost complex structures on S? and S®° above 
required some type of product law on an ambient space R*. If the exis- 
tence of such a law is a necessary path to an almost complex structure, then 
we should expect that very few even dimensional spheres can have almost 
complex structures. In fact, that is the case, for by using reduced Steenrod 
powers, Borel and Serre proved [35] that S* and S®° are the only spheres 
that admit almost complex structures. A consequence of this nonexistence 
of almost complex structures on spheres is that, in general, a connected sum 
of almost complex manifolds does not have an almost complex structure 
compatible with the structures on the summands [16]. See Exercise 4.6 for 
a stronger statement for 4-manifolds. 

We have already mentioned that, for obvious dimensional reasons, there 
is no almost complex structure on an odd dimensional sphere. However, if 
we take a product of two such spheres this obstruction vanishes. Indeed, 
we can put an almost complex structure (and even a complex structure) 
on any product S2*+! x §2/+1 as we will show in Subsection 4.2.2. (The 
case S! x §! is, of course, the complex torus of Example 4.3.) There- 
fore, we may wonder if it is possible to find almost complex structures 
on a product of two even dimensional spheres. The answer is more or 
less no: in [67], it is proven that the product S2* x $7/, with 1 < k, 
admits an almost complex structure if and only if / = 1 and 1 <k < 3 
rk l=3; 


4.1.3 Differential forms on an almost complex manifold 


We now use the algebraic recollections of complex linear algebra in 
Section 4.7 to describe differential forms on an almost complex manifold 
(M,J) of dimension 2”. By definition, the real tangent space at x € M, 


0 
T,(M) =R ta ae | has a complex structure J,,. The complex tangent 
jp OY; 
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space at x is the complexification 


Ty(M) = Tx(M) @g C= cl=., =} 
Ox; OY; 
and this complex vector space has a decomposition into J-eigenspaces, 
TEM) = T)° ® T which defines two smooth sub-bundles T!°, T°! 
of T°(M). 

By taking duals, the almost complex structure on T(M) induces an almost 
complex structure on the real cotangent bundle T(M)*. This implies a 
decomposition of the complexified space as T£(M)* = Tx Sa Tt coe where 
T* 1° and T*%! are the C-dual bundles of T!° and T°»! respectively. This 
decomposition of the cotangent bundle gives a bigradation on the algebra 
of differential forms with values in C, 


Apr(M) = Apr(M) ®r C= Bp,qA”1(M) : 


More precisely, let (1,...,@y) be a local frame for A!°. Then (@1,...,@n) 
is a local frame for A®! and an element w of A?4(M) can be written 
locally as: 


= D0 OI,K Oj N+ jp ADp, A+ Dk» 
J,K 


where j,x: U; — C is a smooth complex function for any multi-indices 
T = (fats es-shp)s K = (Riya) 

We now want to decompose the differential d: Aj)p(M)’ > Ap (M)'t1 
in accordance with this bigradation. In order to do that, observe first that 
A?-1 is generated by elements of A", Al? and A®.!. Secondly, we know the 
behavior of the differential on these subspaces: 


dA ¢ AM 4AM, dA Cc Am FABLE A!®, dab? CAMO 4 ANI AO, 


In short, we have dAP-4 c APt+*:4-1 4 APtha 4 APatl 4 AP-l.4+2, We 
single out two components of d which correspond to the bidegrees (1, 0) 
and (0,1). They are respectively denoted by 


9: Abd» APtLI and 9: API» APatl, 

Example 4.10 Let M be a complex manifold with local coordinates 
(Z1,--+5%n) and z = x; + 7y;. The complex structure on the real tangent 
One a) 0 a a 
space T.(M) is given by J (==) = oy and J (=) = ae The decom- 
position T¢(M) = To ®@ Te of the complexification T¢(M) is given locally 
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0 0 0 1 0 0 
by TH =C] a} and Thy = C | =f with = ( i ) and 
Oz; 0%; dz; 2 \ dx; Oy; 


. The complexified cotangent complex of M decom- 


0 : 
az 2 (= ’ ay, 
poses as Ta = C {dz;} and Tae = C {dz}, where (dz;, dz) is the 
0 
basis dual to aaa) This induces a bigradation on the algebra of 
Rj OR 
C-differential forms given by: 


o= > eK dzj, A. dj, NAZR, A.- dz, © AP-T(M). 
JK 


The differential of @ can be computed as: 


OQ],K = i= 
deo = SOD pg HAA de, Ao dtiy Ade A. EE, 
l J,K 


IOEK 4. Z = 
+ Dag, FA dei A. -dey, Ades, A... ap, 
1 J,K 


and as a consequence, we see that if an almost complex manifold is complex, 
thend=0+0. 


4.1.4 Integrability of almost complex manifolds 


Of course, the first question to ask about almost complex manifolds is how 
to know if they are complex. From Subsection 4.1.3, we know that the 
equality between d and the sum @ + @ is a necessary condition for having 
a complex structure which induces (M,/J). But is this condition sufficient 
to guarantee the existence of an inducing complex structure? This leads to 
the next definition and the subsequent fundamental theorem of complex 
manifold theory. 


Definition 4.11 An almost complex manifold, (M,J), is integrable if 
d=0+09. 


Theorem 4.12 An almost complex manifold is complex if and only if it is 
integrable. 


We simply mention that the real analytic case is due to Ehresmann [78] 
(also see Eckmann and Frolicher [76]), and the smooth case to Newlander 
and Nirenberg [208]. Since A? is generated by A%°, Ab° and A%!, 
Theorem 4.12 also takes the following form. 
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Corollary 4.13 An almost complex manifold (M,]) is complex if and only 
if d AP-4 Cc AP+1.4 4 API+1, This is equivalent to 


dA! c Abt 4 A and dA ¢ A»° + Alt, 


Note the existence of equivalent criteria (see [155, Theorem 2.8 of 
Chapter IX]) such as: 


¢ T1-9 is stable under the Jacobi bracket (or the same requirement for T°'); 
¢ the vanishing of the Nijenhuis tensor defined by 


N(U, V) =2(JU,JV] —[U, V] —J[U,JV] —JUU, V)), 
where U and V are any tangent vector fields. 


In the case of an integrable manifold, the equalities d = +8 and d* = 0 
imply a7 = a = 994 00= 0.1K particular, @ is a differential which allows 
the definition of cohomology groups. 


Definition 4.14 (Definition of Dolbeault Cohomology) If (M, ]) is an inte- 
grable almost complex manifold (i.e. induced from a complex manifold), 
the complex (A?1(M), 9) is called the Dolbeault complex of (M,/). Its 
cohomology is denoted by et and called the Dolbeault cohomology 


of (M, J). 


Definition 4.15 A holomorphic form is a form w such that w € A”: and 
dw = 0. Such a form gives a Dolbeault cohomology class in fe 


If f: M > N isa holomorphic map between complex manifolds, then the 
derivative map f, respects the almost complex structure, see Proposition 4.4. 
Dually, on forms we have: f*A?4(N) Cc A?4(M) and 00 f* = f*o 9. 
Therefore a holomorphic map f induces a homomorphism between the 
Dolbeault cohomology groups. 


Example 4.16 (Nilmanifolds) An almost complex structure J] may be 
defined on a nilmanifold by first defining it on the Lie algebra of the associ- 
ated nilpotent Lie group (see [134]). For instance, consider the Lie algebra 
n of dimension 2m + 2 having basis {X1,...; Xm, Y1,.--5 Yn, Z, W} with 
bracket structure given by [X;, Yj] = —Z for alli = 1,..., and all other 
brackets zero. Let 


This defines a left invariant almost complex structure on the nilpotent Lie 
group associated to n which then descends to the nilmanifold level. The 
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Nijenhuis tensor of the almost complex structure is then 
N(U, V) =2((JU,JV] — [U, V] — JtU,JV] —JUJU, Vi) 


and this is easily computed to be zero for X, Y,Z, W. Hence, by The- 
orem 4.12 and the discussion above, the almost complex structure J is 
integrable and the nilmanifold has the structure of a complex manifold. 
Note that in case m = 1 we get the Kodaira-Thurston manifold (which is 
symplectic as we will see later). 


Remark 4.17 Let’s return now to the examples S? and S® developed in 
Example 4.9. While the Riemann sphere S* = CP(1) is manifestly a com- 
plex manifold, in [79], Ehresmann and Liebermann show that the almost 
complex structure on S$° induced by Cayley number multiplication is not 
integrable, see also [102] and [34]. More generally, in [49], Calabi proves 
the nonintegrability of all the almost complex manifold structures on closed 
hypersurfaces of R’ which are obtained from Cayley multiplication. By 
contrast, there exist open hypersurfaces of R’ which are integrable, see 
[49, Theorem 6]. Finally, we note that it is still unknown whether S° has a 
complex manifold structure. 


Remark 4.18 In [78], Ehresmann proves that the Stiefel-Whitney char- 
acteristic 3-class is an obstruction to the existence of an almost complex 
structure. This can be seen as follows. The existence of an almost com- 
plex structure on a manifold M?*” gives a lifting of the classifying map of 
the tangent bundle (i.e. a reduction of the structure group from O(27) to 
U(n) Cc O2n)), 


BU(n) 
M — BO(2n) 


Since the cohomology of BU(7) is evenly graded for all coefficients (see 
Corollary 1.86 for the particular case of coefficients in Q), all odd 
dimensional Stiefel-Whitney classes of M must vanish. 


4.2 Kahler manifolds 


4.2.1. Definitions and properties 


Definition 4.19 A hermitian metric on an almost complex manifold (M, J) 
is a Riemannian metric, h, invariant with respect to the complex structure; 


4.2 Kahler manifolds 
that is, 
b(JX, JY) = B(X, Y). 


A hermitian metric defines a hermitian inner product on T,(M) with 
respect to the complex structure defined by J,. As a consequence of 
Remark 4.105, hermitian metrics on (M,J) always exist if M is para- 
compact. 


Definition 4.20 Let (M, J) be an almost complex manifold endowed with 
a hermitian metric hb. The fundamental 2-form w on (M, J), associated to h, 


is defined by: 
w(X, Y) = h(X, JY). 


The fundamental 2-form @ is a real differential form of degree 2. Consid- 
ered as a form with values in C, we have w € A!!(M), see Subsection 4.7.3. 
From the nondegeneracy of the metric 4, we see that w is of rank 2” and 
that w” is a volume form on M. Therefore, any almost complex manifold 
M is orientable as a smooth manifold. 


Definition 4.21 The metric h is said to be Kahler if the associated funda- 
mental 2-form w is closed for the de Rham differential, dw = 0. A Kahler 
manifold is a complex manifold admitting a Kabler metric. The fundamental 
2-form associated to a Kahler metric is called a Kahler form. 


We can see directly from the definition that C” is Kahler and that the prod- 
uct of two Kahler manifolds is Kahler. Also, if N is a complex submanifold 
of a Kahler manifold M (i.e. the canonical injection is holomorphic), then N 
is also Kahler. Let’s now give some examples of compact Kahler manifolds, 
see [155, pages 159-165] for details. 


Example 4.22 (1) A compact Riemann surface M is Kahler since doa is in 
A}p(M) = 0. 

(2) Any complex Grassmann manifold is Kahler. In particular, any com- 
plex projective space is Kahler. Furthermore, because the Kahler form of 
CP(n) pulls back via the inclusion of a smooth projective variety, we see 
that any such variety is Kahler. 

(3) The complex tori are Kahler. 


In Subsection 4.2.3, we will give some necessary conditions for the exis- 
tence of a Kahler metric on a compact complex manifold. As a consequence, 
we will be able to identify certain complex manifolds as ones without Kahler 
structures. 
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Suppose now that M is a compact complex manifold. From a hermi- 
tian metric / on M, one can define as usual a star operator, *, which 
gives Laplace operators Ay, Ag, Az for the respective differentials d, 0, 
0. Let’s recall briefly how these Laplace operators are constructed (also see 
Section A.4 of Appendix A). The star operator *: A?7 > A”-P"~4 sends 
n= Vr My GAG] to *n = 2Perq—n ey ELM PI \ Pp, where I° and ]° 
are the complements of I and J and ¢7, is the sign of the permutation 


. ae - 0 0 0 0 
(1,...,7,1,...,7) b> (15+ ++5bpof1y+++sfqob{s+++9tn—polis+++9In—q)> 


see [264, page 161] for more details. We now define three operators, d*, 
a* and 0. by d* = «dx: A” > A”~!, a* = «0%: APY + AP-14 and 
d= *d*: APT > API-!, The sbGaied Laplace operators are Ay = 
dd*+d*d, Ag =90*+9*a and Ag =39" +0 9. 

Let 5 be any one of the differentials d, 0 or 0. The harmonic forms for the 
Laplace operator As are Hi "7 — (Ker As) 0 A?-7 and there exists a Green’s 
operator, G3, uniquely determined by G; CHE) = 0, Id = H; + Az Gs, 
5 Gs = Gs 6 and 5* Gs = G; 8*, (see [264, page 147] or [115, page 84] for 
more details). These Laplace operators lead to a characterization of Kahler 
manifolds. 


Theorem 4.23 ([71, Section 5]) Let M be a compact complex manifold. 
Then M is Kahler if and only if either of the following equivalent properties 
is satisfied: 


1. parallel transport preserves the almost complex structure; 
2. the different Laplace operators coincide, Ag = 2 Aj = 2 Az. 


We do not give the proof here and instead refer the reader to [71]. 
Recall also that certain commutation relations hold in a Kahler manifold. 
For instance, we will often use [d,3*] = [0,9 ] = 0, (see [71] or [264, 
page 193]). The next result is a key tool for the study of compact Kahler 
manifolds. 


Lemma 4.24 (0 d-lemma) Let M be a compact Kabler manifold and let 
a € A°(M) such that da = da = 0. 


1. Ifa = dy for some y, then there exists B such that a = 4 A(B). 
2. Ifa = dy for some y, then there exists B such that a = 0 0(B). 


Proof We prove the first assertion, the argument for the second one being 
similar. Let a be as in the statement. The relation Id = Hs + As Gs implies 
a = Hz(a) +99 G5(a) = H(a) + 09* Go(a). Since w = dy, the a- 
cohomology class associated to a is trivial and, therefore, Ha(a~) = 0. 
Since the manifold M is Kahler, the equality Ag = Az of the two Laplace 
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operators implies H5(a) = 0 and a = 99 Gz(a). Therefore, one has 
a = 00* Ga(a) 
= 0* Ga(99 G5(a)) 
= 08*9Ga(d G5(a)) 
= —I9(d* Gad Gy(a))), 


by using the relation [0,d*] = 0. It is then sufficient to set B = 
~a* Ga(d" G5(a)). 


4.2.2 Examples: Calabi-Eckmann manifolds 


Now let’s enlarge our herbarium of complex manifolds and then, in the next 
sections, test their Kahlerness, see Remark 4.73. For instance, the product 
$?P+1 x $1 admits a complex manifold structure which is called a Hopf 
manifold, see [143] and Example 4.30. As with some other classical con- 
structions of complex manifolds, these structures appear as the result of 
a general process involving a principal bundle. We describe this general 
process in this section and give some examples of this situation. This con- 
struction will be explicitly used in Section 4.3.4 for the determination of a 
Dolbeault model of these manifolds. 


Proposition 4.25 Let G——+E mae: be a principal fiber bundle. Suppose 
that B is an almost complex manifold and G a Lie group of even real 
dimension. Then there exist almost complex structures on E which are 
liftings of the structure on B. 


Proof Denote by J: T(B) — T(B) the structure map on the tangent 
space of B. Since the induced map f,: T(E) — T(B) is surjective, we 
have a bundle defined by V = Kerf, which is called the vertical sub- 
bundle. In the case of a principal bundle, this vertical sub-bundle is trivial 
[113, page 236]. On the other hand, we can choose a connection in the prin- 
cipal fiber bundle that induces a decomposition of the tangent bundle T(E) 
as T(E) = He@® Ve. The map f,.: T(E) > T(B) restricts to a bundle isomor- 


phism, Hz —> T(B). We now build the complex structure J on the tangent 
bundle T(E) as follows: 
¢ on the horizontal sub-bundle, J] comes from a transfer of the structure on 


B through the isomorphism Hg 5 T(B); 
* since the vertical sub-bundle V is trivial, any complex structure on 


T.(G) fits. 
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The next result provides an explicit way for obtaining integrable almost 
complex structures on the total space of a T?”-principal bundle. 


Proposition 4.26 Let T?” be an even dimensional torus and let 


qn sp toR be a principal bundle endowed with a connection @ € 
App (E; R*”"). We suppose that B is a complex manifold and that the cur- 
vature w € Ane (B; IR”) of the connection form has a complexification of 
bidegree (1,1). Then there exists a complex manifold structure on E and 
the principal bundle f is holomorphic. 


Proof We write the proof in the case T = S! x S!, the general case being 
similar. On T(x, (S IS = T.SHe Ty(S 1), we define a complex structure 
by J(a,0) = (0,4) and J(0,b) = (—b,0). With the process described in 
Proposition 4.25, we get an almost complex structure on the total space E. 

Let (A°(E), d) be the complex de Rham algebra of E. Its subspace of 
forms of degree one is generated by f* (A‘(B)!), @1 and @2, where @; and 
@2 are the components of @ € Ajj, (E; R*). Note that @2 = Jé1. Recall 
from Subsection 4.1.3 that this de Rham algebra has a bigradation. On 
fF (A‘(B)'), the differential d is of the form 4 + 0 because B is complex. 
From basic linear algebra (see Section 4.7), we see that the elements @1 —i @ 
and @1 +i @ are of bidegree (1, 0) and (0, 1) respectively. Since do = f* (a), 
we therefore have d (| —i@2) € A‘!(E) and d(@, +id@) € A'!(E). 
The integrability of the almost complex structure is now a consequence of 
Corollary 4.13. 


Definition 4.27 With the complex structure of Proposition 4.26, the total 
space E is called a Calabi-Eckmann manifold. 


We now want to create concrete examples of principal bundles as in 
Proposition 4.26. Recall (see [264, Chapter VI]) that a Hodge manifold B 
is a Kahler manifold such that the cohomology class induced by the Kahler 
form w € Al! (B) is in the image of H*(B;Z) > H*(B;R) > H*(B;C). 
We still denote the class by [w] € H*(B; Z) or [w] € H*(B;R). Because 
H?(B; Z) = [B, BS'], we thus have a principal bundle 


si —> E——_ +B 
whose Euler class is [w] € H*(B;R), see Remark 1.88. This implies the 


existence of a form @ € Ahp(E) such that d@ = f*(w) and § o= 1, 
Sl 


where § denotes integration along the fiber. The form @ is a connection 


si 
for the principal bundle f and @ is its curvature. The next result, which 
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considers a product of two bundles of this type, is a direct consequence of 
Proposition 4.26. 


Corollary 4.28 Let B and B’ be two Hodge manifolds with respective Kahler 
forms w and ow’. In the product of bundles 


v 


S! x SL—+E x E’/—=B x B’, 
the total space E x E! admits a complex manifold structure. 


Observe also that, as in Example 2.72, we can construct a relative model 
of the fibration f by 


y: (Apr(B) @ A@, d) —Apr(E), 


with d(é @ 1) = dg(é) @ 1, d1 @ 6) = © @1, g(E @1) = f*(E) and 
g1@0)=6. 


Remark 4.29 Let F > E > B bea holomorphic bundle where 2 (B) acts 
trivially on H!(F). Blanchard [29] proved that the complex manifold E is 
Kahler if and only if 


e there exists a Kahler form on F which represents a cohomology class 
invariant with respect to the action of 71 (B); 

e the manifold B is Kahler; 

¢ the transgression H!(F) > H?(B) is zero (i.e. the Betti numbers satisfy 
bi (E) = bi (F) + 6 (B)). 


In the previous construction, the transgression H 1(F) + H?(B) is never 
zero, so these Calabi-Eckmann manifolds cannot be Kahler. We will come 
back to this point when we discuss the Frélicher spectral sequence in 
Remark 4.73. 


Example 4.30 (Hopf manifold) If we apply the construction above to 
complex projective spaces, we obtain a principal bundle 


S! x §1—+ get] x §2m+1—_+CP(n) x CP(m), 


whose total space we denote by Myjy. An application of Corollary 4.28 
implies that $?”+1 x §?”+! has the structure of a complex manifold. In 
the case n = 0 and m = 1, this is the Hopf surface, see [143] or 
[264, page 200]. 


Example 4.31 (Kodaira—Thurston manifold) KT is the manifold obtained 
as the quotient R*+/T of R* by the discrete affine group generated by unit 
translations along the x1, x2, x3 axes together with the transformation 
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(%1,%2,X3,X4) F> (x1 + x2,%2,%3,x4 + 1). The manifold KT can also be 
expressed as a principal bundle 


5! x §! _+KT——~S$! x §! 


and therefore admits the structure of a complex manifold. In fact, KT is 
the product of the Heisenberg manifold (see Section 3.2, Example 3.23 
and Example 4.92) with a circle. A minimal model of KT is given by 
(A(u,v,y, t), ad), with all generators of degree 1 and the differential given 
by du = dy = dt = 0, dv = uy. Clearly, we see from this model that 
H!'(A(u,v, y,t),d) is of dimension 3. Now see Example 4.34. 


Example 4.32 Let T be a maximal torus of a Lie group G. The quotient 
G/T is a Kahler manifold, [34] and, if G is an even dimensional, compact 
connected Lie group, we have a principal fibration T——+G—+G/T 
which fits the requirements of Proposition 4.26. We thus re-discover an 
observation of Samelson: any even dimensional, compact connected Lie 
group G admits the structure of a complex manifold. Moreover, left (or 
right) translations are holomorphic but note that this does not imply that 
G is a complex Lie group. 


4.2.3. Topology of compact Kahler manifolds 


The existence of a Kahler metric on a compact manifold M imposes strong 
constraints on the homotopy type of M. Here we give the most important 
ones witha particular emphasis on rational homotopy constraints. We begin 
with the vector space of homology. 


Proposition 4.33 Let M be a compact Kahler manifold. 


¢ The even Betti numbers of M are nonzero. 
¢ The odd Betti numbers of M are even. 


Proof Because the Kahler form w gives a volume form w” representing the 
fundamental cohomology class, all wedge products w/, j < n represent non- 
trivial cohomology classes. Hence, any even Betti number must be nonzero. 

Recall, from Theorem 4.23, that we have an equality between Laplace 
operators: Ag = 2Az = 2A 9. Therefore, we have the following 
properties. 


¢ Aj respects the bidegree. This implies H’(M; C) = ®p4g=,H?4(M). 

¢ Ag and Asare real operators. This implies H?4(M) ~ H4?(M). (Remem- 
ber that complex conjugation gives an isomorphism between the spaces 
of (p,q) and (q, p) forms, see Subsection 4.7.2.) 
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From these two observations, we obtain 


: 
dim H?"*"(M;C) = 2 |) dim H??r+?-?(M) 
p=0 


and we see that odd Betti numbers are even. 


Example 4.34 From the first property, we see that the complex manifolds 
ser+l x §2™+1 constructed in Example 4.30 are not Kahler. Using the sec- 
ond property, we see that the Kodaira—Thurston manifold, KT, presented 
in Example 4.31 is not Kahler. (Again we note that KT is a symplectic 
manifold, so it is symplectic non-Kahler. We will come back to this in 
Section 4.5.) 


Now consider the algebra of cohomology. 


Theorem 4.35 (Hard Lefschetz theorem) Let M be a compact Kabler 
manifold of real dimension 2n. Then, the Lefschetz map, defined by 


L* : H"-*(M;C) —> H"+*(M; ©), 
n b> ok AN 
is an isomorphism for all k => 0, where w denotes the Kahler form of M as 
well as its associated cohomology class. 


An algebra H is said to have the hard Lefschetz property if it satisfies the 
condition of Theorem 4.35 for an element w € H*; namely, multiplication 
by w* induces isomorphisms H”~* — H”* for each k. (This entails the fact 
that w” is in the top degree of the algebra.) Theorem 4.35 is a consequence of 
properties of representations of s/(2,C) and the proof is beyond the scope 
of this book. We refer the reader to [115, page 122], [264, Chapter 5]. 
This result imposes strict restrictions on the cohomology algebra as shown 
by the 


Theorem 4.36 (Blanchard [29]) Let M be a compact manifold whose coho- 
mology algebra satisfies the hard Lefschetz property. If 0 is a derivation of 
negative degree on H*(M;C) such that the restriction of 0 to H!(M;C) is 
zero, then 6(x) = 0 for any x € H*(M;C). 


Proof Let w € H?*(M;C) be the class for which the hard Lefschetz 
property holds and let 6 be an algebra derivation of negative degree on 
H*(M; C). Recall that w” is fundamental cohomology class of M and denote 
H*(M;(C) by H*. 
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We first claim that 6(@) = 0. If not, we have two possibilities: 


+1 


6 is a derivation of degree —2 with 0(w) = A € C. From wt" = 0, we 
obtain 0 = 6(@"t!) = (n+ 1)Aw"”, which implies A = 0. 

° @ is a derivation of degree —1 with 0(w) = a € H'(M;C). Let (aj) 

be a basis of H!(M;C). From aj@” = 0 and the hypothesis that the 

restriction of @ to H!(M;C) is zero, we obtain O(ajw") = nova" 1 = 0, 

and therefore w has cup-product 0 with any ajw”~!. Now we know that 

(ajo) is a basis of H*”~! by the hard Lefschetz property, so Poincaré 


duality implies a = 0. 


Now let r be the integer such that 6 = 0 on H=" and @(x) 4 0 for some 
x € H'+!, ~ < 2n. We claim first that 6 is zero on H=*”~". If y € H?”-? 
with 2n — p > 2n —,1, then, by hypothesis, there exists z ¢ H? such that 
y = zo" ?, The claim results from 0(y) = 0(z)w" ? + z0(@" ?) = 0 by the 
choice of r and 6(w) = 0. 

Denote by —s the degree of 6, so 6(x) € H’t!-s, Let z ¢ H2”-7- 15, 
From xz = 0, we deduce 6(xz) = 0(x)z = 0. Since this is true for any z, we 
have 6(x) = 0 by Poincaré duality. 


Remark 4.37 The hard Lefschetz property by itself implies that odd degree 
Betti numbers are even (see Exercise 4.3), so the results of Proposi- 
tion 4.33 hold for the manifolds in Theorem 4.36 as well as for Kahler 
manifolds. 


Theorem 4.36 is related to the collapsing of spectral sequences. Before 
we see this, recall the following. 


f 
Definition 4.38 The fibration F——»>E——>B is called orientable if the 
fundamental group 11(B) acts trivially on the cohomology H*(F; Q). 


f 
Definition 4.39 An orientable fibration F—+E——=B is called TNCZ 
(for totally non-cohomologous to zero) if one of the following equivalent 
conditions is satisfied. 


1. The Serre spectral sequence of f collapses at level 2. This means there is 
an isomorphism of vector spaces: 


HEQ= BD Et= | H?B;Q @ HF; Q. 


p+q=n ptq=n 
2. The induced map H*(t;Q): H*(E; Q) > H*(F; Q) is surjective. 


Observe that 
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there are obviously fibrations which are not TNCZ, such as, for instance, 
the Hopf fibration $3 —_>§” —=57'; 

¢ by combining Theorem 2.71 and Theorem B.18, we see that the universal 
bundle G/H——+>BH——+BG is TNCZ if H is a closed subgroup of 
maximal rank of a compact connected Lie group G; 

some authors use the term c-split to mean TNCZ. 


f 
Proposition 4.40 Let F——>E——~B be an orientable fibration satisfying 
the following properties: 


¢ the vector space H*(F; Q) is finite in each dimension; 

° any derivation 0 of negative degree on the algebra H*(F;Q) whose 
restriction to H!(F;Q) vanishes, is identically zero; 

° the transgression H!(F;Q) > H?(B;Q) is zero. 


Then the fibration f : E > B is TNCZ. 


Proof If the fibration is not TNCZ, there is an integer k > 2 such that 
d,: H’(B;Q) @H'(F;Q) > H+*(B; Q) @H'-**1(F; Q) is the first nonzero 
differential in the Serre spectral sequence. The fact that d, is zero on 
HS(B;Q) @ 1 implies the existence of an algebra generator x € H’(F;Q) 
with d,(1 @ x) & 0. Let (w;) be a basis of HS+*(B;Q). We decompose 
dp1@x)= par w; ® 6;(x) and extend the 6; to all of H*(F;Q) as algebra 
derivations. Observe first that the 6; are of negative degree by construction. 
Now, if x € H!(F;Q), then we can only have 6j(x) # 0 if k = 2. In this 
case, d2(1 ® x) is precisely the transgression of x and we have assumed 
that it vanishes. Therefore, by hypothesis, the 6; are zero and we get a 
contradiction. 


Theorem 4.36 and Proposition 4.40 immediately imply the next result 
due to Blanchard. 


f 
Corollary 4.41 ([29, Théoréme II.1.2.]) Let F——»+E——>B be an 
orientable fibration such that the fiber F is a compact connected manifold 


whose cohomology satisfies the hard Lefschetz property. If the transgression 
H!'(F;Q) > H?(B;Q) vanishes, then the fibration f : E > B is TNCZ. 


Remark 4.42 In [188], D. McDuff constructed a blow-up of CP(5) along an 
embedding of the Kodaira-Thurston manifold KT <> CP(5). This gave the 
first known example of a compact simply connected symplectic non-Kahler 
manifold. More generally, if CP(”) is blown up along a submanifold M, 
then McDuff proved that if the hard Lefschetz property fails for M, it also 
fails for the blow-up (see [188, Proposition 2.5] or [257, Chapter 4] for 
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details). More recently, G. Cavalcanti [52] has made a systematic study of 
the behavior of the hard Lefschetz property under taking blow-ups and, in 
particular, has shown that there are compact simply connected symplectic 
manifolds (created as blow-ups) which satisfy Hard Lefschetz, but which 
are nonformal. 


We now turn to the impact on the de Rham algebra Apr(M) of a Kahler 
structure on M. First recall that we have a form w € A‘, (M) whose power 
w" is a volume form. This gives M a symplectic structure and we will dis- 
cuss this in Section 4.5. Secondly, we have the following constraint on the 
rational homotopy type of M. 


Theorem 4.43 ([71, Section 5]) Any compact Kahler manifold is a formal 
space. 


Proof Recall that in any complex manifold M the complex valued de Rham 
algebra, (A**(M), d), is bigraded and that the d, d and 0 are differentials, 
related by d = 8+4 such that 97 = a = 90+9 = 0. We denote by Z3*(M) 
and H,,”*(M) the space of cocycles and the cohomology with respect to the 
differential 9. We put the differential induced by 0 on Z;"(M) and H;”(M) 
and consider the following diagram of cdga’s: 


= = 
(H;(M), 3)<_(Z*(M), 0) > (A**(M), d). 


The proof follows from the next steps, each of which uses the 0d-lemma 
stated in Lemma 4.24. 


* H(j) is onto. If [a] € H(A(M),d), we have d(da) = 0, d(da) = A(da — 
da) = F(a) = 0. Then there exists 6 such that da = 00f. Set y = 
a — dB, one has dy = da — 0dB = da — 008 = 0 and dy = da — dB = 
—da — 008 = —(da — 00f) = 0. Therefore, y is a 0-cocycle and induces 
a 0-cohomology class such that H(/)([y]) = [a]. 

¢ H(j) is injective. Let a € Zg(M) such that a = df. From 4(08) = 0 and 

a(aB) = —9(0B) = —d(dB—dB) = —da = 0, we deduce the existence of y 

such that 06 = ddy = —ddy. Thusa = 96 +06 = —ddy+dB = A(B—dy) 

is a 0-coboundary. 

The induced differential by 0 on Ha(M) is zero. Let a be such that da = 0. 

From 0(da@) = 0 and 4(da@) = —d(da) = 0, we deduce the existence of y 

such that da = ddy = —ddy. Therefore da is in the image of 4 and this 

implies that [da] is 0 in Ha(M). 

¢ H(p) is onto. Let a be such that da = 0. From 0(da) = 0 and d(da) = 
—8(da) = 0, we deduce the existence of 6 such that da = df. If we set 
y =a — 0B, we have dy = dy = 0 and H(p)[y] = [al]. 
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¢ H(p) is injective. Let a be such that 9a = da = 0 and a = Of. Then there 
exists y such that a = ddy = —ddy and [a] is zero in H(Za, a). 


These steps show that (Aj3,(M),d) is linked by quasi-isomorphisms to 
a cdga with differential zero, (H;”*(M),0) and this is the definition of 
formality; see Definition 2.85 and Remark 2.86. Observe also, from 
Proposition 2.101 that formality over C implies formality over Q. 


Corollary 4.44 Except for tori, nilmanifolds are never Kahler manifolds. 


Proof This is a immediate consequence of Theorem 4.43 and Proposi- 
tion 3.20. 


In [64], [96], Cordero, Fernandez and Gray showed the existence of 
Massey products in the cohomology of certain nilmanifolds. Hasegawa 
[134] proved that non-toral nilmanifolds are not formal directly (see 
Proposition 3.20) and discussed almost complex structures on them. In 
[25], C. Benson and C. Gordon used the hard Lefschetz theorem to 
prove that nontoral nilmanifolds cannot satisfy even that condition (see 
Theorem 4.98). 


Example 4.45 The space CP*# (S° x S°) # (SS x S°) has the following 
properties: 


* itis a formal space; 

¢ its cohomology algebra satisfies Poincaré duality and the odd Betti 
numbers are even; 

e there exists a closed form of degree 2, w, such that w* induces a 
fundamental class; 

¢ it does not satisfy the hard Lefschetz theorem. 


Example 4.46 There exist examples of nonformal spaces such that their 
cohomology satisfies Poincaré duality and the hard Lefschetz theorem, 
[177]. For instance, take spaces with the same cohomology algebra as 


{ {| CPcavetcs? x $y} x $7} #18? x S9)] x 5%, 
but with a different rational homotopy type. 


Remark 4.47 Theorem 4.43 implies the vanishing of Massey products with 
coefficients in R. The analogous result is not true with coefficients in Zp, as 
shown by an example of T. Ekedahl in [80]. 


Remark 4.48 If G is a finite group acting holomorphically on a Kahler 
manifold (with nonempty, connected and simply connected fixed point 
sets), there is a notion of equivariant formality. One can prove that 
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a compact G-Kahler manifold is equivariantly formal. This is due to 
T. Lambre [163] in the case G = Zy and to B. Fine and G. Triantafillou 
[98] in the general case. 


The purpose of the next conjecture, due to S. Halperin, is to put conditions 
ona space F such that any orientable fibration with fiber F is TNCZ. Before 
stating the conjecture, recall from Definition 2.73 that a rationally elliptic 
space X is a nilpotent space with finite dimensional rational cohomology 
such that }),.5 rank zp(X) < oo. Such spaces are known to have non- 
negative Euler characteristics and their rational cohomology algebras satisfy 
Poincaré duality. Moreover, for such spaces, the following conditions are 
equivalent (see Theorem B.18 and [87, Proposition 32.10)]). 


¢ The Euler characteristic is positive; that is, x(X) > 0. 

¢ The rational cohomology is evenly graded; that is, H7?+!(X;Q) = 0. 

¢ The homotopy Euler characteristic is zero; that is, )> q=0 rank 12q(X) = 
aE, rank 72q+1(X). 


Conjecture 4.49 (The Halperin conjecture) Let X be a simply connected 
rationally elliptic space with positive Euler characteristic. Then, any 
orientable fibration whose fiber is X is TNCZ. 


From Proposition 4.40, it is easy to see that Conjecture 4.49 is equiva- 
lent to the nonexistence of negative derivations on the cohomology of X. 
Theorem 4.36 of Blanchard thus implies that the Halperin conjecture is 
true if X is a compact simply connected Kahler manifold. Shiga and Tezuka 
have also proved the conjecture for the quotient of a compact connected 
Lie group by a closed subgroup of maximal rank by using the action of the 
Weyl group on the cohomology as in Subsection 3.3.2 (see [237]]). 

We will not go further into this topic, but instead refer the reader to [86, 
page 516] for a more complete list of references, see also Section 9.7. We 
simply mention one tantalizing link to geometry. Let H denote the class of 
simply connected, finite CW-complexes whose rational cohomology has no 
nonzero derivations of negative degree. In [23] (see Chapter 6, in particular 
Theorem 6.40), Belegradek and Kapovitch relate H to concrete proper- 
ties of curvature. They also motivate the question of whether an extension 
of the Shiga-Tezuka result to the class of biquotients is possible, see 
[23, Section 13.2]. 


4.3 The Dolbeault model of a complex manifold 


Let M be a complex manifold. Recall that the de Rham algebra of complex- 
valued smooth forms on M admits a bigradation, Af,p(M) = ®p,qA?1(M), 
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and that there exist two differentials, 0: A?7(M) — A?t14(M) and 
a: AP-4(M) — A?I+1(M). In this section, we study the Dolbeault com- 
plex (A**(M), 0) and its relation with the de Rham complex (A**(M), d) 
when M is Kahler. 


4.3.1 Definition and existence 


If V = @p,qV"4 is a bigraded vector space, the expression degree of an 
element v € V®-4 will always mean the total degree p+q. When we consider 
the commutative free graded algebra on V, we will refer also to the total 
degree of V: 


v-@v'-@( @ 


n pt+q=n 


The bigradation on V is naturally extended as a bigradation of algebras on 
AV. The homogeneous elements of bidegree (p, q) are the w = )) aj, ... wi, 
such that @j, ¢ Vr with p = YY) pj and q = D741 qj. 


Theorem 4.50 ([207]) Let M be a complex manifold with no nonconstant 
holomorphic functions (e.g. a connected compact complex manifold). Then 
there exists a model of the Dolbeault complex, provided with a bigradation, 


p: (AV; 0) ny (As, 3) : 
such that o(V?1) C AP-4 and 3 V4 Cc (AV)PIt!, 


We will give a proof in a more general setting (see Theorem 4.53), but, 
before that, Theorem 4.50 elicits the next notion of formality. 


Definition 4.51 A complex manifold M is Dolbeault formal if there exist 
two morphisms of differential graded algebras w and wy, 


yk y = =f 
(H2*(M), 0)<— (A v**, 3) —>(A**(M), 9), 


such that » and w are of bidegree (0,0) and induce isomorphisms in 
cohomology. 


The hypothesis on holomorphic functions assumed in Theorem 4.50 cor- 
responds to the cohomological connectedness required for the construction 
of a minimal model (see Theorem 2.24). This theorem is a particular case 
of a model for a bigraded object. We briefly discuss this framework since it 
gives a unified point of view for various situations. 
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Definition 4.52 Letr > 0 be fixed. An r-bigraded cdga (A, d) is a pair (A, d) 
consisting of an algebra A and a differential d satisfying: 


°A=@, 74°49 forp ¢ Z, qe Z, 

© APT APT C Ath at, 

© xy = (-1L)OtDO4+ yx and d(xy) = (dx)y + (-1)P*4x(dy) if x © APA 
and y € AP, 

© dAPd c APtra—rt1, 


A morphism of r-bigraded cdga’s is a morphism of cdga’s of bidegree (0, 0). 


Theorem 4.53 Let f: (A,d) > (A’,d’) be a morphism of r-bigraded cdga’s 
with H'(f) injective. Then there exists a factorization of f into r-bigraded 
morphisms 


(A, d)\—+(A ® AZ, 8) —+(A',d’) 


where ~ induces an isomorphism in cohomology and the differential 6, 
induced by & on the quotient of A ® AZ by the ideal generated by A, is 
decomposable. 


An absolute version of the result devolves to the particular case where 
the domain (A, d) is the field of reference with trivial differential and trivial 
bigradation. 


Proof The construction of the minimal model in Chapter 2 (see Theo- 
rem 2.24) is done in two stages: a cokernel stage which introduces a new 
space of generators V; and a kernel stage introducing V2 as a space of new 
generators. To prove Theorem 4.53, we mimic this approach with regard 
to the total degree by giving the following bidegree to the generators: 


Dp.4 =: os Dp. 
vit = (Coker i) and vs BETS pe (Ker H"*') : 


The remainder of the proof is straightforward. 


Definition 4.54 A decomposition as in Theorem 4.53 is called a relative 
minimal r-bigraded model of f or an r-bigraded minimal model of (A’, d’) 
in the absolute case. 


The r-bigraded cdga’s arise naturally. 
¢ The bigraded model (see Theorem 2.93) is a 1-bigraded model of (H, 0) 


where the elements of (A V)p are of bidegree (—p,” + p). 


° The differential of the Dolbeault cdga verifies 0A?.7 Cc A?P-4+1, so this is 
a 0-bigraded cdga. 
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More generally any r-stage of a spectral sequence of a filtered cdga 
is an r-bigraded cdga, see Appendix B. Let’s now recall this notion of 
filtered cdga. 


Definition 4.55 A filtered cdga (A,d,F) is a cdga (A,d) together with a 
filtration FA on A such that: 


° FP+1A C FPA; FPA.FIA C FOTIA, dFPA C FPA; 
° for any integer n, there exists an integer p(n) such that F?™ A” = {0}. 


A morphism of filtered cdga’s is a morphism of cdga’s that respects the 
filtrations. 


To any r-bigraded cdga (B,d), we associate a filtered cdga (B,d, F) by 
FB = Bj>pB"*. Reciprocally, if f: (A,d,F) > (A’,d’, F) is a morphism 
of filtered cdga’s, we denote by E,(f): (E?7(A), d;) > (EP4(A’), d’) the 
induced morphism between the associated spectral sequences. This mor- 
phism E,(f) is a morphism of r-bigraded cdga’s for any r > 0. The surprise 
is that we can get a model of the filtered algebra built from a model of its 
r-stage as we describe now. 


Theorem 4.56 ([133]) Let f: (A,d,F) — (A’,d',F) be a morphism of 


filtered cdga’s and r > 0 be an integer. We consider a relative r-bigraded 
model of E,(f), 


(E,(A), dj) —>(E,(A) @ AV, D,) ~~ (E;(A!), d). 


Then there exists a factorization of f into morphisms of filtered cdga’s 


v 
(A, d, 7) + (A ® AV, D, F) + (A’, d'", F) 
such that E,(w) = 9. 


An absolute version of this result also devolves to the particular case 
where the domain (A,d, F) is the field of reference with trivial differential 
and trivial filtration. 


Definition 4.57 A decomposition as in Theorem 4.56 is called a rel- 
ative r-filtered model of f or an r-filtered model of (A’,d',F) in the 
absolute case. 


Let (A, d) be a cdga and consider the filtration associated to the degree 
of A. Then the first stage of the associated spectral sequence is F,(f) = 
H(f). The relative 1-filtered model of f is exactly the filtered model of 
Definition 2.96. 
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The proof of Theorem 4.56 consists of a careful study of derivations in 
a spectral sequence. We refer the reader to [133] where the framework is 
more general than here. We will use Theorem 4.56 in: 


¢ Subsection 4.3.3 for the construction of a Dolbeault model of the total 
space of a holomorphic fibration, using the Borel spectral sequence, (see 
Proposition 4.62); 

¢ Section 4.4 for the study of the Frolicher spectral sequence (see 
Theorem 4.70). 


4.3.2 The Dolbeault model of a Kahler manifold 


For Kahler manifolds, Dolbeault models are directly related to de Rham 
models. To see this, we introduce a notion of formality well-suited to this 
situation. 


Definition 4.58 ([207]) A complex manifold M is strictly formal if, for some 
0-bigraded differential algebra (AZ**, 5), there exist quasi-isomorphisms of 
bidegree (0,0), 


~ ~ 


(AZ**, 5) 


: 


(H=*(M), 0), 


(A**(M), 9) (A**(M), d) 


linking together the de Rham algebra, the Dolbeault algebra and the 
Dolbeault cohomology. 


Observe that, if M is strictly formal, then M is de Rham formal and 
Dolbeault formal. Moreover, we have Hpr(M) = Hz(M). 


Theorem 4.59 ([207]) A compact Kahler manifold is strictly formal. 
Proof We show the existence of quasi-isomorphisms in the following 


diagram. 


op apt - G 
(A**(M), 0) <—— (Z,” (M), 0) ——> (A**(M), d) 


| 


(H;” (M), 0) 
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Here, Z5°1(M) is the subspace of A?7(M), consisting of the 4d-cocycles. 
From the proof of Theorem 4.43, we already know that H(j) and H(p) 
are isomorphisms, so let’s start here with H(w) using Lemma 4.24. 


¢ H(w) is onto. Let a € A?4(M) be such that da = 0. We denote the 
associated 9-cohomology class by [a]. With the 94-lemma applied to da, 
we obtain 6 such that da = 006. Thus, the d-cohomology class [a] in 
AP-4(M) is hit by the d-cohomology class associated to the d-cocycle a — 
df; that is, H(y)(la — 96) = [a]. 

°¢ H(wW) is injective. Let a € Z; (M) such that a = 0(f). We have to 
show that a is the coboundary of an element of Za. From the 3d-lemma 
applied to df, we get y such that 6 = 00y. The element 6 — dy belongs 
to Vit (M) and satisfies a = 0(6 — dy). Therefore the -class of a is zero 
in Z,” (M). 


Note that we have shown that H>*(M) = H,”"(M), so we can replace 
Ha” (M) in the diagram by H>” (M) to achieve strict formality. 


Example 4.60 By Theorem 4.59, since the manifold CP(~) is Kahler, its 
Dolbeault model coincides with the de Rham model except for the bigrada- 
tion. Recall, from Example 2.44, that the minimal model of CP(7) is given 
by (A(a, b), 9), ab = a"*!, da = 0. The element a, representing the Kahler 
form, must be of bidegree (1, 1). The bidegree of b must be chosen so that 
a is of bidegree (0,1). So b is of bidegree (7 + 1,7). 


4.3.3. The Borel spectral sequence 


In this section, we recall the Borel spectral sequence and how Borel used it 
to compute the Dolbeault cohomology of the Hopf manifold $! x $?”+1, 


Theorem 4.61 ([141, Appendix]) Let F > E > B be a holomorphic fiber 
bundle where E, B, F are connected and F is compact. Suppose that every 
connected component of the structure group acts trivially on H5(F). Then 
there exists a spectral sequence (E,,d,), r > 0, whose terms are trigraded 
by type (p,q) and the basic degree s such that: 


(EM, d1) = (x A’s#(B) @ Beran, I® : 


SEE = >> HB) Q ene, 


t 


which converges to Ho? (E). 
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For instance, if F is Kahler, then the spectral sequence exists, see [141, 
Remark 2.2 of the Appendix]. We now use Theorem 4.61 to get a Dolbeault 
model of the total space E of a holomorphic bundle. 


Proposition 4.62 Let a; eee be a holomorphic bundle between 
compact, connected, nilpotent complex manifolds, with fiber F a Kahler 
manifold and with a trivial action of the fundamental group of the base on 
the cohomology of the fiber. Then there exists a Dolbeault model of the 
total space 


vu = 
(AW @ AV, 5)—>(A** (E), 9), 
such that 


© (AW, 5) is a Dolbeault model of B; 
¢ with respect to the total degree, the quotient (AV, 4) of (AW @ AV, 6) by 
the ideal generated by \W is a model of (H*(F;C), 0). 


Proof Since the fiber F is a Kahler manifold, we have an isomorphism 
H;(F) = H*(F;C). Let (AV,5) be a 0-bigraded model of (H5(F), 0). 
Theorem 4.56 gives a Dolbeault model of E by perturbing a model 


~ 


(AW, 6) ® (AV, 5) (sE94, d1) 


of the E4-term of the Borel spectral sequence. This is the desired model. 


In the next section, we will give a more geometric argument, based on 
Chern—Weil theory, which is sufficient for most of our examples. Before 
that, we consider the Dolbeault model of the Hopf manifold. 


Example 4.63 (Dolbeault cohomology of S! x S?”*+!) Recall that there is a 
complex manifold structure on the product S! x $2”+! (see Example 4.30) 
such that 


S! x §1— +S! x g2"+1—+CP(n) 


is a principal holomorphic bundle. This complex manifold is called a Hopf 
manifold and is denoted by Mo,,. We now want to construct a Dolbeault 
model of it. 

Take a Dolbeault model of CP(n), (AQ, b),0), ab = a"*!, da = 0, with 
aand b of respective bidegrees (1,1) and (7+ 1,7), see Example 4.60. We 
give the fiber S! x S! the structure of a complex torus. Its Dolbeault model 
is (A(@, B), 3), O(a) = 0(B) = 0, with w and £ of respective bidegrees (0, 1) 


4.3 The Dolbeault model of a complex manifold 


and (1,0). A model of the (E1, d;)-term of the Borel spectral sequence is 
given by: 


(A(a, b), 3) @ (A(a, B), 8) = (AG, b, a, B), 9). 


From Proposition 4.62, we know that a model of the Dolbeault complex 
of the Hopf manifold is a bigraded differential algebra (A(a, b, a, B), 5). 
The differential 6 is related to 0 by 6 = 0 + t where 1 increases the basic 
degree and is of bidegree (0, 1); that is, t: mois > oa with s’ > s. The 
only possible choice is t(8) = Aa, where 4 € C. By modifying generators, 
we have, in fact, only two possibilities: 4 = 0 or 4 = 1. At this point, only 
a deeper analysis of the complex structure allows a choice between these 
two possibilities. We shall not do that here, but instead recall that Borel 
proves H!°(Mo,,) = 0, see [141, Lemma 9.4]. Therefore we must have 
t(B) = a. Now an easy computation gives H5(Mo,,) = A(b, a), with b and 
a of respective bidegrees (x + 1,7) and (0, 1) (as in [141]). 

In Subsection 4.3.4, we will reconsider this example and construct 
the Dolbeault model without using Borel’s result on H!° (Mon), see 
Example 4.67. 


4.3.4 The Dolbeault model of Calabi-Eckmann manifolds 


Let’s briefly recall some points of Chern—Weil theory for fibrations with 


toral fibers. Let 72” +E Shs be a real principal bundle with B simply 
connected. Denote by JT = R2” the Lie algebra associated to T*”, T* the 
dual of J and by V = T* a graded vector space concentrated in degree 
1. The relative minimal model of a fibration (see Theorem 2.64) gives a 
morphism of real cdga’s 


®: (Apr(B) ® AV, D) — (Apr (E), 4), 


inducing an isomorphism in cohomology such that ®(@) = f*(@) and 
D(a) = dg(a) for a € Apr(B). We now want to determine, from geo- 
metrical data, the map ® and the differential D on V. For that, we choose 
a connection w € cae (E;T) of curvature Rp € Ane (B;T). Denoting by 
(—, —) the duality between TJ and 7%, we set 


@(v) = (v,w) and Dv = (v, Rp), 


for v € V. We specify now by the exponent © the fact that we have com- 
plexified the objects as ®: (A°(B) @ AV’, D) > (A‘(E), d), the maps ®, D 
and d being extended by C-linearity. 

The complex structure on T2” gives a decomposition V° = V?.! @ V1 
that we extend into an algebra bigradation on AV° as before. The next 
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result is contained in [14]. We give here a direct proof of a particular case 
sufficient for our purposes. 


Lemma 4.64 There exists a connection w such that the above morphism, 
®: (A°(B) ® AV’, D) > (AE), d), is compatible with the bidegree. Such 
a connection is said to be compatible with the complex structures. 


Proof Let (e;) be a real basis of T such that J(e;) = e4n, J(@jtn) = —e; 
if 7 < m and denote by (e’) the dual basis. The space T° decomposes in 
T° =T! @ T°! with basis fj = e; — iej+n (resp. fj = @& + tej+n) for ee 
(resp. T!). The complex dual T° of T° splits into T7°* = T* ON ae #18 
with bases f/ = (e/ + ie/t”)/2 for T*%! and f’ = (e/ — iel+")/2 for T* 19, 
Let (Uy) be a family of trivializing open sets and let py be an associated 
partition of unity. Denote by #/ the coordinates of [inf “U) = Ux tT: 
From the choice of the basis (e;), ¢/ + it/*” is a holomorphic coordinate 
in T2”. Locally, we choose oly = dti, and this gives the connection w = 
Yu puayé}. A computation shows that (ajf’, o) = Vy puajd(t! + iti+”) 
is of bidegree (0,1) and (aif ,@) of bidegree (1,0). Since the family is 
holomorphic, the result is established. 


Theorem 4.65 ((249]) Let T2” > E es B be aholomorphic principal bun- 
dle with Chern—Weil homomorphism ®: (A°(B) @ AV°,D) —> (A‘(E), d) 
associated to a connection compatible with the complex structures. Then a 
Dolbeault model of E is given by 


®: (A(B) @ A(V! @ V1), 8) —> (AX(E), 9) 
where 


e Vo = V?! @ V1!" is a decomposition associated to the complex structure 
of the torus; 

© da = da if a € A‘(B); 

¢ 5v = Dy, if v € V°, where D is the homogeneous part of bidegree (0,1) 
in D, 


Proof From Lemma 4.64, we know that the Chern—Weil homomorphism 
® is of bidegree (0, 0). The differential D is compatible with the decreasing 
filtration associated to the first degree and ® induces a morphism of cdga’s 
at level 0 of the two associated spectral sequences (i.e. the Frélicher spectral 
sequences studied in Section 4.4.): 


®: (Eo, do) = (A°(B) ® A(V*), 8) > (A“(E), 9). 
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We are reduced to proving that we get an isomorphism in cohomology. For 
that, we filter the domain by 


FP =S7 A(BY @ AVY) 
i=p 


and the target by the classical basic degree. The morphism ® induces a 
morphism between the associated spectral sequences. On the target, this is 
the Borel spectral sequence. Thus ® induces an isomorphism at the second 


~w 


level of the two spectral sequences; E5 = H5(B) @ AV*. 


Corollary 4.66 With the notation of Theorem 4.65, and with B a simply 
connected Kabler manifold such that H?(B;C) = He (B), there exists a 


Dolbeault model of E, (AY ® A(V™! @ V'°), 6), and a de Rham model of 
E, (AY @ A(V™! @ V}°), D), linked by 


© (AY,6) = (AY, D) is a Dolbeault model of B; 
° dv = Dv ifve V"; 
° dv =0ifue V%!, 


Proof In Theorem 4.65, we have to replace A‘°(B) by its minimal model 
(AY, 6). The conclusion comes from the hypothesis on H?(B;C). 


Example 4.67 Recall that a complex manifold structure, denoted by My.n, 
exists on the product $*”+! x $?”+1 such that 


S! x §1—+g2mt1 x §2n+1—+CP(m) x CP(n) 


is a principal holomorphic bundle. Suppose 0 < n < m. Directly from 
Corollary 4.66 and Example 4.60, we obtain the Dolbeault model of Minn 
to be (A (a, b, a’, b’, a, B), 9), with: 


* jal = (1,1), |b] = On + 1,m), O(a) = 0, 0(b) = a"; 
° |a’| = (1,1), |b’ = @ +1,n), 0@) = 0, 06) =a"; 
* |x| = (1,0), |B] = (0, 1), 0(@) = a — ia’, (B) =0. 


A computation gives the Dolbeault cohomology algebra of Minn, 


Ad 


Haan = (Zr) ont 


already determined by A. Borel in [141]. 


Example 4.68 The Grassmannian of 2-planes in C%, G42(C) = 
U(A) 


Ua x UO’ is a Kahler manifold of dimension 8. As in Corollary 4.28, 
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we construct a holomorphic principal bundle 


‘ U(A) U(A) 
UQ x UQ) * U®xU@ 


SixsSicE 


and we want to determine a Dolbeault model of the total space E. From 
Theorem 2.71, we compute the minimal model of G4(C): 


(AV, d) = (A (92, ya) @ A (%5, X7), 8) 


with |yg| = Ixgl = k, dy2 = dy4 = 0, 8x5 = y3 —2y4y2 and bx7 = 
v3 y4 — ae Since G4,2(C) is Kahler, a Dolbeault model is obtained from the 
de Rham model by adding a bigradation: 


¢ the element y2 is of bidegree (1, 1) because it corresponds to the Kahler 
form; 

¢ y4 is of bidegree (2, 2) because, in a Kahler manifold, one has H?4 = H4? 
and therefore there is no other possibility; 

¢ the two other generators are given the right bidegree to obtain a 
differential of bidegree (0,1): |x5| = (3,2) and |x7| = (4, 3). 


Corollary 4.66 now gives a Dolbeault model of the total space E: 
(A(¥25 Vay X55 X7) @ ACs Vs X'5> X47) @ ACA, B), 9) 


with |x| = (1,0), 0 (@) = y2 — iy}, |B] = (0,1), 0 (6) = 0. On the other 
generators, the differential has been described before. From this model, a 
computation gives the minimal Dolbeault model of the total space E: 


(A B QA (55 45 V4> X55 X7,5 x55 x5) 2 a) 


with 9(B) = 995) = 9(y4) = 904) = 0, 8(xs) = —iyy — 2ivays, 
d(x) =P — 29, v5 9 (x7) = —VF V4 — Vg 9 (KS) = Ve 4 — F- 
4.4 The Frolicher spectral sequence 


4.4.1 Definition and properties 


Let M be a complex manifold with complex de Rham algebra 


Aba(M) = (e AP4(M), 3 13) 


~P.4 
We filter this complex by the first degree: 
FP ADR(M) = GjzpAr™. 
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The filtration F? is decreasing, F? > FP+!, and stable under the 
differential, dF? c FP. 


Definition 4.69 Let M be a complex manifold. The spectral sequence asso- 
ciated to the filtration F? AS, (M) is called the Frolicher spectral sequence. 
It satisfies Ee = API(M), do = a, Ee = He"(M) and converges to 
Hpr(M). 


As a direct application of Theorem 4.56, we have the following result. 


Theorem 4.70 Let M be a complex manifold and ei) aes 
(A**(M), 0) be a Dolbeault model of M. Then there exist perturbations 
of the morphism gy and of the differential 8 which give a model of the de 
Rham complex, 


= v 
(AV**, a+ t)—> (A, d), 
such that: t (VPI) c (AV)*** and w (v) — g (Vv) € A*>* if € VP*. 


Theorem 4.59 directly characterizes the behavior of the Frélicher spectral 
sequence of a compact Kahler manifold. 


Corollary 4.71 The Frélicher spectral sequence of a compact Kabler 
manifold collapses at the E,-term; that is, Ey = Ego. 


Example 4.72 Recall that the Hopf manifold of Example 4.63 has 
Dolbeault model (A(a, b, a, B),0). A model of the de Rham complex of 
Mo, is obtained by a perturbation of the differential 0, which increases 
the first degree by at least one. But it is easy to see that Hpr(Mon) = 
Hpp (S! x S?”*1) = H5(Mo,n). The complex manifold Mo,» is thus strictly 
formal and its de Rham model coincides with its Dolbeault model. Observe 
that Mo,, is not Kahler because, for instance, there are no cohomology 
classes in degree 2. 


Remark 4.73 From Corollary 4.66 and using its notation, the element v € 
Vl! is a Dolbeault cocycle and not a de Rham cocycle. Therefore, since 
the Frolicher spectral sequence has Ee = He" (M) and it converges to 
Hpr(M), we see that it does not collapse at level 1 for any Calabi-Eckmann 
manifold built as in Corollary 4.28. 


4.4.2 Pittie’s examples 


Let’s now follow the approach of [227] and [228] in using even dimensional 
compact connected Lie groups G to find examples of compact complex 
manifolds whose Froélicher spectral sequence does not collapse at level 2. 
(Note that there is another family of examples coming from nilmanifolds 
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that is described in [65].) Now let’s give a characterization in terms of 
models for the degeneracy at level 2 of the Frolicher spectral sequence 
for G. 


Theorem 4.74 ([249]) Let G be a compact, connected, even dimensional 
Lie group and let T be a maximal torus of G. If T——+>G——>G/T is a 
principal holomorphic bundle, then the Frélicher spectral sequence of G 
degenerates at level 2 if and only if the complex manifold G is Dolbeault 
formal. 


In the course of the proof, we build a special model of the Dolbeault 
algebra of G, using Corollary 4.66. This model is the positive answer to 
Conjecture 5.12 of [227]. 


Proof As we said above, we use Corollary 4.66. First, we need a Dolbeault 
model of G/T. A de Rham model is given by (AP ® AU, 54), where P is 
the primitive space of G, the vector space U is concentrated in degree 2, 
d(u) = Oif wu € U and d(v) € AU if v € P. For the Dolbeault model, we 
need a bigradation of the generators: the elements of U are in bidegree (1, 1) 
and the elements of P are bigraded such that the differential 6 is of bidegree 
(0, 1). 

A de Rham model of G is obtained as a relative model of the fibration 
above; that is (AP ® AU ® AV, D), with V concentrated in degree 1, D = 5 
on U @ P and D creating an isomorphism from V to U. 

From the complex structure on V, we get a decomposition into eigen- 
spaces V = V°! @ V9. The Dolbeault model of G can thus be written as 


(AP ® AU @ A(V™! @ V"®), 8), 


with dz = 0 ifze U@® V"!, dz = Dz ifze P@V!”. 

We now want a Dolbeault model of G with a decomposable differential. 
For that, we decompose U as U = D(V!°)@D(V%!). Denote W = D(V®") 
and replace \(P @ U @ V1") by A(P. @ W) in the de Rham model of G. We 
get a new de Rham model of G: 


(ACP ® W @ V4), 5; + 82), 


with d;w = O if w € W, dx Ee AW ifx € P, dv = Oifu € V!, d9x = O if 
x € P® W, and 53 is an isomorphism from V%! to W. 

Denote the complex (A(P 6 W), 61) by (C, 61). The Frélicher spectral 
sequence of G can be written as 


* (Eo, do) = (C, 51) ® (AV®!, 0); 
© (E1,d1) = (H(C, 61) ® AV", 65); 
° Er = H(H(C, 61) @ AV™!, 35); 
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where 55: Vl! _, H(C, 51) is induced by 62: V®! > C. 
First step. Suppose G is Dolbeault formal. Observe that the quasi- 


isomorphism (C @ AV!, 5;)—>(H(C, 81) @ AV!, 0) induces a quasi- 
isomorphism 


(C @ AV™!, 8; + 62) —>(H(C, 61) ® AV", 55), 


which implies the collapsing of the spectral sequence at level 2. (For more 
details, see [114, Example, page 151].) 

Second step. Suppose now that G is not Dolbeault formal and decom- 

pose (C, 51) into (C, 51) = (A(P ® W), 51) ® (AP, 0), where the canonical 

surjection p: (A(P ® W), 51) > (AP,0) is such that H(p) = 0. We fol- 
low the argument of [114, Theorem VIII, page 83]: on (A(P ® W), 51) we 
put the gradation by length of words in P. The differential 5; decreases 
this bigradation by exactly 1 and therefore induces a gradation (called the 
lower gradation) on the cohomology H(A(P @ W), 51). From [114, Theo- 
rem VIII, page 83], we know that (A(P © W), 64) is formal if and only if 
H,(A(P@ W), 41) = 0. Therefore, by hypothesis, there exists a nonzero ele- 
ment w in the cohomology Hy(A(P@ W), 51). We choose such an w with the 
smallest degree and we show that w a coboundary for the total differential 
that survives to stage 2. This will imply Er # Ex 

Suppose there exists w’ such that w = S50 . Since the elements of P have 
a bidegree of type (k,k — 1) and elements of W have bidegree (1,1), the 
element w of wedge length 1 in P has bidegree equal to (p, p — 1). Thus 
must have bidegree equal to (p—1, p—1). We decompose w’ along the length 
of words in V as w! = w+ )0; vj@j+ De ite with wo, @;, Wj... 
in H(A(P @ W), 61). From the definition of 52, we have 5500 = 0. Observe 
that the two equalities |v;| = (0, 1) and |vja;| = (p — 1, p — 1) imply that a; 
contains one, and only one, element in P; that is, @; € Hy(A(P @ W), 44). 
Since the total degree of @; is 2p — 3, which is strictly less than the total 
degree of w, 2p — 2, we have Oe = 0 by the choice of w. 

In conclusion, we get w = 5° 3 (00; Vivjoij +--+) in the ideal generated by 
V. This implies @ = 0, which is a contradiction to the choice of w. Therefore 
w gives a non-zero class in Ep. 

We are now reduced to proving that is trivial for the total differential. 
Let v be a 61-cocycle representing w. We write v = )0; aj, with aj €e AW 
and &; € P. Because the cdga (A(W @AV!, 59) is acyclic, there exist b; such 
that 5b; = a;. Since the element 7; 651; is a 52-cocycle in AW @ AV®!, 
there exists c ¢ AW @AV™! such that 5c = 7; bj61;. The conclusion then 
follows from (81 + 52)(¢ + Ss b,&}) = > a8. 
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Example 4.75 A Dolbeault model of SO(9), viewed as the total space 
of the principal holomorphic fibration T SO(9) SO(9)/T (see 
Example 4.32) is given by: 


(A (35X75 X115X15) @ A(a1, 42) ® A(b1, b2), 9), 


with x;, aj, bj; of degree i and da, = daz = 0b, = 0b. = Ox3 = 0, 
Ox7 = (af +.a5)*, Ox11 = (a4 + a5 )atas, Ox15 = ajas. 

The cocycle ((at + a> )x14 — x7a7,a5) isa Massey product in the Dolbeault 
model of SO(9). Therefore, by Theorem 4.74, the Frélicher spectral 


sequence of SO(9) does not collapse at level 2. 


4.5 Symplectic manifolds 


A class of smooth manifolds that share some of the properties of complex 
manifolds are the symplectic manifolds. In this section, we compare and 
contrast these two types of manifolds. 


4.5.1 Definition of symplectic manifold 


Definition 4.76 A manifold M*” is symplectic if it possesses a nondegener- 
ate 2-form w which is closed (i.e. dw = 0). The symplectic manifold is then 
denoted (M2", a). 


The nondegeneracy condition is equivalent to saying that w” is a true vol- 
ume form (i.e. nonzero at each point) on M (see Section 4.7). Furthermore, 
the nondegeneracy of w sets up an isomorphism between 1-forms and vec- 
tor fields on M by assigning to a vector field X the 1-form ixw = w(X, —). 
Observe also that, if M is closed, the symplectic form w cannot be exact 
(since a volume form is a representative of the fundamental cohomology 
class). The most important theorem about symplectic manifolds says that 
all symplectic manifolds locally look like R?”. 


Theorem 4.77 (Darboux’s theorem) Around each point in a symplectic 
manifold (M2, w) there are local coordinates (x1,...5X5Y15--- >Vp) such 
that 


k 
o= dx; A dy;. 
j=l 
This result says that symplectic manifolds have no Jocal distinguishing 
invariants. In other words, all symplectic manifolds look alike locally. In 
this sense then, symplectic geometry is a global subject. A general reference 
for symplectic geometry and topology is [189]. 


4.5 Symplectic manifolds 


4.5.2 Examples of symplectic manifolds 


We list our first examples of symplectic manifolds. Other ones appear in 
Section 4.6. 


Example 4.78 For any manifold M”, the cotangent bundle T*M is a sym- 
plectic manifold with symplectic form defined as follows. Let p: T*M > M 
be the cotangent projection and take the induced map on tangent bundles 
Tp: T(T*M) — TM. Then, for 6, € T*M and T e€ Tg,,(T*M), define a 
1-form (the Liouville form) pointwise on T*M by 


Anh) 0) = Bm Imp (0) 
and then globally by 
6: T*M > T*(T*M) O(m, Bm) = 9,8) 


In local coordinates (q1,..-,4nsP1,--+»Pn)» Where the g;’s come from M 
and the p;’s come from T*M, we have 6 = 7", pj dq; with exact 2-form 


o=—déd = S- dqj A dp;. 


j=l 


Example 4.79 The first example specializes to the case R*” with coordinates 
(X15 ++ +5Xny V15-++5¥n) and symplectic form w = ae dx; \dy;. Then, since 
the symplectic form is invariant under translations x; +> x; +2 and y; > 
y; + 2x, the form induces a symplectic form on the orbit space T?” = 
R2” 7. 


Let C” be the complex -space with the hermitian inner product 
n 
(Z,W) = Ss Bj Wj 
j=l 


where z = (2,...,%1) and w = (w4,...,W,) are in C”. If we write z = 
xj + ty; and w; = uj + iv;, then 


n n 
(Z,W) = yoy + yjyj ti a YjUuj — XjV;. 
j=l j=l 
The first term is the standard dot product in R?”. The second term is alter- 
nating, so is a 2-form on R*”. Define w = jn YiMj — xju; to be this 2-form. 
Then w is closed and nondegenerate and C” is symplectic. 


Example 4.80 Recall from Definition 4.21 that a Kahler manifold possesses 
a nondegenerate closed 2-form w. Thus, by definition, any Kahler manifold 
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is symplectic. Since compact Kahler manifolds constitute an important class 
of compact symplectic manifolds, a focus of research has been to under- 
stand which general properties of Kahler manifolds are shared by symplectic 
manifolds. In the next section, we will address this question by consider- 
ing certain examples and theorems which focus, in particular, on the hard 
Lefschetz property. Later in Chapter 8, we will explore the question of the 
formality of (1-connected) symplectic manifolds. 


4.5.3 Symplectic manifolds and the hard Lefschetz property 


In this section, we examine whether certain tools and results about complex 
manifolds carry over to symplectic manifolds. 
Let (M2”, w) be a symplectic manifold. Brylinski observed that, since the 
2-form @ gives an adjoint, there is a star operator and a new differential on 
M (see [44]; also [157], [173] and [174]). (Compare with the usual Hodge 
star operator described in Section A.4.) 


1. The symplectic star operator, x: A® DRM) > Are *(M), is defined by 

B A xa = A®(G)(B,a@)vy, where: 

° vy = w"/n! is a volume form on M; 

¢ G is the tensor field dual to . 

) 
(Locally, that means G = Sa aa Aa ifm = iL daj A ap;.) 
i= 0q; 9D; 

This operator satisfies « * B = B. 

2. The differential é: A‘ (M) > AS Rp (M) i is given by 5 = (—1)* x dx. 


Naturally, we want to compare the behavior of the symplectic star 
operator with that of the star operator coming from Hodge theory, see 
Section A.4. At first glance, it appears this behavior will be totally different 
because we have the relation dé + dd = 0 (see [157]) and this affords no 
opportunity to define a Laplacian. Nevertheless, we can make the following 


Definition 4.81 A form B € Apr(M) is said to be symplectically harmonic 
if d(B) = 6(B) = 


Of course, we can continue our comparison with Hodge theory and ask 
if the symplectically harmonic forms play an analogous role to the usual 
harmonic forms. Here also, the answer is no at a first glance: in the Hodge 
situation, any de Rham cohomology class can be represented by a unique 
harmonic form, and that cannot be the case for symplectically harmonic 
forms because any 1-form B with dB = 0 is symplectically harmonic. 
Thus, uniqueness of representation cannot occur in general. Nevertheless, 
Brylinski asked if one could find, for any cohomology class in H*(M;(C), a 
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symplectically harmonic representative. Indeed, Brylinski proved that this 
is true for compact Kahler manifolds. (This comes from the fact that the 
symplectic and Hodge star operators coincide up to sign in this case, see 
[44, Theorem 2.4.1].) He also conjectured that the result is true for any 
compact symplectic manifold. In fact, however, this conjecture was dis- 
proved by O. Mathieu in [185] (see also [266]). Moreover, the failure of 
Brylinski’s conjecture is (surprisingly!) connected with the hard Lefschetz 
property (Theorem 4.35). 


Theorem 4.82 ([185]) Let (M2",w) be a symplectic manifold. Then the 
following two statements are equivalent: 


1. Any cohomology class contains at least one symplectically harmonic 
form. 
2. (M?”, w) satisfies the hard Lefschetz property. 


The proofs of Mathieu [185] and Yan [266] use representation theory. 
We refer the reader to the original papers for more details. 

In Definition 4.96, we will introduce a weaker version of the hard 
Lefschetz property called Lefschetz type and prove that a nilmanifold of 
Lefschetz type is diffeomorphic to a torus (Theorem 4.98). Therefore, any 
non-toral symplectic nilmanifold is a counterexample to Brylinski’s con- 
jecture. As for simply connected examples, we will briefly discuss how the 
symplectic blow-up gives counterexamples in Remark 8.30. 

Now recall the following three notions that occur in the study of Kahler 
manifolds. Let M be Kahler. Then 


1. the d0-Lemma holds for Apr(M), see Lemma 4.24; 
2. the hard Lefschetz theorem holds for H*(M), see Theorem 4.35; 
3. M is formal, see Theorem 4.43. 


Since the property that each cohomology class may be represented by a 
symplectically harmonic form is equivalent to the hard Lefschetz property, 
we would like to compare the three statements above in the symplectic 
setting. A good reference is the nicely written monograph of G. Cavalcanti 
[52] on this subject. 

In Theorem 4.43, we chose a proof of the formality of Kahler manifolds 
that used the differentials 0 and 0 and that could also be adapted to the case 
of strict formality (see Theorem 4.59). But an alternative presentation with 
real objects already existed in [71]. There, the two differentials involved 
were the de Rham differential d and a differential d° defined by d° = i(0—8). 
Indeed, a d d°-lemma was given analogous to Lemma 4.24 and that lemma 
was able to be cast into different forms (see [71, Lemma 5.15]). Adapted to 
the symplectic setting, we have the following. 
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Definition 4.83 A symplectic manifold (M2",w) satisfies the dé-lemma if 
Imd Ker 5 = Imé Kerd = Imd6. 


Merkulov established the equivalence of this property with the hard 
Lefschetz property. 


Theorem 4.84 ([190]) A compact symplectic manifold satisfies the hard 
Lefschetz property if and only if it satisfies the dé-lemma. 


For the proof we refer the reader to [190] or to [52, Theorem 5.4]. From 
the d5-lemma, we can prove, exactly as in Theorem 4.43, that we have a 
sequence of quasi-isomorphisms 


(Hs(M), 0)<"—(Zs(M),d)—>(Apr(M), 4). 


But, as noted by Cavalcanti (see [52, Remark, pages 14 and 83]), this does 
not imply the formality of M because the differential 5 is not a derivation 
of algebras (see [175]), and, therefore, the vector space of cocycles Zs; is 
not a graded algebra. So the question of the existence of an equivalence 
between the hard Lefschetz property and formality is not answered by the 
dé-lemma. We will come back to this question in Chapter 8. 

In Section 4.4, we introduced the Frélicher spectral sequence associated 
to any complex manifold. Its degeneracy in the case of a Kahler manifold 
gives an obstruction to the existence of a Kahler metric. We can ask if 
such a spectral sequence exists in the symplectic setting and the answer is 
yes, but it always degenerates at the E,-stage for any symplectic manifold, 
see [44]. 


Remark 4.85 Although the results appear different, this section shows that 
symplectic and complex manifolds have some common aspects. In fact, 
there is a more general notion that contains the two settings: the general 
complex geometry introduced by Hitchin [142] (see also Gualtieri [124]). 
The idea is to consider the direct sum of the tangent and cotangent bundles, 
T(M) @ T*(M), endowed with the classical scalar product 


1 
(A +0, ¥ +B) = 5 @(Y) + BCX). 


A general complex manifold is a complex structure on this direct sum, 
orthogonal with respect to this scalar product and satisfying an integrability 
condition. (See Subsection 4.7.6 for the linear setting.) We refer the reader 
to [124] and [142] for more details, emphasizing that most of [52] is written 
in this general framework. 
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4.5.4 Symplectic and complex manifolds 


In the previous section, we looked at properties or tools shared by symplectic 
and complex manifolds. Now we wish to study manifolds endowed with 
both of these structures. For instance, we already noticed that a Kahler 
manifold is always symplectic, but we shall see that more can be said about 
this. First, let’s note an important property of symplectic manifolds which 
provides the fundamental link to the complex world. The proof follows as 
in Subsection 4.7.5 with the Riemannian metric g(—, —) and the symplectic 
form @ on the manifold globalizing the scalar product (—,—) and vector 
space symplectic form w respectively. 


Proposition 4.86 A symplectic manifold has an almost complex structure. 


Although each symplectic manifold has an almost complex structure, 
there are many more almost complex manifolds than symplectic manifolds. 
The reason is that the condition that the 2-form w be closed is very restric- 
tive. For instance, as we have seen, the sphere S° is almost complex but is not 
symplectic because there are no nonexact closed 2-forms on S°. The require- 
ment that dw = 0 points out once again that being symplectic is a global 
condition (compare Theorem 4.77). In Subsection 4.7.5, we see that, given a 
scalar product, the properties of having complex and symplectic structures 
on a vector space are essentially equivalent. Indeed, some authors refer to 
almost symplectic manifolds as manifolds having a nonclosed nondegener- 
ate 2-form and it can be shown that these manifolds have almost complex 
structures. On the other hand, the hermitian product on an almost com- 
plex manifold provides a nondegenerate 2-form as well, so it is not local 
properties that distinguish these notions, but rather the global property 
dw =0. 


4.6 Cohomologically symplectic manifolds 
4.6.1 C-symplectic manifolds 


From the point of view of algebraic models, it is often not necessary to 
use the full force of the symplectic structure. Because the form w is closed 
and w"” is a volume form in a symplectic manifold M?”, then there are non- 
zero cohomology classes [w’] € H*/(M;R) for each i = 1,...,” when M is 
compact. (We often use the same symbol @ for a form and a cohomology 
class, the context making it clear which is intended.) Note that it is not the 
case that any manifold having a degree two cohomology class which cups 
to a top class is symplectic. For instance, CP(2)#CP(2) has several such 
classes, but it cannot be symplectic since it cannot have an almost complex 
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structure (see Exercise 4.6 for a characteristic class argument). Sometimes 
however, the existence of a cohomology class in degree 2 with the property 
that it cups to a top class (over Q or R) is sufficient to give interesting 
information. Of course, we can say the same thing about models, and to 
formalize this, we make the following 


Definition 4.87 A closed manifold (M2”, w) is cohomologically symplectic 
(or c-symplectic) if w € H*(M;R) has the property that wo” 4 0. Note that 
this implies that the manifold is orientable. 


A cdga (A, da) is called cohomologically symplectic or c-symplectic if: 


e H*(A,da4) = Oo" HRA, da) satisfies Poincaré duality with top dimen- 
sion 2n; 
° there exists an element w € A* such that for [w] € H*(A,da), [w]" & 0. 


4.6.2 Symplectic homogeneous spaces and biquotients 


In Theorem 2.77, we saw that the algebraic assumption of purity can have 
a strong effect on the algebraic structure of a model. Here, we will see that 
the same algebraic assumption, in conjunction with a c-symplectic structure, 
profoundly constrains the rational homotopy types that can arise. Recall 
from Definition 2.76 that a pure minimal cdga may be written as 


(AV, d) = (AQ © P),d) 


with O = V°" denoting the subspace of V consisting of even generators, 
P = V°4 denoting the subspace of odd generators, d(Q) = 0 and d(P) C 
A=*O. A compact manifold M2” is called a pure manifold if it has a pure 
minimal model. If the minimal model of M, (AV, d) = (A(O @ P), d), has 
P and O finite dimensional, then M is rationally elliptic as well. 

Now, we can give a second lower grading to elements of (A(O @ P), d) 
by defining the lower degree of an even generator x € O to be zero, the 
lower degree of an odd degree generator y € P to be one and extending to 
products by requiring A;- A; = Aj+; (also see Theorem B.18). Note that the 
hypothesis of pureness implies d(A;) C Aj-1. Therefore, the lower grading 
descends to the level of cohomology. 


Theorem 4.88 ({178]) A simply connected c-symplectic pure elliptic cdga 
(AV, da) = (A(O @ P), d) bas dim O = dim P. Hence, it is formal. 


Proof We shall use the equivalent criteria of Theorem B.18. Namely, we 
shall prove that the cohomology of (AV, d) is evenly graded. 

If w denotes the symplectic element in (A(O @ P), d), then w € er since 
(AV, d) is simply connected. By the multiplicative property of the lower 
grading, the top class w” € (A ewe 
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Now suppose that 7 € (AV)7/+! is an odd degree cocycle. Then clearly, 
n € Ideal(P). By Poincaré duality, there exists a class [tr] € H?”~7/-! (AV, d) 
with [n]U [t] = [w”]. But, because n € Ideal(P), its lower grading is greater 
than or equal to one. Since multiplication by [rt] can never decrease the 
lower grading, the product [7] U[t] must also have lower grading greater 
than or equal to one. This contradicts the fact that w” € (A Wes 

Hence, [n] = 0 and n is exact. We therefore see that all odd cocycles are 
exact and the cohomology of (AV, d) is evenly graded. By the equivalence 
of the criteria in Theorem B.18, we have dim O = dim P. Moreover, this 
implies that (AV, d) is formal as well. 


We have the following immediate implication. 


Corollary 4.89 A simply connected, c-symplectic homogeneous space G/H 
is a maximal rank homogeneous space. That is, rank H = rank G. 

A simply connected c-symplectic biquotient K\G/H has rankG = 
rank K + rank H. 


Proof Note that, by Theorem 2.71 and Corollary 3.51, homogeneous 
spaces and biquotients are pure manifolds. Furthermore, for the homo- 
geneous space, the description of the pure model (AQ @ P,d) shows 
that O may be identified with z,(BH) @ Q and P may be identified 
with z,(BG) @ Q. From Theorem 1.81 and Theorem 3.33, we see that 
rank G = dimz,.(BG) ® Q and rank H = dim z,.(BH) ® Q, so the equality 
rank H = rank G follows immediately from Theorem 4.88. 

For biquotients, by Theorem 3.50, O may be identified with (z,(BH) ® 
m,(BK))® Q and P may be identified with z,(BG) ®Q. Then Theorem 4.88 
gives 


rank G = rank H+ rank K. 


4.6.3. Symplectic fibrations 


Purity can also be relativized. A fibration F + E — B is said to be a pure 
fibration if its relative Sullivan model has the form, 


(AX, dx) > (AX @ AY,D) > (AY, dy) 


with D(Y*’*") = 0 and D(Y°"4) c AX @ AY*"". As shown in [250], 
if F = G/H, where G is a compact connected Lie group, H Cc G a closed 
connected subgroup and the fibration is the bundle associated to a principal 
bundle G > P > B via the usual action of G on G/H, then the fibration 
is pure. 
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Definition 4.90 A bundle F + E > B is symplectic if (F, wp) is symplectic 
and the structure group of the bundle acts by symplectomorphisms (i.e. 
diffeomorphisms which preserve the symplectic form) on F. 


A fundamental question is whether, for a symplectic bundle, there is 
a symplectic structure on E that restricts to the given symplectic struc- 
ture on F. The main result in this direction is due to Thurston (see [189, 
Theorem 6.3]). 


Theorem 4.91 Let (F,wp) > E he (B, wg) be asymplectic bundle with base 
and fiber compact symplectic manifolds. If there is some cohomology class 
a € H?(E;R) which restricts to the class [wr] € H*(F;R) by i*(a) = [wr], 
then for sufficiently large K, there exists a symplectic form wg on E with 
cohomology class [wg] = a + K p*([wg)). 


Example 4.92 The Kodaira—Thurston manifold KT (see Example 4.31 and 
Example 3.23) is a principal torus bundle over a torus classified by the 
map T* — BT? = BS! x BS! defined by (wy, *), where u,y € H!(T?;Z) 
correspond to the torus’s circle factors and the fundamental class of T? is the 
cup product uy. Since the torus acts symplectically on itself by translation, 
we see that this bundle is a symplectic bundle. The relative model of the 


bundled ?-S4er 2746 
(AG y), 0) > (A, y, v, £),D) > (AW, #), 0) 


with D(u) = 0, D(y) = 0, Dv) = uy and D(t) = 0. Note that the fiber is a 
torus with symplectic cohomology class vt. If we are to apply Theorem 4.91, 
then we must find a cohomology class in (A(u, y, v, t), D) which restricts to 
vt. But it is easy to see that no such class exists. Therefore, the principal 
bundle structure of KT is not the one compatible with KT’s symplectic 
structure. 

Instead of the relative model above, consider 


(A(u, t),0) > (AM, 9,¥,t),D) > (AW, y), 0) 


with D(z) = 0, D(y) = 0, Dv) = uy and D(t) = 0. This is not the model of 
a principal bundle because the differential is not defined by a classifying map 
on the base. But now we can see that the class vy € (A(u, y, v, t), D) is both 
closed and maps to vy € (A(v,y), 0) under restriction to the fiber. Thus, 
Thurston’s criterion is satisfied and, for some K large enough, vy + K p* (ut) 
is a symplectic form on KT. Now, by Proposition 4.94, we know that 
w = vy + ut is a symplectic form on KT, so K = 1 is good enough. 


Now let’s combine the geometry of Thurston’s result with the algebra 
inherent in the definition of pure fibration. Indeed, the simplicity of the 
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proof hints at a result with less restrictive algebraic assumptions. Note also 


that the second condition in the hypothesis holds for all simply connected 
fibers. 


Proposition 4.93 ([153]) Let (F, wp) > E > B be a pure symplectic fibra- 
tion with F and B compact and with relative Sullivan model (AX,dx) > 
(AX ® AY,D) > (AY, dy). If there exists a € AY with 


© [a] +> [wp] under the induced cohomology homomorphism 
H*(AY, dy) > H*(Apr(F), 4); 

° a=) cjy; for c ¢ Randy; € Y?; 

then there exists a compatible symplectic structure on E. 

Proof The hypothesis a = >), cjy; implies that Da = 0 since, by the 

assumption of purity, D(Y°"") = 0. Therefore, a € AX @ AY is a cocy- 


cle restricting to a € AY and Thurston’s result guarantees a compatible 
symplectic structure. 


Explicit examples of torus bundles illustrating the proposition may be 
found in [153]. 


4.6.4 Symplectic nilmanifolds 


The question of exactly how c-symplectic differs from symplectic is an inter- 
esting one. For 4-manifolds, the existence of an almost complex structure 
is paramount (see Exercise 4.6). But for higher dimensions, sophisticated 
quantities such as Seiberg-Witten invariants have been necessary to address 
this problem. For nilmanifolds, the question is much easier because of the 
strong relationship between the Lie algebra of the nilpotent Lie group and 
the nilmanifold itself. Recall that Nomizu’s theorem says that H*(An*, 5)) = 
H*(N/T;Q), where N is a nilpotent Lie group, N/T is the associated 
nilmanifold and n is the nilpotent Lie algebra of N. 

Suppose now that N/T is a c-symplectic nilmanifold. Nomizu’s theorem 
(see Theorem 3.18 and its proof) guarantees the existence of a cochain 
in (An*,6) representing the cohomology class which cups to a top class. 
Since the cohomology product cannot be zero, then the cochain (i.e. wedge) 
product of the cochain cannot be zero. This then defines a left invariant 
volume form on the nilpotent Lie group. Both the cochain (as a left invariant 
form) and the volume form then descend to the nilmanifold to provide a 
symplectic form wedging to a volume form. Therefore, we have 


Proposition 4.94 A nilmanifold is c-symplectic if and only if it is symplectic. 


Now, if a nilmanifold M4 is symplectic, then there must be a degree 
2 element of the minimal model which multiplies up to the top element 
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Vv = X1--+-Xp. We can write this degree 2 element as 


o= > AjjpXj Xj. 


Since w* = v, the sum in the expression for w must contain all the degree 1 
generators. Of course, w must be closed as well. 


k 


Example 4.95 What must a four-dimensional nilmanifold look like ratio- 
nally? By what we have said, the minimal model must have four generators 
and two of those must be cocycles. Thus, there are three rational homotopy 
types to deal with (up to isomorphism). 


1. The torus T*. The minimal model is (A(u,v,y,t),d = 0) and a 
symplectic element is given by w = uv + yt. 

2. The Kodaira—Thurston manifold KT. This manifold is obtained by tak- 
ing the product of the Heisenberg manifold M = U3(R)/U3(Z) and the 
circle $!, The minimal model is given by 


(A(u,v,y,t),d) with du=0, dy=0, dv=uy, dt =0 


where the first three generators come from M and t comes from the 
circle. A symplectic element is then given by w = vy + ut having w7 = 
2vyut # 0. Note that the degree 1 cohomology of KT is generated by 
the classes of u, y and t. Hence, the first Betti number is three and, by 
Proposition 4.33, KT cannot be Kahler. 

3. Take the minimal model (A(u, v, y, t), d) with du = 0, dv = 0, dy = uv 
and dt = uy. Recall that the corresponding finitely generated torsion- 
free nilpotent group may be realized as a nilmanifold. Then a symplectic 
element is given by wm = ut + vy. 

4. By the above, all four-dimensional nilmanifolds admit symplectic struc- 
tures. By contrast, the six-dimensional nilmanifold U4(R)/U4(Z) is not 
symplectic because no closed element in its minimal model can be 
found whose cube does not vanish. 


We have seen above that nilmanifolds can be symplectic, but can they be 
Kahler? By Section 4.2, we know that Kahler manifolds are formal, but by 
Proposition 3.20, the only formal nilmanifolds are tori. So we can ask if 
weaker conditions derived from Kahlerness can still hold for nilmanifolds. 
For instance, we make the 


Definition 4.96 A symplectic manifold (M?",w) has Lefschetz type if the 
multiplication by [w|"~1, 


Lef = [w]”-!U: H'(M;R) > H?”"-!(M;R), 


is an isomorphism. 
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Example 4.97 If X is a nonsimply connected Kahler manifold and Y is 
a simply connected symplectic manifold with some odd odd-degree Betti 
number (and these exist by [187]), then X x Y is not Kahler, but does have 
Lefschetz type. 

We also observe that the six-dimensional manifold constructed in [95] 
does not satisfy the hard Lefschetz property, but is of Lefschetz type. 


So what can we say about Lefschetz type nilmanifolds? Surprisingly, we 
have the same restriction as for the Kahler hypothesis. Benson and Gordon 
({25]) were the first to establish the fact that tori are the only nilmani- 
folds satisfying the hard Lefschetz property. Here we present a proof of 
this fact that uses properties of the model derived from symplecticness as 
well as the existence of a particular derivation reminiscent of Blanchard’s 
Theorem 4.36. 


Theorem 4.98 ([178]) A symplectic nilmanifold M of Lefschetz type is 
diffeomorphic to a torus. 


Proof Write the minimal model for Mas (A(x1,...,2n), d) with symplectic 
element given by 


o= a AjjXjXj + ZX2n 


i,j<2n 


where we have taken out all terms involving the last generator x2,. Also, 
from the discussion following Proposition 4.94, we see that all generators 
X1,.-.,;X2n appear in the expression for w. Assume that d # 0. First note 
that, because of the stage-by-stage construction of the minimal model, the 
last generator x2, cannot appear in any differential dx;, i = 1,...,2n. 
Hence, since dw = 0, the only way to have the term dz - x2, cancelled is for 
z to bea cocycle, dz = 0. Now define a derivation 4 of degree —1 by 


A(x;) = 0 for i < 2n 
A(x2n) = 1. 


Extend A freely to (A(x1,...,X2n), @) as a derivation of algebras. The effect 
of A on @ follows from the definition and the derivation property: 


A(@) = z. 


The derivation 4 obeys the relation Ad = —dd because d is decomposable, 
so a derivation of cohomology is induced with A([@]) = [z] # 0 since z is a 
nonzero degree 1 cocycle. 

Now, a basis for H!(M) consists precisely of the generators x1,...,%s 
with dx; = 0,i=1,...,s. By the definition of 4 then, 4(H!(M)) = 0. (Note 
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that this only holds when dxz,, 4 0.) Let [a] be any element of H!(M) and 
consider [a] U [w”]. Since this class is above the top degree, [a] U [w”] = 0. 
Applying 4, we obtain 


0 = A([@] U [w”]) = Ala) U [o"] — [a] U Alo") = —[o] UV A([o")). 


Now [a] UA([w”]) = 0 for any [a] €¢ H!(M), where A([w”]) € H?”~!(M). 
By Poincaré duality (i.e. the nondegeneracy of the bilinear form), this can 
only be true if A([w”]) = 0. But then 


0 =A(lo"}) = nA(o)) Ufo" "] =n Lef(A())) 


and the hypothesis of Lefschetz type implies that this can happen only when 
A([w]) = 0. This contradicts the fact that A([@]) = [z] 4 0. Thus, a Lefschetz 
type nilmanifold must have d = 0 and therefore have the rational homotopy 
type of a torus. Now, the same argument as in Remark 3.21 shows that M 
is diffeomorphic to a torus. 


4.6.5 Homotopy of nilpotent symplectic manifolds 


R. Gompf showed in [108] that any finitely presented group can be real- 
ized as the fundamental group of certain symplectic 4-manifolds. More 
recently, in [146] certain restrictions were found on the groups that can 
arise as fundamental groups of symplectic manifolds where the symplectic 
cohomology class annihilates the image of the Hurewicz homomorphism. 
These are the so-called symplectically aspherical manifolds. A fair amount is 
known about the homotopy theory of symplectically aspherical manifolds 
(see [179] as well as the references above), but these manifolds are very 
special. These are just first steps in understanding the homotopy theory of 
symplectic manifolds and certain classes of symplectic manifolds. We have 
seen throughout the first three chapters that minimal models best reflect 
the homotopy theory of spaces when the spaces are nilpotent. Therefore, 
in order for minimal models to be truly applicable in symplectic geometry, 
we will need to know the answer to the following 


Question 4.99 How can nilpotent symplectic manifolds be recognized? If 
a symplectic manifold is a nilpotent space, what special homotopical prop- 
erties are apparent? Conversely, what nilpotent spaces have symplectic or 
c-symplectic structures. 


This is not a question directly related to models, of course, but rather a 
question which connects geometry and homotopy theory in a fundamen- 
tal way. Although we don’t know of any general results in this direction, 
here is a result that gives a slight indication of how the action of the fun- 
damental group on higher homotopy may be recognized in the symplectic 
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world. While the proposition holds in general, it pays to think of w as the 
symplectic (or c-symplectic) class. Now, for a symplectic manifold (M, @), 
the condition of symplectic asphericity mentioned above is equivalent to 
the condition that wm = f*(@), where f: M — K(z1M, 1) classifies the uni- 
versal cover and @ is some class in H?(K(st1M, 1);R) (see [179]). Hence, 
p*(@) = 0, where p: M — M is the universal cover. On the other hand, the 
result below applies to the generic case of symplectic manifolds that are not 
symplectically aspherical. (Also note that the proposition is a special case 
of that found in [162].) 


Proposition 4.100 ([162]) Suppose that M is a path connected space with 
a < H'(M; Q) and w € H*(M; Q) obeying aU w = 0 and p*(w) £ 0, where 
p: M > M is the universal cover. Then the action of 11(M) on m2(M) is 
nontrivial. 


Proof First, we can take multiples of a and w so that they are integral. We 
therefore assume this. Now note that the condition p*(@) 4 0 is equivalent 
to saying that w|,,(m) # 0, where w € H2(M) + Hom(H2(M;Z), Z) is 
considered dual to homology and operating on the image of Hurewicz in 
H2(M;Z). The condition w|,,;m) #4 0 removes the universal cover from 
consideration and focuses on M and w. So now take y € 22(M) such that 
w(h(y)) #4 0 and a € 24(M) such that a(hb(a)) # 0. Classically, we know 
that the deviation of the action a - y from being trivial is detected by the 
Whitehead product [a, y]: 


a-y—-y=la,y]. 


Thus, to show that the action of 21 (M) on 22(M) is nontrivial, it is sufficient 
to show that the Whitehead product [a, y] is nonzero. 

The cohomology classes a and w give a map a x w: M > K(Z,1) x 
K(Z, 2) which, composed with 11 Utz: K(Z,1) x K(Z,2) + K(Z, 3) yields 
(a x w)* (ty Ul2)*(3) =aUw = 0. Here, 1; is the fundamental cohomology 
class of K(Z, j). The equality aU w = 0 then shows that there is a lifting @ 
in the following diagram (where the right square is a pullback) 


E PK(Z, 3) 
we | 


Kw ty Ul 
M —> K(Z,1) x K(Z,2) ——~> K(Z, 3) 


Now, the minimal model of E is apparent: Mg = (A(x, y, 2), d) with |x| = 
1, ly| = 2, |z| = 2 and only nonzero differential dz = xy. By Theorem 2.56, 
the quadratic part of the differential, d1, corresponds to the bracket of 
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homotopy Lie algebra elements. In fact, the isomorphism s: 14(QX)®Q > 
q+1(X)®@Qalso identifies the bracket with the classical Whitehead product, 
up to sign. Therefore, Whitehead products may be read off from d;. Thus, 
we see that the Whitehead product in 72(E) @ Q is nonzero, [?1,/2] ® Q# 
0, where ¢, € 21(K(Z,1) and @2 € m2(K(Z,2) are the generators of the 
respective homotopy groups. But then any integral multiple of [¢1, 72] is 
also nonzero as well. Now, since a(h(a)) 4 0 and w(h(y)) 4 0, the lift 
can be used to push the Whitehead product [a, y] € 22(M) forward to an 
integral multiple of [¢1, ¢2]. Since the latter is nontrivial, so is the former and 
we are done. 


The preceding discussion illustrates an important point. Minimal models 
may be useful even in the non-nilpotent situation. Minimal models exist 
for any path connected space and may be used as intermediate steps in a 
rational homotopy analysis as long as the analysis never relies on identify- 
ing their homotopy properties with their algebraic properties. For other 
approaches to viewing the action of the fundamental group on higher 
homotopy geometrically, see Exercise 4.7 and Subsection 9.6.6. 


4.7 Appendix: Complex and symplectic linear algebra 


Almost complex manifolds or symplectic manifolds are globalizations of 
complex or symplectic vector spaces. The bigradation on differential forms 
in the complex case or Theorem 4.77 in the symplectic setting are expres- 
sions of this philosophy. Here we will remind the reader of some basic facts 
about symplectic and complex linear algebra. 


4.7.1. Complex structure on a real vector space 


From the canonical inclusion R <> C, any C-vector space V inherits the 
structure of an R-vector space. Moreover, multiplication by the complex 
number i induces an R-linear map, J]: V > V, such that J? = —1. In fact, 
this data is sufficient for recovering the complex structure of V and allows 
the description of a C-vector space structure with real objects. 


Definition 4.101 Let V be a real vector space. A complex structure on V 
is an R-linear map, ]: V —> V, such that J* = —1. The associated complex 
vector space is denoted by (V,]). 


Observe that a basis (v1, ..., ¥,) of the C-vector space (V, J) corresponds 
to the basis (v1,...,Un,JU1,.--5JUn) of the R-vector space V. Moreover, if 
(V,J) and (V, J’) are two complex vector spaces, an R-linear map f: V > 
V’ is C-linear if and only if we have fo J = J’ of. Finally, if (V,/J) is a 
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complex vector space, one defines a complex structure on the dual vector 
space, V* = HomR(V,R), by (Ju*, v) = (v*, Jv), where ( , ) denotes the 
duality between V and V*. 

Example 4.102 First, we describe the usual complex structure on V = 
R” = C”. An element (x1,...,X75¥15-.-5¥n) of R*” is identified with 
(1,--+5%n) € C”, by 2; = xj+7y;. The corresponding R-linear map, J: V > 


V, is given by ](x1,---5XnsV159-+-9 Va) = (HV 15+ ++9 Vay X19 ++ +9 Xn). Rela- 
tive to the canonical basis, the matrix associated to J is 


jo=( 7, ~ 


Thus, the complex linear group, Gl(m, C), may be identified with the sub- 
group of the real linear group Gl(2”,R) consisting of matrices which 
commute with Jo: 


Gla,C) = {s € Gl(2n,R) | SJoS7? = Jo}. 
Moreover, the complex linear group embeds in the real linear group by 
Glam,C) = Gl(2n, R) 


A+iB B (s ray 


Observe that the set of complex structures on R*” can be identified with 


Gl(2n, R) : . 
———_—. h l(2n, R 
Gla, © The class associated with S € Gl(2n, R) 


corresponds to the complex structure ] = S Jo S~!. 


the homogeneous space 


4.7.2. Complexification of a complex structure 


Let (V,J) be a complex vector space and let V°’ = V @p C denote the 
complexification of V. We emphasize that two complex structures are at 
play here: the letter i denotes the element of C as usual while J is the complex 
structure on V. An element of V“° can be written z = x +iy, with x € V and 
y € V. Therefore a complex conjugation can be defined on V° byZ = x—iy. 
We now extend the R-linear map J: V > V to a C-linear map J]: V° > 

V°. This C-linear map has two eigenvalues, i and —i, with corresponding 
eigenspaces V!° and V®.! characterized by: 

V9 = {ze Vo |Jzesiz}={v—-iJvlveV}, 

Vl = {ze V*| Je=—iz} ={v+iJvlve V}. 


This gives a decomposition Vo = V'° @ V®! and complex conjugation 
induces an isomorphism V9 = V%!, 
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Conversely, let V be a real vector space. Any decomposition of the com- 
plexification V° = V @p C into VS = Vj @ V2 such that V1 = V2, provides 
a complex structure on V with V4 = V, and V?.! = V3. Indeed, observe 
that a complex basis of V1, (a1 —-i1b1,...,an—iby), aj € V,b; € V, produces 
a C-basis of V, (a1,...,;4n). The complex structure on V is determined by 
J (aj) = 6;. If we carry out the same constructions for the complex structure 
on the dual, V*° = Hom (V°, C), we obtain: 


1, VRS yell gyro, 
2. V*L0 = [y* © V*|(y*, v) = 0, vv © V1} = (VOL); 
3. VeOl — (yh0)", 


Denote by AV° the (complex) exterior algebra on V°. We define a 
bigradation on AV* by: 


APIVE = APV1? @ ATVO 
Observe directly from the definitions that: 


Te AV OSAVE QAV IE = ying AAV 

2. complex conjugation induces a real isomorphism A?4V° = ATP VS; 

3. if (e1,...,€n) is a basis of Vb, then (@1,...,@,) is a basis of V%! and 
APIV admits the vectors ej, A... ej, A @e, A..-2p, as a basis. 


4.7.3. Hermitian products 


The purpose of this section is to recall the notion of hermitian product and 
to see how hermitian products are expressed in terms of real structures. 
First, recall the classical definition. 


Definition 4.103 Let (V,]) be a complex vector space. A hermitian product 
on (V,J) isa map h: V x V > C, such that: 


1. for any v' € V, themap V > C, vb h(v,v’), is C-linear; 
2. for any (v,v') € V x V, we have h(iv,v') = hiv’, v). 


Let ) be a hermitian product on (V,J). We define $: V @ V — V and 
A: V@V-— V by hbyy,v’) = Siv,v’) +i AQ, v’), with Sv, v’) and A(v, v’) 
real. We check easily that: 


1. S is R-bilinear and symmetric; A is R-bilinear and skew symmetric; 
2. Sv, v") = -AQ, Jv’); AW, v') = Sv, Jv); 
3. S(v,v’) = Sv, Jv’); Aw, v’) = Ay, Jv’). 


Given an R-bilinear form S such that S(v, v’) = S(Jv, Jv’), we define a skew 
symmetric form A by A(v,v’) = S(v, Jv’). Using the fact thath =S$+iA isa 
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hermitian product, we can define the notion of inner product on a complex 
vector space as follows. 


Definition 4.104 Az inner product on the complex vector space (V, J) is an 
R-bilinear map S: V x V — R such that, for any (v,v')€ V x V: 


1. Sv, Ju’) = Sv, v’) = Sv’, v); 
2. S(v,v) = 0; 
3. S(v,v) = 0 if and only if v = 0. 


Observe that S(v, Jv) is always 0. Thus, in the case of a finite dimensional 
vector space V, one can find an orthonormal real basis for S, of the form 


(4, tee Un JV1, os -5JUn)- 


Remark 4.105 Let (V, J) be a complex vector space with (, ): Vx V>R 
a scalar product on the underlying real vector space. We define an inner 
product, S, on (V,J) by S(v,v’) = (uv, v') + (Ju, Jv’). Therefore, h(v,v') = 
S(v, v') + iS(v, Jv’) defines a hermitian product on (V, J). 


Example 4.106 The usual complex structure Jo on V = R*” = C” was 
described in Example 4.102. Recall first the usual euclidian product So : 
R2" x R2”? > R, 


nN n 

SO CHa SA Viiats Vey eae ae ko, Yi xjpxit Sys 
1 1 

and its associated skew bilinear form Ag: R*” x R2” > R, 
n n 

Aig: ts cra Vn SVK Oe eee) = yy — Say 
1 1 


Together, they induce the usual hermitian product on C”, defined by: 


ho((&1,- ig Rn) Cs . re )) 
= (So +i Ao) (G1... +52) 5 (215---2%n)) = Do BBs 
1 


where we have used the usual identification z =x +/y. 
Observe that the set of hermitian products on R*” may be identified with 


GM oe The class associated with S € Gl(n, C) 


the homogeneous space 
corresponds to the hermitian product h defined by h(v, uv’) = ho(Sv, Sv’). 


If § is an inner product on the complex vector space (V,/), we extend 
S to the complexification V° as a C-bilinear form, also denoted by S. We 
check easily that S(z, 2’) = 0, for any z € Vb" and ¢’ e V9, 
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By definition, the skew symmetric form, associated to S and defined by 
A(v,v’) = S(v,Jv’), is an element of A*V*. Since A*V* is a subspace of 
A? V* ©, one can see A as an element of A7V*°. The properties of § written 
above and the links between (V, J) and (V*,J) imply: 


Aeall ye, 


4.7.4 Symplectic linear algebra 


Symplectic linear algebra deals with the consequences of having a nonde- 
generate skew-symmetric bilinear form on a vector space. We have already 
seen that skew-symmetric bilinear forms arise in complex linear algebra, so 
this hints at a connection between these two areas which comes to fruition 
when we globalize symplectic linear algebra to symplectic geometry. A 
reference with many more details (and that then moves on to symplectic 
topology) is [189]. 


Definition 4.107 A symplectic vector space (V, w) consists of a finite dimen- 
sional real vector space V and a nondegenerate bilinear forma: Vx V > R 
which is skew-symmetric. 


Skew-symmetric means that w(v, w) = —w(w, v) and nondegenerate means 
that w(v,w) = 0 for all w implies v = 0. Such an @ is called a symplectic 
form. The key result about symplectic vector spaces is the following local 
version of Darboux’s Theorem 4.77. 


Proposition 4.108 Let (V, ) be asymplectic vector space. Then there exists 
a basis €1,...,€nsfis---5fn with the property that 


w (es fk) = Sik 5 w(é, ep) = 0; o (fis fk) _ 0, 
where 6;p is the Kronecker delta. In particular, dim V = 2n is even. 


We shall not give the proof of this result here since it is standard (see [189] 
for example), but we emphasize that it is the nondegeneracy of w that is 
the key point. This property both starts an inductive construction of the 
basis (by choosing any e; # O and being assured of the existence of [1 
with w(e1,/1) = 1) and allows the induction to continue (because then the 
subspace perpendicular to e; and f; is the complete annihilator in the dual). 
Nondegeneracy of w also allows us to identify the volume form of the vector 
space and this property carries over to the manifold setting. Because it is 
essential for understanding symplectic manifolds, we provide a short proof. 


Proposition 4.109 A skew-symmetric bilinear form w on a vector space V 
of dimension 2n is nondegenerate if and only if wo” = aA... @ (n-times) 
is a volume form on V. 
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Proof Suppose w is not nondegenerate. Then there is some v € V such that 
w(v,u) = 0 for all u € V. Choose a basis for V with v as a member. 
Then, to test wm” as a volume form, we apply it to all elements of the 
basis. But this means w(v,—) appears in every monomial and, therefore, 
w"(V,V2,...,UV2n) = 0. Hence, it is not a volume form. 

Now suppose w is nondegenerate. By Proposition 4.108, there is a 
symplectic basis €1,...,€n,f1,---5fn and 


OC. 5en Hsin) = | ee. f) = 1. 
1 


Hence, w” is a volume form. 


4.7.5 Symplectic and complex linear algebra 


We have looked at complex linear algebra and symplectic linear algebra, but 
how are they related? In the presence of a scalar product, they are virtually 
the same. Let V be a real, finite dimensional, vector space endowed with a 
scalar product (, ): Vx V>R. 

Let w be a symplectic form on V. We define an isomorphism A of V by 
w(v,v’) = (v, A(v’)). Note that the skew-symmetry and nondegeneracy of w 
imply that A’ = —A. As usual, see [199, page 34], the endomorphism AA’ is 
diagonalizable with positive eigenvalues {A;}. Thus, we have an orthogonal 
matrix B such that AA’ = B D(A;) B~!. From this, we get the so-called polar 
decomposition of A, A = UJ, where U = B D(,/i;) B~! is symmetric, J is 
orthogonal and JU = UJ. Now, from 


paar (u=-a(u)'=-aut = uj = 


we deduce J~! = J* = —] and, therefore, J? = —1. Hence, J is a complex 
structure. 

Thus, if (V,@) is a symplectic vector space, we can define a complex 
structure on V. Observe also that the complex structure J depends on the 
choice of the scalar product (, ) on V. 

Conversely, consider a complex structure ] on V. We define an inner 
product on V by 


S(v,v’) = (v,v') + Ju, Jv’). 


This product satisfies S(Jv, Jv’) = S(Wv,v’) and from S(v, Ju’) = (v, Ju’) — 
(Jv, v') = —S(Jv,v’), we see that ]* = —J where the adjoint is relative to S. 
We set w(v,v’) = S(Jv,v’) and check that 


wo(v',v) = S(Ju',v) = S(J*u'’, Jv) = —S(Jv,v’) = —a(v,v’). 
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Since the form w is nondegenerate, (V, @) is a symplectic vector space. 


4.7.6 Generalized complex structure 


Let’s now unite complex and symplectic linear algebra. First, note that a 
symplectic form w can be viewed as linear map w: V — V* such that 
w! = —o. On the other hand, a complex structure is a linear map J: V > V 
such that J? = —1. Now consider the direct sum W = V @ V* together 
with the evaluation scalar product: 


1 
(yt+ta,v'+a')= 5 au’) + a'(v)). 


We define (see [142]) a generalized complex structure on V to be a complex 
structure on W, orthogonal with respect to this scalar product. As we did 
before, we decompose W ® C into eigenspaces as W @ C = W%! @ WI, 

If (V, J) is a complex vector space, we set W%! = V%! @ V*!° and this 
gives a generalized complex structure on V of associated matrix: 


= a 
OF Pp 
If wo: V — V* is a symplectic form on V, we set W%! = 


{X — iw(X) | X € V} and this gives a generalized complex structure on V 
with associated matrix: 

0 —at 

o 0 /}° 


Thus, complex and symplectic linear algebras are particular cases of this 
more general notion. 


Exercises for Chapter 4 


Exercise 4.1 Generalize Example 4.2 and prove that the complex Grassmann man- 
ifold, Grigp(C), of k-plans in c”tk is a complex manifold. Hint: [155, page 
133]. 


Exercise 4.2 Show that any oriented surface admits a complex structure. Hint: 
[107, page 149]. 


Exercise 4.3, Let H be a commutative graded algebra with an element o of degree 2, 
satisfying the hard Lefschetz property with respect to w and Poincaré duality with 
respect to w”. Let a € H24+! and p € H2&+1, 

(1) Show the existence of an integer j such that Bo! is in the complementary 
degree of a. 

(2) Define (a, 8) by aBw/ = (a, B)w”. Show that (—,—) defines a symplectic 
structure on H24+!, 


4.7 Appendix: Complex and symplectic linear algebra 


(3) Prove that H24+! is even dimensional (see Proposition 4.108). 


Exercise 4.4 Give the details of the determination of the Dolbeault model of SO(9) 
in Example 4.75. Hint: [228]. 


Dp 
Exercise 4.5 Let §1 —_>E——~B be a principal bundle such that B is a compact 
irreducible hermitian symmetric space and the Euler class of p represented by the 
Kahler form of B. 

(1) Let PH be the primitive cohomology of H(B), see [264, Chapter 5] or [115, 
page 122]. Prove that if PH is generated, as algebra, by at most one element, then 
the space E is formal. Give an example where PH is generated by two elements and 
E is still formal. 

(2) Let (AY @ AZ, D) be a cdga such that 
e Y is a vector space of dimension 7, concentrated in even degree, 

e Z is a vector space of dimension 1 + 1, concentrated in odd degree, 
DZ) AY DY) = 0, 
e the canonical projection p: (AY @ AZ, D) > (Z, 0) induces 0 in cohomology. 

Prove that (AY @ AZ, D) is not formal. (Observe that we have a pure model as 
in Theorem 2.77.) 

(3) Show that the space E is not formal if and only if 
e B=U(p+q)/U() x U(q), with p => 3 and q = 3, 

e or B= SO(2n)/U(n) = Sp(n — 1)/U(m — 1), with n > S, 
e or B= E7/E6 x SO(2). 

Hint: Find the list of compact irreducible Hermitian symmetric spaces in [136, 

page 518], determine the minimal models and use the first questions. 


Exercise 4.6 Show that if M* and N* are almost complex 4-manifolds, then 
M#N cannot have an almost complex structure. Then show that CP(2)#CP(2) is 
c-symplectic, but not symplectic. 

Hints: (1) First show that, if P is a closed 4-manifold with almost complex 
structure, then 


= Ae 
oiees. 


1—b, + by 


is even, where 5, is the first Betti number, b; is the number of positive diagonal 
entries for the signature form, x is the Euler characteristic of P and is the signature 
of P. Note that x =1-—6,+ 62 —b3+1ando =), —b_ with bp = b44+ b_. 

Now, Borel and Hirzebruch showed that, if x is any cohomology class with 
x = w2 mod 2, where w? is the Stiefel-Whitney class, then x2 = 0 mod 8. The first 
Chern class has p2(c1) = w2, so we calculate the Pontryagin class p1(TM) to be 
pi(TM) = —c1(TM @ C) = 14 2c2 — on Apply the Hirzebruch signature formula 
to get 2(x +0) =ci-o = 8£. 

(2) Now use this fact and compute 1 — b; + b, for the connected sum (see, for 
instance, [257, Theorem 3.6]). 


Exercise 4.7 Prove Proposition 4.100 using Steenrod’s functional cup product. The 
definition and properties may be found in [265]. Hint: the key property is that, for 


4: Complex and symplectic manifolds 


the Whitehead product map [tp, tq]: Seta-1 _, SP v §4 and Up, Ug, Upyg—1 the 
respective generators of H?(S?), H4(S7) and HP+4-1(gp+4a—1), 


Up lipstql 4q = —YUptq-1- 


Now let @ € mp(X) and £ € mq(X) and represent the Whitehead product [a, 8] by 


F; geta-t “! op ga 4 x 
where h|sp = a and h|sq = B. The related functional cup product is 
uUpv € HPtI-lgpta-ly | 


Also, «Up uC h*(w) Ufinug) P*(). 

If « € H?(X) is dual to an element h(a), a € p(X), and v € H4(X) is dual to an 
element h(8), B € mq(X), then h*(u)(up) = u(by(@p)) = u(h(a@)) = 1 and similarly 
h*(v)(4q) = 1 for the dual homology generators up and ug. Thus, h*(u) = up, 
h*(v) = ug and uUpy = h*(u) Ung bX) = up Ur Ug = —Up4g—1. Since 
Up+g-1 #0, F = [a, B] 4 0 as well. 

Now modify the situation above to treat the case of Proposition 4.100. 


Lpstq Lpstq] 


Geodesics 


Let M be a smooth Riemannian manifold. The Riemannian structure of the 
manifold is reflected in the form its geodesics take. For instance, we see the 
symmetry of the sphere S? (with the Riemannian structure induced from R*) 
in the great circles that are its geodesics. Moreover, while the differential 
geometric structure of a physical system is detected by geodesics (e.g. in 
general relativity), the actual physical nature of such a system is seen in its 
motions. A beautiful result of Jacobi (see [216, Chapter 8] for instance) says 
that the Riemannian metric on the manifold of interest may be modified in a 
simple way so that the geometric and physical viewpoints agree; namely, the 
motions of the system are along geodesics with respect to the new metric. 
Therefore, in some sense, the study of geodesics exemplifies the paradigm 
expressing the relationship between mathematics and physics. Of course, 
the motions that are most important in physics are the periodic ones, so we 
begin by studying the geometric counterpart, closed geodesics. 

A geodesic c(t) is closed if there is a real number T such that c(t+T) = c(t) 
and c(t + T) = c(t) for all t ¢ R. When you have a closed geodesic, then 
rotation along the geodesic re-parametrizes the geodesic to produce other 
ones. Therefore it is natural to consider only the closed geodesics c(t) and 
c'(t) with distinct images. They are then said to be geometrically distinct. 

The first natural question about closed geodesics concerns their very 
existence on any particular compact Riemannian manifold M. In 1898, 
Hadamard proved that each nontrivial conjugacy class of 21(M) contains 
a closed geodesic that is the shortest closed curve representing an element 
in the conjugacy class. In 1929, Lusternik and Schnirelmann proved that, 
on a surface homeomorphic to S*, but with any metric, there exist at least 
three simple closed geodesics. Finally, in 1951, Lusternik and Fet [181] 
proved that each compact Riemannian manifold contains at least one closed 
geodesic. 

The second question is then: How many geometrically distinct closed 
geodesics can we find on a compact manifold? Over the years, computations 
suggested the following question. 
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Question 5.1 (The closed geodesic problem) Does every compact 
Riemannian manifold M of dimension at least two admit infinitely many 
geometrically distinct geodesics? 


The existence theory of geodesics and closed geodesics on a compact 
Riemannian manifold M is based on the calculus of variations for the 
energy function on path spaces. Using Morse theory in an infinite dimen- 
sional setting, Gromoll and Meyer reduced the closed geodesic problem to 
the computation of the cohomology of the free loop space LM = MS’. 
Indeed Gromoll and Meyer proved that the manifold M admits infinitely 
many geometrically distinct closed geodesics if the Betti numbers of LM are 
unbounded. Now it should be clear how rational homotopy enters the pic- 
ture; namely, because it gives a process for computing the minimal model of 
LM, and as a consequence, the Betti numbers of LM. Using this approach, 
D. Sullivan and M. Vigué-Poirrier proved that, if the cohomology algebra 
H*(M; Q) is not singly generated, then M admits infinitely many geometri- 
cally closed geodesics. We explain all this in detail in the first three sections 
of this chapter. Note that the Sullivan and Vigué-Poirrier theorem misses 
the fundamental case of the 2-sphere S?. It was not until the early 1990s 
that this case was settled affirmatively by the combined work of V. Bangert 
[19], J. Franks [99] and N. Hingston [140]. 

When we know that there exist infinitely many geometrically distinct 
closed geodesics, the natural second question is the following. 


Question 5.2 (Asymptotic behavior problem) What is the asymptotic 
behavior (with respect to T) of the sequence nt consisting of the number 
of geometrically distinct closed geodesics of length < T? 


Once again, the sequence of Betti numbers of LM provides a solution. 
Indeed, M. Gromov proved that for a family of generic metrics called bumpy 
metrics, there are integers a > 0 and b > 0 such that 


nr > a-max dim H?(LM;Q). 
p<bT 


Moreover, Gromov conjectured that 


Conjecture 5.3 For rationally hyperbolic manifolds, the sequence nt- has 
exponential growth. 


This conjecture remains essentially open. It has been proved only for some 
families of manifolds such as connected sums of manifolds with nonsingly 
generated cohomology (see Theorem 5.34). These results will be described 
in more detail in Section 5.6. 


5.1 The closed geodesic problem 


In Section 5.7, we briefly describe an important generalization of Gro- 
mov’s work. Instead of looking at closed geodesics and the function n7, we 
consider geodesics of length < T connecting a point x to a point y. The 
behavior of the function analogous to 77 is related to the entropy of the 
geodesic flow and to the cohomology of certain path spaces. Here, rational 
homotopy appears as an important tool for formulating results properly. 

In the 1970s, K. Grove initiated a series of works on A-invariant 
geodesics. Here we fix an isometry A, and a geodesic y(t) is called A- 
invariant if for some T, y(t+T) = A(y(t)) for all t € R. The main question 
is then 


Question 5.4 (A-invariant geodesic problem) What conditions must be 
imposed on a manifold M and on an isometry A to guarantee the existence 
of a nontrivial A-invariant geodesic? 


Here, “nontrivial” means a geodesic that is not a constant map at a 
fixed point of the isometry A. Sections 5.4 and 5.5 are devoted to a study 
of A-invariant geodesics. These sections contain the classical results of 
Grove, Grove-Halperin and Grove—Halperin—-Vigué. We show, in partic- 
ular, the existence of infinitely many nontrivial A-invariant geodesics on a 
rationally hyperbolic manifold, and the existence of at least one nontrivial 
A-invariant geodesic on a rationally elliptic manifold M when the rank of 
some homotopy group z4(M) is odd. 

Finally, it is an inescapable fact that the cohomology of the free loop 
space is related to (and computed by) Hochschild cohomology. Since we 
need this relationship in certain proofs, we have recalled the definitions and 
basic properties on the bar construction and Hochschild homology and 
cohomology in Section 5.9. 


5.1. The closed geodesic problem 


Let’s now begin our discussion of the closed geodesic problem. We first 
formulate it as a conjecture. 


Conjecture 5.5 Each compact Riemannian manifold of dimension at least 
two admits infinitely many geometrically distinct closed geodesics. 


The conjecture above is true when 71 (M) has infinitely many conjugacy 
classes by the result of Hadamard. Using a different approach, Bangert and 
Hingston [20] proved that the conjecture is also true when Z is a subgroup 
of finite index in 2;(M). In later work, the combined work of V. Bangert 
[19], J. Franks [99] and N. Hingston [140] proved that the conjecture is 
true for the sphere S* with any metric. 
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Example 5.6 Let Mand N ben-dimensional compact manifolds with n > 2, 
and let M#N be their connected sum. Suppose 71(M) 4 0 and |71(N)| > 4. 
Let x € 71(M), x 4 1, and let y1,y2,z 4 1 € m1(N) be distinct nontriv- 
ial elements. Then the elements (xyjxy;)”xz belong to different conjugacy 
classes in 774(M) «71(N). This shows that 21(M#N) = 21 (M) «71(N) con- 
tains infinitely many conjugacy classes. It follows from Hadamard’s result 
that M#N admits infinitely many geometrically distinct closed geodesics. 


Let us denote by LM = MS" the space of continuous maps from S! 
to M with the compact open topology and by H!(S!,M) the Hilbert 
manifold consisting of absolutely continuous maps from S$! into M with 
square integrable derivative. By a result of Klingenberg [154] the inclusion 
i: H'(S!, M) — LM isa homotopy equivalence (see [120]). Because of this 
equivalence, we shall abandon the notation H!(S!, M) and simply use LM 
even in situations where we obviously are referring to H!(S!, M). 

We can therefore consider the energy of a closed curve, E: LM > R, 


defined by 
1 


1 / / 
E(c(t)) = >| (c(t), c(t) dt. 


Recall now that if W is a Hilbert manifold, and f: W —> R is a smooth 
map, then m € W isa critical point if V(f)(m) = 0. In this case, V(E) = 0 
produces the Euler-Lagrange equations for the energy functional E. Of 
course, these Euler-Lagrange equations are simply the geodesic equations 
(see [216, page 441]), so we have the 


Theorem 5.7 ([154]) The critical points of the energy function of a manifold 
are the constant maps and the closed geodesics. 


In order to appreciate the significance of this result, let’s see why every 
compact manifold must have at least one closed geodesic. The approach we 
describe is due to the combined efforts of many mathematicians including 
Birkhoff, Morse and Bott. Define 


Pu(M) = {(x1,.--5%n) € M" | d(x1, x2) + +++ + d(xn,x1)* <€} 


where d(x, y) denotes the distance from x to y on M and 0 < € < e(M). 
Here, €(M) is the particular number (called the injectivity radius) associated 
to M such that, for any x and y in M with d(x,y) < €(M), there exists 
a unique minimal geodesic joining x and y. Such an €(M) always exists 
for a compact manifold. Clearly, P,,(M) is compact and every point of 
P,,(M) represents a closed geodesic n-gon with corners at the x;. We have an 
inclusion j: P,(M) <> LM (after parametrizing the 1-gons with respect to 
arclength). Moreover, a theorem of Bott says that, for fixed r and all k < 1, 
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there exists 1, such that, for n > n,, 


jy: 14(Pn(M)) > m4(LM). 


From the point of view of homotopy theory then, the P,,(M) approxi- 
mate LM better and better as 1 goes to infinity. Therefore, for homotopy 
questions, we have an effective finite dimensional reduction. 

Now let’s look at the situation from the viewpoint of critical point theory. 
We can define a type of energy function E: P,(M) > R by 


nN 
E(x4,...,Xn) = Sedan 
i=1 


where x741 = x1. This discretizes the energy functional E described above. 
It can be shown that a critical point of E gives rise to a polygon without 
corners with sides of equal length; that is, a closed geodesic. Note that the 
section s: M + P,(M) Cc LM embeds M as the “trivial” critical points 
which are absolute minima for the energy functional E having E = 0. Of 
course, we want to find critical points besides these trivial ones and this is 
the content of the theorem of Lusternik and Fet. 


Theorem 5.8 ([181]) On any compact simply connected smooth manifold, 
there exists a nontrivial closed geodesic. 


Proof Suppose no critical point of E exists with E > 0. By [66, Theorem 
1.17], there is a deformation of P,,(M) into an open neighborhood of M 
which may be taken as close to M as we desire. In particular, P,,(M) deforms 
into a tubular neighborhood of M, which itself deformation retracts onto 
M. If H is the total deformation of P,,(M) into M and h = Hj, then we 
have soh ~ idp,my, where s is the inclusion M ~ P,,(M). In particular, 
this implies that by: 2,(P,(M)) > 2,(M) is injective. 

Now suppose the first nonzero homotopy group of M occurs in degree 
r. Because 1, (QM) = zp41(M), the splitting 7,(LM) = mp(QM) @ mz (M) 
says that the first nonzero homotopy group of LM occurs in degree r — 1. If 
we choose x large enough, then this will also be true for P,,(M). Thus, we 
may assume that 7;(P,(M)) = 0 for t < r—1 and z,_1(P,(M)) 4 0. The 
injectivity of /y then implies that z,1(M) 4 0 and this is a contradiction 
to the assumption that the first nonzero homotopy group occurs in degree 
r. Hence, our original supposition is incorrect and a non-trivial critical 
point of E exists in P,,(M). Thus, there exists a nonconstant closed geodesic 
on M. 


Of course, it is a long way from proving the existence of a single closed 
geodesic to showing that a manifold admits an infinite number of closed 
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geodesics. The crucial step was taken by Gromoll and Meyer in 1969, so 
let’s turn to that now. 
The circle acts on LM by rotation along the curves 


A:S'xLM—> LM A(t, c)(s) = c(t +s modZ). 


The orbit of a curve, S!(c), is a submanifold of LM. Clearly, two geodesics 
c and c’ are geometrically distinct if c’ ¢ S'(c). Note that if c is a critical 
point of E, then the same is true for all the points in S'(c). 

Relations between critical points of the energy function and the homology 
of LM can then be established by adapting Morse theory to the infinite 
dimensional case. This gives the following theorem due to Gromoll and 
Meyer. 


Theorem 5.9 ([117]) Let M be a compact simply connected manifold. If the 
sequence of Betti numbers of LM is not bounded, then M admits infinitely 
many geometrically distinct closed geodesics. 


And this then leads to the main question in the area for which algebraic 
models are relevant. 


Question 5.10 When is the sequence of Betti numbers of the free loop space 
an unbounded sequence? 


This question will be answered in Proposition 5.14. 


5.2 A model for the free loop space 


The Gromoll—Meyer theorem reduces the closed geodesic problem to the 
problem of the computation of the cohomology of the free loop space. In 
this section we give a procedure to compute the minimal model for the 
free loop space LX of a simply connected space X from its minimal model 
(AV, d). 


Theorem 5.11 Let X be a simply connected space with minimal model 
(AV, d). Then a model for the free loop space, LX, is given by 


(AV @ AsV, 5) 


with 5(v) = dv and 8(sv) = —sd(v) where s is the derivation defined by 
s(v) = sv. 


5.2 Amodel for the free loop space 


Proof The space LX is the pullback in the following diagram of fibrations 


LX —> x!/01] 


Po | | (PosP1) 
A 


xX —> XxX 


where pj(c) = c(j). Denote by 7: X > X!." the map that associates to a 
point x the constant path at x. The map iis a homotopy equivalence making 
the following diagram commutative 


X— > x10U 


ne | (PosP1) 


XxX 


This implies that (po,p1) and A have the same relative minimal model. 
Denote by (A V1, d) and (A V2, d) two copies of (AV, d). By Example 2.48, 
a minimal model of A is given by the multiplication 


LL: (AVq,d) @ (AV2,d) = (AV, d). 


By Example 2.48 again, a relative minimal model of yw is given by the 
following commutative diagram 


(AV1, 4) ® (AV2,d) (AV, d) 


Sea te 


(AV1 ® AV2 ® AsV, D) 


where ¢ is a quasi-isomorphism with g(sv) = 0, and where D(sv) —v2 +11 
is a decomposable element in AV; @ AV2 @ AsV (for, recall that a 
decomposable element in AT is an element in A2*T). 

By Theorem 2.70 together with the standard pullback description of LX, 
we see that a model for LX is given by the tensor product 


(AV, d) @(AV1@AV2) (AV1 ® AV2 ® AsV, D) : 


The proof of the theorem will follow from the construction of an isomorp- 
hism 


(AV, d) QA Vi @AVy) (AV1 ® AV2 @ AsV, D) > (AV @ ASV, 5). 
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For this purpose, we give a more explicit construction of the cochain algebra 
(AV1@AV2@AsV, D). Consider the model (AV@AV@AV, D) constructed 
in Chapter 2 for the definition of left homotopies (Definition 2.18) with 
differential 

Div) = dv, Dv) = 0,D(v) = 20, 


and V =sV. This model is equipped with a derivation s satisfying 

s(v) =v,s(v) = 0,s(0) = 0. 
The commutator 6 = sD + Ds is a derivation of degree 0 and the morphism 

2°: (AV, d) > (AV @ AV BAV,D) 
is a well-defined morphism of cdga’s. By definition, 
e’(v) =v +0 + decomposable. 
We then consider the isomorphism of algebras 
vs AV @AV2 @ ASV —> AV@AV OAV, 


defined by W(v1) = v, W(v2) = e®(v), and (sv) = v. We make wy an 
isomorphism of cdga’s by defining D on AV; @ AV2 ® AsV by the formula 


D=w 'Dy. 


This differential D then inherits the good properties of D on AV; ® AV2 ® 
AsV; that is, D = d on V, and on V2 and D(sv) —v2 +01 is a decomposable 
element. 

We now define a morphism of cdga’s 


gq: (AV @ AV @AV,D) > (AV @ASV, 5) 


by qv) = v, qv) = sv and q(v) = —sd(v). A simple computation shows 
that g(sD + Ds) = 0. We then form the composition go yw: (AV; @ AV2 ® 
ASV,D) > (AV ® ASV, 5). By the observation that g(sD + Ds) = 0, we 
have go w(v1) =v, go W(v2) = v and go W(sv) = sv. This induces the 
promised isomorphism 


1@(qoy) 
————> 


(AV, d) QA Vi @AVy) (AV1 ® AV2 @ AsV, D) (AV ® AsV, 54). 


For the sake of simplicity, in the minimal model of the free loop space, 
(AV ® AsV, 6), we will write X instead of sx for an element of sV. 


5.3. Asolution to the closed geodesic problem 


Example 5.12 Let M be the sphere S$. A minimal model for S* has the form 
(A(x, y),d@) with |x| = 2, |y| = 3, dx = 0 and dy = x*. A minimal model 
for LM is thus given by the cochain algebra (A(x, y, x, ¥), 5), with |x| = 1, 
ly| = 2, 


dx = 0, dy =x*, d(X) =0, 5(7) = —2xk. 


We can compute the cohomology to be 
H* (LM; Q) = (x, x, X), xy — iy, XY", ...). 


Note that dim H‘(LM;Q) = 1 for all i and that all cup products are zero. 
Nevertheless, the free loop space of S? is not formal because there are many 
Massey products such as xy — 2xy. 


5.3 A solution to the closed geodesic problem 


In the historical development of rational homotopy theory, one of the first 
major applications of the theory was the theorem of Vigué-Poirrier and 
Sullivan on closed geodesics [261]. 


Theorem 5.13 If M is a compact simply connected Riemannian manifold 
whose rational cohomology algebra requires at least two generators, then 
M has infinitely many geometrically distinct closed geodesics. 


This theorem is in fact a direct consequence of Theorem 5.14 below 
combined with Theorem 5.9. 


Proposition 5.14 ([261]) Let M be a simply connected space whose 
rational cohomology is finite dimensional. The following conditions are 
equivalent. 


1. The sequence of rational Betti numbers of LM is unbounded. 
2. The cohomology algebra H*(M; Q) requires at least two generators. 
3. The dimension of 1oaq(M) ® Q is at least two. 


Proof If the cohomology H*(M) is singly generated, then either H*(M) = 
Ax, with x in odd degree, or else H*(M) = Q[y]/y”. In the first case, the 
minimal models of M and LM are (Ax, 0) and (A(x, x), 0). The Betti num- 
bers of LM are either 0 or 1, so they are bounded. In the second case, the 
minimal model of M is (A(y, z), d) with dy = 0 and dz = y”. The minimal 
model for LM is thus (A(y, z, ¥, Z), 6) with y in odd degree, Z in even degree, 
d(y) = 0 and 5(%) = —ny"~'y. Since the ideal generated by z and y” is 
acyclic, the complex is quasi-isomorphic to the quotient complex 


(A(y, 9)/y" ® AZ, 4) , 5() = —ny""'y. 
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A standard computation shows that the reduced cohomology of LM is 
therefore 
A*(y, D/O", Fy" ') @ AR. 

Once again the Betti numbers are bounded. Observe also that in both cases, 
the dimension of 2,gq(M) ® Q is one. This shows (1) => (2) and (3) = (2). 

Suppose now that the cohomology requires at least two generators. We 
first prove that the dimension of z1)gq(M) @ Q is at least two, i.e. (2) = (3). 
If there is no odd generator, the differential is zero for degree reasons, and 
the cohomology is infinite, which is impossible. Suppose there is only one 
odd generator y. If dy = 0, then the first even generator is a cocycle, and no 
power of it is a coboundary because there is no other odd generator, and 
so the cohomology is infinite, which is impossible. Therefore dy is nonzero. 
We now order the generators by degree and we obtain 


(A(x1, sey XnyVyoXn415-- “5 d) o) 


with |x;| even. Since dy is not a zero divisor in A(x1,..., Xn), the cohomol- 
ogy of (A(x1,.--5 Xn ¥),d) is A(x1,.--5Xn)/(dy) and therefore, the global 
cohomology is 
A(X15-++5Xn)/(dy) @ A(Xn415---)+ 

If nm > 2 the dimension of A(x1,...,Xn)/(dy) is infinite and the cohomology 
is generated by the x;. If m = 1, we must have another generator x2 of 
even degree because the cohomology requires at least two generators. Now 
d(x2) = 0 because there is no cocycle in Qy - A(x1). It follows that the 
cohomology is infinite. This proves that we have at least two odd generators. 

We finish by proving (2) > (1). By our discussion above, we can assume 
that the model for M contains at least two odd generators. Therefore, let 
y1 and yz be the first two odd generators and denote the generators by 
increasing degrees: x1,...5Xn5V1,Xn415-+++9Xr5V2,--- The differential d is 
given on the first generators by polynomials P;, O; and P): 


dx, =0, dxz =0, ..., dx, =0, 
Ay( = PHO exe Rals 

AxXn+1 = Y1O1(X1,---5Xn)y --+5 AX, = y1Or (01, --- 5X71), 
dyz = P2(x1,..-5Xr) 


The ideal J generated by x1,...x, is then a differential ideal in the minimal 
model of the free loop space (AV ® AsV, 5). The quotient (A,6) = (AV ® 
AsV, 6)/J is the minimal cdga (A, 5) = (A(y1,2,...) @ AV, 5), where V = 
sV as usual. In this quotient, the elements 


X1 +++ Xr yi" yo, Pd = 1 
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are cocycles that induce linearly independent classes in cohomology. It fol- 
lows that the Betti numbers of the cohomology of (A, 5) are unbounded (see 
the loop space analogue in Exercise 5.5). We now apply Lemma 5.16 induc- 
tively (beginning with x,) to deduce that the Betti numbers of (AV @ AsV, 4) 
are also unbounded. 


Lemma 5.15 Let (A,d) be a connected cdga, y an odd dimensional gener- 
ator, and (A,d) > (A @ Ay,d) a relative minimal model. If the Betti 
numbers of (A @ Ay, d) are unbounded, then the same is true for (A, d). 


Proof We filter the cdga A @ Ay by the ideals A=? @ Ay. The E2-term of the 
associated spectral sequence is H*(A,d) ® Ay. Since the spectral sequence 
converges to the cohomology of (A @ Ay, d), we deduce that 


dim H17(A @ Ay, d) < dim H7(A, d) + dim H7~"(A, d) , 


where m denotes the degree of y. 


Lemma 5.16 Let (AV,d) be a minimal model and x be a closed even 
dimensional generator of AV. If the Betti numbers of the quotient cdga 
(AV /(x),d) are unbounded, then the Betti numbers of (AV,d) are also 
unbounded. 


Proof The quotient is quasi-isomorphic to the Sullivan model (AV @ Ay, d) 
where dy = x. The result follows then directly from Lemma 5.15. 


Example 5.17 Note also that S* does not fall under the hypotheses of 
Proposition 5.14. However, as we mentioned in the introduction, the com- 
bined work of V. Bangert [19], J. Franks [99] and N. Hingston [140] led to 
a proof of the closed geodesic problem for $* with any metric. 


5.4 A-invariant closed geodesics 


The symmetry of a Riemannian manifold is reflected by its isometry group. 
Therefore, we can try to mix together the geometric content engendered by 
knowledge of the geodesics on a manifold and the symmetry information 
underlying the existence of an isometry. To see how to accomplish this, let A 
denote an isometry of a compact simply connected Riemannian manifold M. 


Definition 5.18 A geodesic y(t) is called A-invariant if there exists some 
T € R such that y(t + T) = A(v@)) for allt ER. 


Example 5.19 Let M be the sphere S* with the usual metric. Denote by A 
the antipodal map; then the great circles are A-invariant geodesics. When 
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Misa flat torus and A is the involution A(x, y) = (y, x) then the A-invariant 
geodesics are the lines in the square [0, 1]? that are parallel to the ascending 
diagonal. 


Let’s denote the interval [0,1] by I. The natural space to consider for the 
study of A-invariant geodesics is the space Mi of paths c: I > M satisfying 
c(1) = A(c(0)). Observe that Mi, is the pullback 


Mi, ——+ m! 


| | (PosP1) 
(id,A) 
M —> MxM 


and note that, if A =id, we recover the free loop space LM. 

Just as for loop spaces, the space of paths M!/ has the same homotopy 
type as the Hilbert manifold H'(I, M) consisting of absolutely continuous 
curves 0: I - M with square integrable derivative. We can then take the 
pullback of the diagram 


°| |? 


G(A) MxM 


where p(c) = (c(0), c(1)) and G(A) Cc M x M is the graph of the isometry 
A. Observe that G(A) is homeomorphic to M. Since p is a submersion, the 
Hilbert submanifold 1 (I, M) has the homotopy type of Mi. 

In [120], K. Grove extended the classical theory of closed geodesics to 
the A-equivariant situation and proved the following. 


Theorem 5.20 ([120]) The critical points of the energy function 
Fa (I, M) > Rare the closed A-invariant geodesics and the constant maps 
at fixed points. 


Note that the set of fixed points for A, Fix A, is a disjoint union of totally 
geodesic submanifolds because, when A(x) = x, A, is the identity when 
restricted to the tangent space of the submanifold, and exp, oA,, = Aoexp,. 
The starting point of the study of A-invariant geodesics is the strong relation 
between Fix A and M);: 


Theorem 5.21 ([120]) If Fix A = @, then M has an A-invariant geodesic. If 
Fix A 4 @, and M has no nontrivial A-invariant geodesic, then the natural 
injection Fix A > Mi, is a homotopy equivalence. 
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We use Theorem 5.21 to obtain a link between the existence of A- 
invariant geodesics on M and algebraic invariants of M such as homotopy 
groups or the Euler characteristic. In order to obtain explicit criteria for the 
existence of A-invariant geodesics, we must study certain properties of the 
fibration 

QM > Mi, > G(A). 


If we replace A by an isometry that is homotopic to it, then the homotopy 
type of the fibration does not change. This is interesting because the isome- 
tries form a compact Lie group whose elements of finite order are dense 
[205]. Therefore, A is homotopic to an element of finite order. We can thus 
suppose without loss of generality that A has finite order, say A® = 1, for 
some integer k. 


Let’s first recall the isomorphism 6: 77,(M) > Tg+1(QM). Denote by 
xg the base point of M, Xo the constant loop at the base point and PM 
the subspace of M! consisting of paths c starting at xo. Each continu- 
ous map c: (17,017) — (M,xo) lifts into a map ¢: If + PM defined 
by C(t1,--+ ,tq)(t) = c(ti,-++ ,tq—1,ttq). By restriction to 17! x {1}, this 
gives the isomorphism 6: 2g(M) — mg—1(QM). The inverse map 67! is 
defined by 

7" (c)(t1y+++ tg) = C(t1y++* ytq-1)(Eq)- 


Now, in the fibration QM > M! & M x M, p(c) = (c(0),c(1)), each 
continuous map ¢ = (c1,¢2): (7,017) + (M x M, (xo, x9)) lifts into the 
map 

(1-0:11 > M! 5 


where - denotes composition of paths and ¢, the path inverse to c1. Let 5y 
denote the connecting map in the homotopy long exact sequence for the 
fibration p, dy(c) = C1 - & restricted to 19~! x {1}. This implies that the 
composition 


mq(M) © mq(M) © mq1(QM) © > m1q(M) 


maps (a, b) to b — a when g > 1 and to b- a~! when q = 1. 
Now denote by gy: M + G(A) the homeomorphism defined by y(m) = 
(m, A(m)). We then have: 


Lemma 5.22 Let 5: mg(G(A)) > mg—1(QM) be the connecting map of the 
fibration QM + MI, + G(A). Then the composition 


m4) -1 
pi tq(M) > mq(G(A)) > mq-1(QM) ~> mq(M) 
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satisfies p(x) = m1(A)(x)- x7! for gq = 1 and p(x) = Tq(A)(x) — x when 
q= 2. 


Proof The proof follows directly from the above computations and the 
commutativity of the following pullback diagram (where G(A) — M x M 
is the natural inclusion) 


QM ——— > QM 


G(A) —> MxM 


Theorem 5.23 ((121]) Let M be a compact connected Riemannian mani- 
fold. Then M has a nontrivial A-invariant geodesic if one of the following 
is satisfied. 


1. 7q(M4,) # 0 for some q > 1. 

. Iq(A) — id is not an isomorphism for some q >= 2. 

. 11 (A)(x) = x for some x € 1(M). 

. rank z(M) is odd for some k > 2. 

. 11(M) is finite and A?” is homotopic to the identity for some prime p 
and some integer m. 

6. Fix A is not a connected set and M is simply connected. 


nA BwWwWN 


Proof Suppose there is no nontrivial A-invariant geodesic. Then, by 
Theorem 5.21, Fix A ¢ @. Furthermore, Fix A has no component of dimen- 
sion at least one because, otherwise, this component would contain a 
nontrivial closed geodesic — that is, an A-invariant geodesic. Therefore, 
since M is compact, Fix A is a finite set that has the homotopy type of Ml}. 
In particular, the homotopy groups zg (Mi) = 0 for g > 1 and the connect- 
ing map is an isomorphism for q > 1. By the description of the connecting 
map in Lemma 5.22, this proves the assertions (1), (2) and (3). 

(4) follows from the fact that, if B is an automorphism of finite order 
of some Z”, with m odd, then id — B is not an isomorphism. In fact, B 
is represented by a matrix with integer coefficients, which means that the 
roots of the characteristic polynomial are algebraic integers. On the other 
hand, since a power of B, say k, is the identity, the eigenvalues are kth 
roots of unity. Moreover, since the matrix has integer coefficients, if e’% is 
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an eigenvalue, then its conjugate e~“ is too. Since m is odd, at least one 
eigenvalue is a real number. If 1 is an eigenvalue, then clearly id — B is 
not an automorphism. So suppose that —1 is an eigenvalue and id — B is 
an isomorphism. The product [](1 — e“)(1 — e7“%/) is an algebraic integer 
since it is a product of algebraic integers. On the other hand, this product 
is equal to det(id — B)/2 and, therefore, +1/2 must be an algebraic integer. 
But this is impossible because a rational number that is an algebraic integer 
must be an integer. 

(5) The universal covering is a compact manifold and therefore for some 
q = 2 the rank of 24(M) is nonzero. Consider the morphism id — zg(A) 
on sqg(M)/torsion. Recall that, over the field F, with p elements, we have 
(x—y)? = x?—y?. Therefore since 114(M) is abelian and p is a prime number, 
we have 


(id — 2tq(A))?” = id — (tq(A))?” + pB 


for some B. Since (zg (A))?” = id, we see that id — Tq(A) is not an isomor- 
phism on 4(M)/torsion. Therefore, id — 7g(A) is not an isomorphism at 
all and we now use (2). 

(6) Since M is simply connected, the space Mi, is connected and, therefore, 
cannot have the homotopy type of Fix A. 


Grove and Halperin used this result to obtain an existence theorem for 
A-invariant geodesics on a compact rationally elliptic manifold. 


Theorem 5.24 ({122]) Let M be a compact simply connected rationally 
elliptic Riemannian manifold. If M has no nontrivial A-invariant geodesic, 
then 


1. The dimension n is even, and, if x (M) 4 0, 1 is congruent to 0 modulo 4. 
2. The Euler—Poincaré characteristic is the square of another integer. 


Proof (1) Let 7; = rank 2;(M). Recall that the dimension 1 of the man- 
ifold is a formal consequence of the ranks of the homotopy groups (see 
Theorem 2.75): 


n= Yq —1)-. (r2g-1 — 12q)- 
q 


Since, by (4) of Theorem 5.23, all the ranks are even, we see that 7 is also 
even. Moreover when x(M) 4 0, then x,(M) = 0, so ae 12g-1(M) = 
a q12q(M) and therefore 7 is congruent to 0 modulo 4. 

(2) When x(M) = 0, then x(M) is a square. We can thus suppose that 
x(M) > 0, so that x¥,(M) = 0 (Theorem 2.75). Recall from Theorem 2.79 
that the Poincaré series of M and the ranks of its homotopy groups are 
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related by 
SS dim Hg(M;Q)t? = [[a — p2yreiy—72i | 
7 ; 


L 


Decompose 1 — ¢*/ in the form 1 — #77 = (1+ 24)(1 —t+27—---- ot, 
Then, since }°; r2;-1 — r2; = 0, we have 


TLa= p24)Ri-1-7i = [Ld + 021-2 [], —t+---= p2)-Vyrai-1—-72 
=[]J,@-t+--- - petri 724, 


Therefore taking the value at —1, we obtain 


x(M) = flea : 


Since the ranks 7; are even, we deduce that x (M) is a square. 


Corollary 5.25 Let A be an isometry of a compact simply connected ratio- 
nally elliptic Riemannian manifold M. If either the dimension n is odd or 
the Euler—Poincaré characteristic is not a square, then M admits a nontrivial 
A-invariant geodesic. 


There are other manifolds that have the property that for any Riemannian 
metric, every isometry admits a nontrivial invariant geodesic. For instance 
Papadima has proved that this is the case for the homogeneous space G/K 
when K is a maximal torus (see [221, Theorem 1.4(i)]), or G is simple (see 
[222, Corollary 1.4(i)]). 

It is quite easy to compute a minimal model for the space Mj, because 
Mi, is the pullback of the following diagram of fibrations 


Mi, — > m! 


| | (PoP 1) 
(1,A) 


M —> MxM 


Example 5.26 When M is the sphere S* and A the antipodal isometry, then 
A induces multiplication by —1 on 22(S), so a model for (1, A) is given by 


p: (Ax, yx’, y'),d) > (A(x, y), d) 


with d(x) = d(x’) = 0, d(y) = x, d(y’) = x”, g(x) = x, v(x’) = —x and 
v(y) = ¢(y’) = y. A model for M/, is thus obtained by taking the pushout 
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in the following diagram (see Theorem 2.70) 


(A(x, 5%", Y's X5 V5 d) 


[i 


(A(x, y), d) = (A(x, y, x’, 9’), d) 


In this diagram j is the inclusion and d(x) = x—x', d(y) = y—y! —xX—x’'X. 
It follows that a model (not minimal) for Mi, is given by 


(A(x, y,X,y),D), D(x) — 2x , D(y) =0. 


This space has the rational homotopy type of S* x QS%, and is very different 
from LS2. For instance, H!(LS?; Q) is non-zero, but H! (S745 Q)=0. 


Since we can take the isometry A to be of finite order, the cyclic group 
G generated by A acts on M. Therefore, Theorem 3.26 implies that the 
manifold M admits a G-equivariant minimal model (AV, d). This means 
that A acts on V and that the action is extended in a multiplicative way 
to AV. In particular, V decomposes as V4 @ J where V4 is the subvector 
space generated by the vectors that are invariant under A, and J is the sum of 
the eigenspaces corresponding to the eigenvalues different from 1. Since the 
model is equivariant, we also have d(J) C AV4 @AtJ. Let (AV4, d) denote 
the quotient of (AV, d) by the differential ideal generated by J. Therefore the 
ideal I generated by J and s] in the model of the free loop space (AV@AsV, 4) 
is a differential ideal, and we can form the quotient cdga (A V4 @As(VA4), 5), 
where 5(sx) = —sd(x). 


Lemma 5.27 The cdga (AV4 ® As(V4), 5), where 5(sx) = —sd(x) is the 
minimal model for Mi. 


Proof Following the steps in the construction of the minimal model for 
the free loop space given in Section 5.2, we give a natural G structure to 
(AV @ AV @AV,D), by g-0 =F Vand g-v = Fv. The isomorphism of 
algebras y: A V1 @AV2 @ ASV > AV@AV® AV induces a G-structure 
on (AV1 ® AV2 ®@ AsV, D). As in the nonequivariant case, a relative model 
for (Po, P1) is given by the inclusion 


(AV1 ®@ AV2,D) @ (AV @ AV2 @ AsV,D). 
A Sullivan model for Mi, is then given by the tensor product 
(AV ® ASV, 6A) ms (AV, d) @®(AV1@AV2,D) (AV1 ® AV2 ® AsV, D) > 


where the structure of (AV; ® AV2)-module on (AV, d) comes from the 
morphism (1, A): (AV1,d) @ (AV2,d) > (AV, 4d). 
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We extend the coefficient field to C and we take a basis of J formed 
by eigenvectors x with eigenvalue A, 4 1. In this case 54 (sx) — (Axx — x) 
is a decomposable element, which shows that the ideal I is acyclic. The 
commutative differential graded algebra (AV @ AsV, 6a) is therefore quasi- 
isomorphic to the quotient 


(AV4 @ As(V“), 8a) = (AVA, d) @nyagavay AVI @ AV} @ As(V4), D). 


This cdga is the minimal model of the free loop space on a space whose 
minimal model is (AV4, d). This proves the lemma. 


Corollary 5.28 Let M bea compact simply connected Riemannian manifold 
and A an isometry. If for some q, (%q(M) ® Q)4 £ 0, then M admits a 
nontrivial A-invariant geodesic. 


Proof The space Mi, has model (AV4 @ As(V4), 5) by Lemma 5.27. Since 
(tg(M) ® Q)4 is dual to (V7)4, we have 1q(M!,) # 0 and the result follows 
from Theorem 5.23. 


5.5 Existence of infinitely many A-invariant geodesics 


A result of Tanaka extends the Gromoll-Meyer Theorem and defines a 
bridge between the existence of infinitely many A-invariant closed geodesics 
and the homology of Mi}. 


Theorem 5.29 (([247]) Let M be a compact simply connected Rieman- 
nian manifold. If the Betti numbers of M!, are unbounded, then M admits 
infinitely many geometrically distinct A-invariant geodesics. 


We now can use the minimal model described in Lemma 5.27 to give a 
criterion for the Betti numbers of Mi, to be unbounded. 


Theorem 5.30 ([123]) Let M be a simply connected compact Riemannian 
manifold, let A be an isometry, and let (x,.(M) ®Q)4 denote the A-invariant 
part of rational homotopy. If dim (atoqq(M) ® Q)4 = 2, then the Betti 
numbers of Mi, are unbounded, and M admits infinitely many nontrivial 
geometrically distinct A-invariant geodesics. 


Proof It follows from the description of the minimal model of M/, in 
Lemma 5.27 that Mi, has the rational homotopy type of the free loop space 
on a space whose rational homotopy is (.(M) @ Q)4. We then see from the 
Sullivan—Vigué theorem (Proposition 5.14) that the Betti numbers of M4, are 
unbounded. We then apply Tanaka’s Theorem 5.29 to infer the existence 
of infinitely many geometrically distinct A-invariant geodesics. 
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Theorem 5.31 ([122]) Let M be a simply connected compact Riemannian 
manifold, and let A be an isometry. If M is rationally hyperbolic, then 
the Betti numbers of Mi, are unbounded, and M admits infinitely many 
geometrically distinct A-invariant geodesics. 


Proof Let (AV, d) be the model of a space of finite rational category (Def- 
inition 2.34) and suppose A is an automorphism of (AV, d) of finite order 
k. Then we will prove that V4 is infinite dimensional and (AV4, d) also has 
finite category. 

Since (AV4,d) is a quotient of (AV,d), the second assertion follows 
from Theorem 2.81. By Theorem 2.82 this will imply that (V4)°"4 is also 
infinite dimensional. This means that z7gqg(M) @ Q contains infinitely many 
invariant elements. We then apply Theorem 5.30 to infer the existence of 
infinitely many geometrically distinct A-invariant geodesics. 

We extend the coefficient field to C. We suppose A* = 1 and we first 
give the proof when k is a prime number p. Then we will only have to 
write k = k’p where p is a prime number. We deduce that v4" is infinite 
dimensional and by induction that V4 is infinite dimensional. 

Therefore, consider the case k = p. Since the category of (AV, d) is finite, 
by Theorem 2.82, there is some integer N such that for eacha € 7, (QM)@Q 
in degree > N, there is 6 with 


ad” (a)(B) =[a,[a,...,[a, B]...]] £0 for all m. 


We can suppose that a and f are eigenvectors of A having respective eigen- 


2ni 
values A7 and 4” with A =e ? . When mq +r = 0 (mod p), then ad” (a)() 
is an eigenvector with eigenvalue 1. Since we can do this for all a and M is 
hyperbolic, this proves that V4 is infinite dimensional. 


5.6 Gromov’s estimate and the growth of 
closed geodesics 


Once we know that manifolds have many closed geodesics, we can start 
to study the exact nature of the geodesics. A first thing to ask is whether 
the growth rate of the number of geodesics is understandable in terms of 
length, say. With this in mind, let M be a Riemannian manifold and denote 
by m7 the number of geometrically distinct closed geodesics of length less 
than or equal to T. The behavior of the sequence m7 is once again related 
to the Betti numbers of the free loop space, bj(LM). An important result 
on nr was obtained by Gromov for bumpy metrics, so let’s review this 
notion now. 
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First, recall from Morse theory that, for a smooth function f: W > Ron 
a manifold W, a submanifold N is called a nondegenerate critical subman- 
ifold if N is composed of critical points and if the Hessian is nondegenerate 
at each point in the direction normal to N. We are interested in certain 
submanifolds of LM; namely, recall that, for a closed geodesic c: S' > M 
and an element of the circle t € S!, we obtain a new (but not geometrically 
distinct) closed geodesic ¢ defined by (s) = c(s +t). The circle S! therefore 
acts on any such c to give a submanifold of LM, S!(c). 


Definition 5.32 A metric is called bumpy if for each critical point c of the 
energy function, the manifold S'(c) is a nondegenerate critical submanifold 
of LM. 


In fact, this is a generic condition. Indeed, as shown in [12], for each mani- 
fold, the set of bumpy metrics is dense in the Frechet space of all the possible 
metrics on M. The theorem of Gromovy, improved by Ballmann and Ziller, 
can now be stated. 


Theorem 5.33 ([18], [119]) Let M be a simply connected compact man- 
ifold. Then for any bumpy metric and any field k, there exists a > 0 and 
c > 0 such that 


n~p >a-max dim H?(LM;k). 
p<cT 


Proof sketch The idea of Gromov’s proof is the following. Denote by (LM) 7 
the subspace of LM consisting of curves of length less than or equal to T. 
Let d(T) be the maximal integer d such that, for i = 0...,d, the inclusion 
(LM)r <> LM induces a surjective map in k-homology in degree i. Gromov 
then proved that there are constants c and C depending only on the mani- 
fold such that cT < d(T) < CT. Now, when the metric is bumpy, Morse 
theory shows that (LM)r has the homotopy type of a CW complex with 
the number of cells in degree p equal to the number of closed geodesics 
of length less than or equal to T and with (Morse) index p. Therefore 
the number of closed geodesics of length < T, m7, satisfies the following 
inequalities. 


d(T) d(T) cT 
np = ))bi(Yr) = >> bLM) = Y°bi(LM). 
i=1 i=1 i=1 


Moreover, Gromov conjectured that, for almost all manifolds M, the 
sequence nr has exponential growth. One important result in this direction 
is due to P. Lambrechts. 


5.6 Gromov’s estimate and the growth of closed geodesics 


Theorem 5.34 ([164]) Let M and N be simply connected compact mani- 
folds of the same dimension n and let P be their connected sum, P = M#N. 
Suppose that, for some field k, H*(M; kk) is not singly generated as an alge- 
bra and H*(N;|kk) is not the cohomology of a sphere. Then the sequence nt 
(for P) has exponential growth, 


Remark 5.35 When 71(M) and z1(N) are not finite, then by Example 5.6, 
M#N admits infinitely many geometrically distinct closed geodesics. Theo- 
rem 5.34 is a generalization of that result to the case when the manifolds 
are simply connected. 


Although the result of Lambrechts is true for any field, we will restrict 
ourselves to a proof in the rational setting. First, let’s briefly recall the con- 
struction of the model of the connected sum A yen (also see Example 3.6). 
Let (AV, d) and (AW, d) be the minimal models for manifolds M and N of 
the same dimension 7. Denote by S a complement of the cocycles in degree 
nin AV and by I the acyclic differential ideal I = § @ (AV)*”. We denote 
by Am = (AV)/I the quotient of AV by the acyclic ideal. Since I is acyclic, 
the quotient homomorphism is a quasi-isomorphism (AV,d) > Ay. We 
do the same for N to obtain a (nonminimal) model Ay for N. Denote by 
um and uy cocycles in degree v representing the fundamental cohomology 
classes in Ajyy and Ay. We deduce from Example 3.6 that a model for the 
connected sum M#N is given by 


Amen = (Am QQ AN) ®@Q:2,d) with d(z)=um—un. 


We will compute the cohomology of the free loop space on M#N by 
using Hochschild homology. Hochschild homology is defined in Section 5.9, 
where we recall the fundamental isomorphism 


H*(L(M#N); Q) = HH,.(Ap_(M#N)). 


Since Hochschild homology transforms quasi-isomorphisms of differential 
graded algebras into isomorphisms, we deduce the isomorphism 


H*(L(M#N); Q) = HH, (Amen) - 


The proof of Lambrechts’s theorem is now a direct corollary of the following 
proposition. 


Proposition 5.36 The sequence dim HH,(Am#n) in Hochschild homology 
has exponential growth. 


Proof Let x and x’ be two indecomposable elements in Ajj’ that are cocy- 
cles whose cohomology classes are linearly independent, and let y be an 
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indecomposable element in Ax” that is a cocycle whose cohomology class 
is nontrivial. Take r > 1, z = (z1,..., 2) with z; = x or x’, and 


az = [zilylxlylzalylxlyl +: lzilylelyl ++ lerlylelylx’lylx'ly] € By(Amen) 5 


with g = 4r+4. Consider the action of the cyclic group Z, on the Hochschild 
complex Bg(Am#n) defined by t e a[aq| ++: |ag] = alaz|-- + |aglai). 


Lemma 5.37 For each z = (21,...,%,), there are integers €1,...,€q such 
that 


q-1 
(az) = )\(-1)*t! ea; 
i=0 


is a cocycle in B,.(Am#n). 


Proof Suppose that a1,...,a, are elements of positive degree such that 
ajai41 = 0 fori =1,...,q—1 and aga, = 0. Put a = [a)|---|aq]. Define 
6; = lail + (ail + DO ui la), 60 = 1 and e; = 1+ ¢-1 + 6. Then a 
straightforward computation shows that 


q-1 
YiCDiiti ea 
i=0 


is a cocycle. The argument applies in particular to az. 


Now, returning to the proof of Proposition 5.36, since (Am#n)° = Q, 
the augmentation ideal I is isomorphic to (Ay#n)t. We denote by S$ a 
sub-vector space of I containing the decomposable elements which is a 
complement to the subspace L generated by x, x’ and y. Then the space 


co 6k 


J =1@T(sI) + )\ >> Aman ® ((sD® @ (8S) @ (sD!) 
k=0 i=1 


is a sub-complex of B,(Am#n) and the quotient complex is (T(sL), 0). 
Denote by g: L > Qs’ the projection with kernel the subspace gener- 
ated by x and y. The map 1@...®1®@sq @1®sq @ 1 then projects each 
component (sL)®4 to (sL)7~* @ sx’ ®@ sL ® sx’ @ sL. 

Now, the 2’ classes (az) project in (sL)7~* @sx’ @sL @ sx’ @sL to linearly 
independent classes (because the projections are linearly independent and 
the differential is zero). Since the degree of (az) is less than or equal to 
(4r + 4)n, where x is the dimension of the manifolds, we have obtained a 
sequence of classes that grows exponentially. 


5.7 The topological entropy 


5.7. The topological entropy 


So far in this chapter, we have used models to elucidate the nature of 
geodesics on manifolds. Here we want to describe a kind of converse 
approach due to G. Paternain (see [223] and [224] for all the results of 
this section). More explicitly, Paternain shows that certain constraints on 
the geodesic flow of a manifold M entail consequent constraints on the ratio- 
nal homotopy type of M. We then see that the information flow between 
geometry and topology is two-way. 

Let M” be a closed (i.e. compact without boundary) smooth m-manifold. 
Define a flow ¢: SM x R > SM on the sphere bundle SM associated to the 
tangent bundle TM by 


dr(x,v) & 6x, v,0) = Wt), WO) 


where v is a unit tangent vector at x € M and y, is the unique unit speed 
geodesic on M starting at x in the direction v. This is the geodesic flow on 
M. For each T > 0, X, 7 € SM, define a distance function, 


dr (&,9) = max d(¢z(X), dr()), 
0<t<T 


where d(—, —) is the distance function on M given by the Riemannian met- 
ric. Because M is compact, it makes sense to ask, what is the minimum 
number of balls of size « with respect to dy that are needed to cover SM? 
If this number is denoted by NJ, then we can measure the relative growth 
of this quantity by defining 


h(¢,€) = lim sup z log(N{). 
Toc T 


The function € > h(¢, €) is monotone decreasing so the following definition 
makes sense. 


Definition 5.38 The topological entropy of the flow @ is defined to be 
hop (@) = lim b@, €). 


Because the geodesic flow depends only on the Riemannian metric g, the 
topological entropy hiop(@) of the geodesic flow ¢ associated to g is denoted 
by hiop (g). 


Topological entropy, as its name indicates, is a measure of the dynamical 
complexity of the flow. When hiop(¢) > 0, we see chaos in the orbit struc- 
ture of ¢. Of course, the definition of topological entropy applies to any 
flow, but it is the geodesic flow which seems to hold within it homotopical 
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information. A result of A. Manning (see the discussion in [224, Chapter 
5] and Section 6.1 for the definition of sectional curvature secyy) says that, 
for —k < secy <x with respect to a metric g, 


hrop(g) < (dim (M) — 1). 


In particular, flat manifolds have hjop(g) = 0. 

It is perhaps not surprising that the entropy of the geodesic flow is related 
to the growth in the number of geodesics joining two points when length 
is increased. Indeed, a result of Mafé characterizes hyop(g) in this way, 
showing that entropy is truly a manifestation of the underlying Rieman- 
nian structure alone. With this in mind, let »7(x, y) denote the number of 
geodesic segments from x € M to y € M of length < T with respect to the 
metric g. More precisely, for fixed x € M, let DTM = {(x,v) € TyM | |v| < 
T} and define 

nr (x,y) = #exp”'(y) I DrM}, 


where exp,.: TxM — M is the exponential map. (Note that the definition 
of nT(x, y) just says that you count the number of vectors v of length < T 
such that exp, (v) = y. Two vectors can be collinear and counted as distinct 
if they have different lengths.!) Then we have (see [224, Corollary 3.22], 
for instance) 


Theorem 5.39 The topological entropy hyop(g) obeys the following inequal- 
ity: for fixed x € M, 


; 1 
hiop(g) = lim sup F log (| nT (x,y) ay) : 
To M 


This result is proved by using a theorem of Yomdin which shows that the 
relative growth rate of volume under the geodesic flow is majorized by 
topological entropy. The inequality in Theorem 5.39 allows us to relate the 
algebraic topology of M to topological entropy via the following result of 
M. Gromov (generalizing his result for closed geodesics). 


Theorem 5.40 There exists a constant C > 0 such that, for fixed x,y € M, 


[C(T—1)] 
nt(x,y)= >> bi(QM), 


i=1 


where b; denotes the ith Betti number and [—] denotes the greatest integer 
function. 


1 Thanks to Gabriel Paternain for making this point clear to us. 
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The ideas behind this result are very similar to what we did leading up 
to Theorem 5.7. The energy functional E may be defined on the space of 
paths in M from x to y, Qu(x, y) by 


1 1 
E(c(t)) = 5 (((),¢()) dt. for c € Qu (x,y), 


and it can be shown that the critical points of E are geodesics joining x and 
y. Furthermore, these critical points are nondegenerate, so Morse theory 
can be applied. In fact, as usual, Morse theory is applied to “finite pieces” 
of loop spaces by defining, for example, corn (x,y) = E~!(—00, T?/2) and 
proving that critical points of E correspond to geodesic segments of length 
less than T. The Morse inequalities say that the sum of the Betti numbers to a 
given degree are majorized by the number of critical points up to that index. 
Furthermore, Morse theory tells us that, for a closed Riemannian manifold 
M and nonconjugate points x,y € M (see Exercise 5.4), Qu(x,y) has the 
homotopy type of a countable CW-complex with one cell of dimension k 
for each geodesic from x to y of index k. 

Recall that y is conjugate to x along a geodesic a with a(0) = x if the 
exponential map exp,: T;M — M has exp,(tA) = a(t) and y is a critical 
value for exp,.(tA). Of course, @ is a critical point for the energy E, so we 
can also consider the Hessian of E (in a suitable sense) at a. The dimension 
of the nullspace of this Hessian is called the multiplicity of the conjugate 
point y. Now, the index of a geodesic from x is the index of the Hessian of 
the energy (i.e. the maximum dimension of a subspace on which the Hessian 
is negative definite) and this is the number of conjugate points to x along the 
geodesic (counted with multiplicities). All of these concepts may be found 
in [195]. 

The final thing to notice is that Qyy(x, y) has the homotopy type of the 
ordinary loop space QM. To see this, observe that both QM and Qy(x, y) 
are fibers of the “smooth” path space (Serre) fibration p: P(M) > M, 
where 


P(M) = {a: 1 > M a(0) =x, and a is smooth}, p(a) = a(1). 


Namely, QM = p~!(x) and Qy(x,y) = p~!(y). Therefore, since fibers 
of a fibration have the same homotopy type, we have QM ~ Qy(x,y). 
Alternatively, if y is a path from x to y, then composition with y and 
with the inverse path y gives inverse homotopy equivalences between 
QM and Qy (x,y). In particular, the Betti numbers of Qy(x,y) are the 
same as those of QM. These identifications then give the inequality of 
Theorem 5.40. Note the following immediate application (due to Serre; 
see [236]). 
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Theorem 5.41 If M” is a closed simply connected Riemannian manifold 
and x,y € M are nonconjugate points, then 


lim nt(x,y) =o. 
To 


Proof Suppose limtz_,.. 27 (x, y) is finite. Then, by Theorem 5.40, Qyy(x, y) 
has the homotopy type of a finite complex. Now, since H”(M;Q) # 0, 
the minimal model (AV, d) is nontrivial and contains a generator of odd 
degree because, otherwise, the dimension of H*(M; Q) is infinite. Therefore, 
Tp_1 (QM) @ Q = 1;,(M) @Q F¥ 0 for some odd integer k. Then the minimal 
model of QM has an even degree generator u. Since the differential of the 
model of QM is zero, we see that u$ is a nontrivial cocycle for all s > 0, and 
this contradicts the finiteness of Qy (x,y) ~ QM. 


Now, let’s return to entropy and combine the estimates of Theorems 5.39 
and 5.40 to see how properties of the geodesic flow on a manifold serve to 
constrain its homotopy type. 


Theorem 5.42 ({223, Theorem 3.2]) If (M, g) is a simply connected closed 
Riemannian manifold with hiop(g) = 0, then M is rationally elliptic. 


Proof By Theorem 5.40, we have mt(x,y) > ye b;(QM). If we 
integrate over M, take lim sup r log and apply Theorem 5.39, we obtain 


1 
hyop(g) = lim sup — log ( i nT (x,y) ay) 
T> a M 


CO 
1 [C(T—1)] 
= lim sup = log vol(M) De bj(QM) 
i=1 


By hypothesis, hop)(g) = 0, so we must have 
lim z | se b(QM) | =0 
seep 


But this means that the sum of the Betti numbers of the loop space grows 
sub-exponentially. By Theorem 2.74 and Theorem 2.75, this is equivalent 
to M being rationally elliptic. 


Example 5.43 In [223], Paternain provided an important example of a 
situation where the geodesic flow has hyop(g) = 0. Let (M”, g) be a closed 
manifold with metric g. Although the cotangent bundle T*(M) has a canon- 
ical symplectic structure, the tangent bundle obtains one only through the 
duality provided by the metric. The geodesic flow is then the Hamiltonian 
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flow (with respect to the symplectic structure associated to g) correspond- 
ing to the Hamiltonian provided by the g-norm, H = || — ||: T(M) > R. 
The geodesic flow is completely integrable as a Hamiltonian system if there 
are 2 smooth functions on T(M), fi = H, f2,/3,-..,fn such that {fj, fj} = 0, 
where {—, —} is the Poisson bracket on functions given by the symplectic 
structure. Completely integrable Hamiltonian systems have a very particu- 
lar structure which allows the flow to be analyzed by restricting to invariant 
tori in T(M). To each f;, we may associate a vector field X; by using the 
nondegeneracy of the symplectic form a: 


ix,o = dfj, 


where ix, is interior multiplication by X;. Of course, the vector field X; 
has an associated flow d;. If, for each j = 1,...,7, the flow g; actually is 
the orbit flow given by a circle action, then we say that the geodesic flow 
is completely integrable with periodic integrals. Essentially, we are saying 
that the Hamiltonian system has T” as a symmetry group, thus reducing 
the system to solution by integration (i.e. quadrature). We then have the 
following. 


Theorem 5.44 ([223]) Let (M,g) be a simply connected closed Rieman- 
nian manifold whose geodesic flow is completely integrable with periodic 
integrals. Then htop(g) = 0 and M is rationally elliptic. 


Now let M be a compact simply connected Riemannian manifold and 
let N be a compact simply connected submanifold. Fix p € M and T > 0. 
Paternain and Paternain (see [225]) define mr(p, N) to be the number of 
geodesics leaving orthogonally from N and ending at p with length < T. If 
p is not a focal point of N, mr(p, N) is finite. We can therefore define 


In(T) = i. nr(p, N)du, 


where yw is the measure induced by the Riemannian structure. Then 
extending the method of Gromoy, Paternain and Paternain prove 


Theorem 5.45 ([225]) There exists a constant C > 0 depending only on 
the geometry of M and N such that if Q(p, N) denotes the Hilbert manifold 
of paths from N to p, then for k > 1, 


In(Ck). 


k 
YiQQ,N) < 
oa ; : ~ VolM 


Corollary 5.46 Suppose that M is rationally hyperbolic and N is rationally 
elliptic, then the sequence In(T) has exponential growth. 
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Proof We have a fibration QM > Q(N,p) — N x {p} from which we 
deduce the homotopy fibration 


QN > QM > Q(N,p). 


Since the homology of QM has exponential growth and the homology of 
QN polynomial growth, the homology of Q(N,) must have exponential 
growth. 


5.8 Manifolds whose geodesics are closed 


The topological entropy of a smooth diffeomorphism is essentially a mea- 
sure of the volume growth induced by its iterates. In [100], various types 
of volume growth invariants are defined and related to the rational elliptic- 
ity or hyperbolicity of the manifold of definition. Here, in the spirit of this 
chapter, we want to discuss a fact that is implicit in [27], but seemingly not 
observed until its appearance in [100], concerning manifolds with the prop- 
erty that all geodesics are periodic. The basic reference for these manifolds 
is [27]. 


Definition 5.47 Let M” be closed Riemannian manifold and x € M. 


1. A geodesic (always parametrized by arclength) issuing from x, 
a: [0,T] — M is periodic with period T if a(0) = x = a(T) and 
a(0) = a(T). 

2. M is a P5-manifold if all geodesics issuing from x are periodic with 
common period T. (Note that some geodesics are allowed to come back 
to x before length T.) 

3. If M is a P*. manifold for all x € M, then M is said to be a P-manifold. 
(It is a fact that if all the geodesics of a manifold are periodic, then they 
admit a common period. See [27, Lemma 7.11].) 

4. The index of the geodesic a: [0,T] ~ M is the number of t € (0, T) 
such that a(t) is conjugate to a(0) = x along a. (Note that a(T) is not 
counted here. This is explained by Proposition 5.48.) 


Proposition 5.48 ([27, 7.25]) If M” is a P*.-manifold, then x is conjugate 
to itself with multiplicity n — 1 along any geodesic from x to x of any 
length. Furthermore, along any geodesic from x to x of length T, there are 
k conjugate points for some fixed integer k. 


Now here are the facts about P*.-manifolds culled from [27, Chapter 7]. 
First, note that there always exists some point y € M that is not conjugate 
to x along any geodesic. This is a simple consequence of Sard’s theorem 
since conjugate points are critical values of the exponential map exp, (see 
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Exercise 5.4). Then, it can be shown that there are only a finite number of 
geodesics, a1,...,a@n from x to y of length strictly less than T. To see this, 
suppose aj, i = 1,...,00 is an infinite set of geodesics from x to y with 
lengths t; smaller than T and restrict to the compact set S(T,M) x [0, T] 
(where S(T,.M) denotes the unit sphere in T,,M) so that there is a conver- 
gent subsequence of the sequence (@;(0),¢;) which converges to the limit 
(a’(0), t). Then lim a;(t;) = a(t) = y is conjugate to x along the geodesic a 
with initial tangent vector a’(0) (see Exercise 5.4). This is a contradiction, 
so only a finite number of geodesics exist. 

So now, let k1,...,kNn be the indices of the geodesics a1,...,a@n from x 
to y of length strictly less than T. Without loss of generality, let ky < k2 < 
-+» < ky. There is some minimizing geodesic of length d(x, y), so the energy 
Hessian is positive semidefinite along it and, thus, kg = 0. Now, since M is 
a Pi.-manifold and the lengths of the q; are all less than T, we know there 
is an opposite geodesic a: [0,T — d(x, y)] > M given by a;(t) = a;(T —12). 
(Think of the sphere. A minimal geodesic is the shorter part of a great circle, 
while the longer part of the geodesic is the opposite geodesic.) Then, since 
the indices are the numbers of conjugate points and all loops have index k, 
we see that the opposite geodesic is one of the a; and that its index is k — k;. 
In particular, the opposite geodesic to the minimizer then has largest index 
kn =k (by Proposition 5.48). 

The crucial fact is that every geodesic from x to y is the union of p 
geodesics from x to x of length T (for arbitrary p) and one of the a;’s. Of 
course, each geodesic from x to y has k +” — 1 conjugate points counted 
with multiplicity. Therefore, for each integer p, there are exactly N geodesics 
from x to y whose lengths are between p T and (p + 1)T and whose indices 
are kj + p(k +n -— 1). Note that, since k is the largest index, different p 
produce a completely different set of indices. 

If we now consider Qy(x, y), we see that, for each integer m, the number 
of critical points (i.e. geodesics) with fixed index m is bounded by N. Since 
each critical point gives a cell in a CW-decomposition of Qy(x, y), the 
number of cells, and hence the Betti number, in each dimension is also 
bounded by N. Because Qy (x,y) ~ QM, we have the following. 


Theorem 5.49 If M is a P*.-manifold, then dim H4(QM; Q) < N for some 
fixed integer N and all q. This holds in particular for P-manifolds. 


Now, an argument similar to that in the proof of Proposition 5.14 
shows that the Betti numbers of the loop space of a simply connected finite 
complex are bounded if and only if the rational cohomology ring of the 
complex is singly generated (see Exercise 5.5). Therefore, in particular, we 
have 
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Corollary 5.50 If M is a P+.-manifold, then H*(M; Q) is singly generated. 
Hence, M is rationally elliptic. This holds in particular for P-manifolds. 


Therefore, we see how the nature of the geodesics on a manifold can have 
powerful consequences for its homotopy structure. 


5.9 Bar construction, Hochschild homology and 
cohomology 


The bar construction and Hochschild homology play important roles in 
geometric applications of algebraic models. One reason for this is that 
Hochschild homology is inextricably linked to the cohomology of the free 
loop space. Furthermore, it will be an important tool for the proof of 
Lambrechts’s result on the cohomology of the free loop space of a con- 
nected sum of varieties, as well as for the definition of iterated integrals (see 
Section 9.6) and for the computation of the Chas—Sullivan loop product (see 
Section 8.4). Indeed, in Subsection 8.4.5, we shall see some implications that 
the Chas-Sullivan loop product has for closed geodesics. 

Let (A, d) be a differential graded algebra over a field k, A = BX WA, 
with an augmentation ¢: A — k, and augmentation ideal A = Kere. We 
denote by sA the suspension of A, (sA)4 = (A)4*!. 


Definition 5.51 The double bar construction on (A, d) is the complex 
(B(A, A, A), D) = (@nBn(A, A, A), D) 


with B,(A, A, A) = A® (sA @®--- @sA) @A, (n copies of sA). The element 
a ® (say ® +++ @ say) @ a’ is denoted by ala,|--+|anla’. The differential D 
decomposes into two terms D = b +d. 


b(a[aq|...|an]a’) = —Gay[a2|... |ayla’ 
n—1 
— ECV ala. laiaigal lana’ 
i=1 


+ (-1)"-1afaq| ...|Gn—aana’ , 


d(alaq|...|anja’) =d(a)[a4|...|anJa’ 


+ S0(-1)'4l41| ... aia (alaipal.. lanl’ 
i=1 


+ (-1)"4[a1|...|anld(a’). 


Here @ = (—1)'la. 
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The complex B(A, A, A) is a right and a left differential A-module, quasi- 
isomorphic to A as an A-bimodule. Therefore for each right A-module M, 
and each left A-module N, we can form the complex 


B(M,A,N) = M @,g B(A,A, A) @AaN. 


When M = N = Q, then B(A) = B(Q,A,Q) is a coalgebra. The 
comultiplication is defined by 


V: T(sA) > T(sA) ® T(sA), 


n 
Viaila2|...lan] = ) fail... lai] ® [aipil-.. lanl. 
i=0 


We have 


Theorem 5.52 ([1]) If A = C*(X;Q), then H,(B(A)) = H*(B(Q, A, Q)) is 
isomorphic to H*(QX;Q) as a coalgebra. 


When M = A and N = Q the complex B(A, A, Q) is contractible and is 
therefore a good model for the path space PX. Our last example is related 
to the free loop space. The multiplication A @ A — A also makes (A, d) 
into a left and a right A-module. 


Definition 5.53 The Hochschild complex B,.(A) is the tensor product 


.(A) := A @ T(sA) = (A, d) @Aga B(A, A, A) 


where T(V) denotes the tensor algebra on V. Its homology is denoted by 
HH, (A). The induced differential D on A ® T(sA) is the sum of an internal 
differential d and an external one b defined by 


d(alay|...|an]) = d(a)[aq|... lay] 


+ 0-144)... |ai-11d(@) laigal lanl 
i=1 


n—-1 

b(alai|...\an]) = —Gai[az|... lan] — S)(—1)'ala1 |... aia) ..-lan] 
i=1 

= (-1)"" lan|(la|-+]a4 |+...+]ap—1|+7 D4 ,alay | oueill@nent Ve 


The relation between the homology of the free loop space and the 
Hochschild homology has been proved by different authors and can be 
found in [47], [109] and [149]. 


5: Geodesics 


Theorem 5.54 If X is a finite simply connected space with finite Betti 
numbers, then 
H*(LX; 1k) = HH.(C*(X;k)), 


where C*(X;kk) denotes the usual singular cochain algebra of X with 
coefficients in the field kk. 


It is a classical result that the Hochschild homology is invariant along 
quasi-isomorphisms of differential graded algebras (see [109]), so we have 


Corollary 5.55 If X is a simply connected space with minimal model 
(AV, d), then 


H*(LX;Q) = HH,,(Ap, (X)) = HH,(AV, d). 
When M is a manifold, we then have 


Corollary 5.56 If M is a simply connected compact manifold with de Rham 
algebra of forms Apr(M) and rational minimal model (AV, d), then 


H*(LM;R) = HH,(Apr(M)), H*(LM;Q) = HH,(AV,d). 


In the rational case, the isomorphism between the Hochschild homol- 
ogy of the minimal model (AV,d) of M and the cohomology of the 
free loop space is quite easy to understand. Indeed, the bar construc- 
tion B(AV, d), (AV, d), (AV, d)) and the differential algebra (AV ® AV ® 
AsV, D) constructed in the proof of Theorem 5.11 are quasi-isomorphic 
semifree (AV ® AV)-modules. If we take the tensor product with (AV, d) 
over (AV @ AV), we also obtain quasi-isomorphic complexes (see Exer- 
cise 2.7). The first tensor product gives the Hochschild homology and the 
second one is the model of the free loop space (Theorem 5.11). 

As we saw, when A = C*(M;k), the double bar construction leads 
to complexes that give the homology of the various usual path spaces. 
Table 5.1 is a summary of the connections. 

In Section 8.4 we will also need the Hochschild cohomology algebra of 
a differential graded algebra. We recall the definition here. 


Table 5.1 Bar constructions and spaces. 


Bar constructions Spaces 
B(A, A, A) M1 
B(A, A, k) P(M) 

B(A) = Bk, A, k) Q(M) 


B(A) LM 


5.9 Bar construction, Hochschild homology and cohomology 


Definition 5.57 The Hochschild cohomology of a graded differential alge- 
bra (A, d), HH*(A, A), is the cohomology of the complex Hom, (B(A), A). 
This cohomology is a graded algebra. The product x of two elements 
f,g € Hom(T(sA), A) = Hom, (B(A), A) is defined by 


(eee PEAS ATA TEA AeA, 


Exercises for Chapter 5 


Exercise 5.1 Construct the model for the free loop space on the manifolds $* x S$? 
and CP(7) and deduce the cohomology algebra of the corresponding free loop 
spaces. 


Exercise 5.2 Let M be the usual torus and A be an isometry inducing in homotopy 
the morphism 

0 -1 

1 0 
Show that M admits at least one nontrivial A-invariant geodesic. 


Exercise 5.3 Let G/K be a simply connected homogeneous space. Suppose that 
rank G— rank K is odd. Show that for every isometry A, there exists a nontrivial 
A-invariant geodesic. 


Exercise 5.4 For a smooth manifold M, the exponential map at a point p € M, 
exp,: TpM — M is given by exp,(tv) = y(t), where y: [0,L] > M is the unique 
unit-speed geodesic with y(0) = p and y’(0) = v. A point g = y(s) is conjugate to 
p if dexpp: TsvTpM = TpM — TQM is singular (i.e. has a kernel) at sv = sy’(0). 
The significance of conjugate points is mainly due to the fact that geodesics cannot 
minimize arclength beyond the first conjugate point. Classically, a conjugate point 
was said to be the intersection of infinitesimally close geodesics. The point of this 
exercise is to explain what this means in the context of the discussion following 
Proposition 5.48. 

Suppose a;: [0,t;] > M is a sequence of unit-speed geodesics with length less 
than T,a;(0) = p anda;(t;) = q. Because S(T,M) x [0, T] is compact (where S(T,M) 
is the unit sphere in T,M), the sequence (a;(0),¢;) has a convergent subsequence 
converging to (a’(0),t). This initial data gives a geodesic a with a(0) = p and 
a(t) = q. The claim now is that g must be conjugate to p along a. Show this using 
(and verifying) the following hints. 


(1) Suppose that g is not a conjugate point. Therefore, there is an open set 
U c TyM with to’(0) € U such that expplu is a diffeomorphism onto an open 
neighborhood of q. 


(2) If K is large enough, then, for all i > K, t;a/(0) € U. This is what is meant by 
infinitesimally close. 
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(3) Show from the definition of the exponential map above that EXP, (tj00}(0)) = 
eXPp (ta’(0)). 
(4) Why is this a contradiction? 


Exercise 5.5 Here is a warm-up for Proposition 5.14. Show that the Betti 
numbers of the loop space of a simply connected finite complex X are 
bounded if and only if its rational cohomology ring is singly generated. 
Hint: suppose H*(X;Q) is not singly generated and note that (as in Propo- 
sition 5.14) there are always at least two odd degree generators in the min- 
imal model for X. Then, since the differential in the model of the loop 
space is zero, there are two even generators u and v that are cocycles. If 
the respective degrees are 2k and 2s with L = Icm(2k, 2s), L = 2kp, L = 2sq, then 
show that dim H”/(QX;Q) > m+ 1 since u?! v4) € H”"(QX;Q) for i,j > 0 with 
1+, =m. 


Curvature 


Recently algebraic models have found a place in differential geometry, 
especially in questions revolving around types of curvature restrictions. In 
particular, F. Fang and X. Rong [84] and B. Totaro [256] have approached 
certain questions of Karsten Grove in this spirit and the work of Belegradek 
and Kapovitch [23] on the existence of non-negative curvature metrics 
on vector bundles has also relied on models. Of course, when we speak 
of algebraic models here, we are speaking of models ranging from sim- 
ple cohomology all the way to minimal models and relative models. In 
this chapter, we want to examine these applications of models to curva- 
ture questions as well as other relevant connections between Riemannian 
geometry and algebraic models. A good general reference for Riemannian 
geometry and, especially, various finiteness theorems for diffeomorphism 
or homotopy type and topics surrounding Gromov—Hausdorff convergence, 
is [226]. 


6.1. Introduction: Recollections on curvature 


A smooth n-manifold M” is Riemannian if each tangent space T,(M) has 
a Euclidean metric (—,—) and these vary smoothly on M. Associated to 
the Riemannian metric is a covariant derivative V called the Riemannian 
connection. 


Proposition 6.1 Let V, Z and W be tangent vector fields on M and 
f: M > R bea function on M. The following are properties of the covariant 
derivative of M: 


(1) Vv(Z+ W)=VvZ4+VWVW; 


(ii) = VeyZ =f YZ; 
(ii) VyfZ = VIFIZ +f WZ; 
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(iv) VvZ —VzV =L[V, Z], where [—, —] is the usual bracket of vector 
fields; 

(v) VU(Z, W)) = (VyZ, W) + (Z, Vy W), where the vector field V acts 
on the function (Z,W) in the standard “directional derivative” 
way and {—, —) denotes the metric on M. 


In fact, property (v) may be used to define the covariant derivative and we 
can also then see that the Riemannian connection is unique. We can use the 
connection to make the following. 


Definition 6.2 Let X, Y and Z be vector fields on the manifold M. The 
Riemann curvature is defined to be 


R(X, Y)Z= Vix, y]Z + VyVxZ —VxVyZ. 


A more intuitive version of curvature that still holds within it all of the 
information provided by R is the sectional curvature, 


R(X, Y, X,Y) 


sec(X, Y) = 7 


where we use the notation 


R(X, Y,Z, W) & (R(X, Y)Z, W). 


The sectional curvature may be interpreted as follows. Suppose X and Y 
span a tangent plane inside the tangent space Tp(M). The exponential map 
carries the plane to a surface inside the manifold, so the ordinary Gauss cur- 
vature (see, for instance, [216, page 115, Chapter 3]) of the surface may be 
computed. This Gauss curvature is then the sectional curvature sec(X, Y). 
A more technical approach to sectional curvature is to consider it as a func- 
tion on the Grassmannian bundle associated to the tangent bundle. More 
specifically, at x € M”, sectional curvature is a function sec: G2(Tx,(M)) > 
IR, where G2(T,(M)) denotes the Grassmann manifold of 2-planes in 
Tx(M). We can construct a bundle with fiber G2, = G2(R”) by noting 
that G2, = O(n) /(O(2) x O(n—2)) and then using the natural O(7) action 
on G2,, to form an associated bundle, G2,,(M) = F(M) xo) G2,n to the 
principal (frame) bundle O(7) + F(M) > M underlying the tangent bun- 
dle of M. Then sectional curvature becomes a function sec: G2,,(M) > R. 
Furthermore (see, for instance, [28, pages 166-167]), the function sec is 
smooth and, therefore, continuous. If M is a closed manifold, then G2,,,(M) 
is compact, so its image under sec is also compact and we obtain the 
following. 
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Proposition 6.3 If M is a compact manifold, then there exist 4,« € R such 
that for any plane P Cc T,,(M) and for any x € M, x < secp <i. 


Now, if we scale the metric by multiplying by a constant (i.e. (—,—) be 
c{—, —), c > 0), then sectional curvature is divided by that constant. In this 
way, for compact manifolds, we can always consider Im(sec) C (—1,1) 
if we desire. The price we pay for this scaling is that the diameter of the 
manifold increases. So, there must always be a sort of tension between 
sectional curvature and diameter. In fact, we shall see this reflected in the 
hypotheses of the main results below. 

Once an invariant such as sec is defined, it is standard procedure to 
restrict the invariant in some way and try to classify the manifolds obeying 
the restriction. This classification is often a topological one. For example, 
Hadamard’s famous theorem implies that a manifold M with sec(X, Y) < 0 
for all pairs X, Y must be an Eilenberg—Mac Lane space, M = K(x, 1). Sim- 
ilarly, the famous pinching theorem says that bounding sectional curvature 
as 1/4 < sec < 1 implies that the manifold is a sphere — a very strong 
constraint indeed! 


Example 6.4 A manifold M” with constant sectional curvature equal to 
zero is said to be flat; it is also called a Bieberbach manifold since it was 
L. Bieberbach who characterized such a manifold as one covered by 
Euclidean space R” such that the integral translations Z” are a normal 
subgroup of finite index in 21(M). In other words, there is a short exact 
sequence of groups, 


Z” — 11(M) > F 


where F is finite. Such a group is called a Bieberbach group. It is a fact that 
flat manifolds are classified up to diffeomorphism by their fundamental 
groups, so in this case group theory determines topology. 


Example 6.5 If G is a compact Lie group (see Chapter 1), then G has 
a bi-invariant metric (—,—) so that geodesics with respect to this metric 
are the one-parameter subgroups arising from integration of left invariant 
vector fields. Therefore, for any Y € g (where g is the Lie algebra of G), 
VyY = 0, where V is the associated Riemannian connection. Now, by 
expanding Vy_y(X—Y) = 0, we obtain Vy Y = —VyX. Then, since V is the 
Riemannian connection, we have [X, Y] = Vx Y — VyX = 2VxY. Putting 
this in Definition 6.2, we easily calculate (with the help of the Jacobi identity) 
R(X, Y)Z = z [LX, Y], Z]. Substituting this result into the definition of sec 
gives 


1 2 
sec(X, Y) = 4 ILX, YII*, 
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where | — | is the norm associated to the metric and X, Y are orthonormal. 
See Exercise 6.2 for details. Thus, compact Lie groups have non-negative 
sectional curvature. Once we know this, we can create more manifolds with 
non-negative sectional curvature by using the following result. 


Proposition 6.6 (O’Neill’s formula: [213]) Leta: M — N bea Riemannian 
submersion and suppose that X and Y are orthonormal horizontal vector 
fields on M. Then 


3 
sec(1,X, 1 Y) = sec(X, Y) + 4 IIx, YI’? 


where [—, —]” denotes the vertical projection. (If X and Y are not orthonor- 


mal, then the second term on the right must be divided by |X A Y| a 


(X, X) (Y, Y) — (X, Y)*.) 


Therefore, a Riemannian submersion can only increase sectional curva- 
ture, never decrease it. Using this, we can see that, for instance, homoge- 
neous spaces G/H and biquotients G//H (where H is closed) also have 
non-negative sectional curvature metrics. 


Various other upper and lower bounds on sectional curvature may be 
combined with restrictions on, for instance, diameter and volume, to cre- 
ate new classes of manifolds. As an example, let Ms? (n) denote the class 
of closed n-manifolds with sectional curvature bounded below by « and 
diameter bounded above by D. Gromov proved that there are constants 
b(n, x, D), depending on dimension, sectional curvature and diameter, such 
that the sum of the Betti numbers of any M € Ms? (n) is bounded above 
by b(n,«,D). This puts a strong topological constraint on manifolds in 


ME. (n). If we also include a volume restriction, volume > V with asso- 


ciated class MEP2 (ny, then, for 7 > 5, there are only finitely many 


diffeomorphism types depending on 1, x, D and V. 

Because of this result and various pinching theorems, the class 
M2. <n) of closed m-manifolds with sectional curvature and diame- 
ter obeying « < sec < 4 and diam < D has proven to be of some interest. 


In particular, K. Grove asked the following question. 


<D 


Question 6.7 (Grove’s question) Does the sub-class of M ecec<j,(M) consist- 


ing of simply connected manifolds contain finitely many rational homotopy 
types? 


Let’s now consider this question and see how algebraic models play a 
key role. 


6.2 Grove’s question 


6.2 Grove’s question 


In this section we consider the work of Fang and Rong [84] and of 
B. Totaro [256] on Grove’s conjecture. The Fang—Rong approach essentially 
creates the right algebra to contradict the conjecture and then realizes the 
algebra using minimal models. Totaro, on the other hand, uses biquotients 
to construct manifolds with the right curvature properties and then shows 
that a sufficient number of these also have the right algebra to contradict 
the conjecture. Since the methods are so different, we present both. 

Both approaches use a fundamental result due to J.-H. Eschenburg that 
relates qualities of horizontal projections associated to a certain sequence 
of submersions to the qualities of the resulting sectional curvatures. More 
specifically, suppose G, M and Mj; (i = 1,2,...) are Riemannian manifolds 
with submersions 7: G + M and 2;: G — Mj. For each g ¢€ G, there 
are projections h(g): T,(G) > H(T,(G)) © T,(G) and h;(g): Tg(G) > 
Hij(Te(G)) © Tg(G) to the horizontal subspaces determined by the bun- 
dle structure of the respective submersions. We may then consider 4 and 
h; as elements of [(End(T(G))), the space of sections of the endomor- 
phism bundle associated to the tangent bundle of G. As such, we can 
consider the convergence properties of the sequence h; in the C!-topology 
on '(End(T(G))). Then Eschenburg proved 


Theorem 6.8 (81, Proposition 22]) If bh; — h in the C!-topology on 
P(End(T(G))), then for any g € G and any horizontal 2-plane P C Tg(G), 


secyy,(tj,P) > secy(,P) 
and the convergence is uniform in P. 


Proof idea Let X and Y be z-horizontal vector fields which span P. Then 
h,(X) > X and h,(Y) > Y in the C!-topology. Then Proposition 6.6 and 
some simplification of the covariant derivative give 


3\(I — bi)(V pcx hi(Y)) 7 


SeCM,; (Tix (X), Tix (Y)) = secg (hi(X), hi(Y)) 4 AX) A bY) 


Then it is plain that secy,(7j,(X),7i,(Y)) converges to secy(X, Y) 
uniformly. 


6.2.1 The Fang—Rong approach 


In [84], Fang and Rong answered Grove’s question as follows. (Note that 
the formulation of the result provides an upper bound for diameter in order 
for the examples of the theorem to have sectional curvature scaled between 
—1 and 1.) 
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Theorem 6.9 For any n > 22, there exists D > 0 such that the subclass of 
Med (n) consisting of simply connected manifolds contains infinitely 
many rational homotopy types. 


In order to prove this result, let’s first consider the algebra required. For 
any integer a > 0, let 


Ka = (A(x1,5 X25 V5 Za)s d) 


be the freely generated commutative differential graded algebra with 
deg(x1) = deg(x2) = 2, deg(y) = 5, deg(za) = 7 and differential defined by 


d(x1) =d(x2)=0, d(y)= xtx2, d(Zqw) = xt + x3 + (ax, +x2)*. 
Lemma 6.10 Ifa 4 B € Z, then H*(Aq) F H* (Ag). 


Proof The argument here is standard. Let’s suppose that there is an isomor- 
phism f: H*(Aqg) > H*(Ag), where a 4 B. We shall denote cohomology 
classes by their representatives: x1 instead of [x] etc. Also, the generators 
of Ag will be denoted by x1, x2, y and Zg. Now, degree 2 cohomology is gen- 
erated by the x’s, so we must have f(x1) = aX, +bX2 and f (x2) = cX1+eX2, 
where a, b, c and e are rational numbers. Note that, because f is an iso- 
morphism, coefficients a and b cannot both be zero and coefficients c and 
e cannot both be zero. 

Now, because of the y-differentials, in cohomology we have To) =0= 
xix. and these relations are the only ones in the respective degree 6 coho- 
mologies. Thus, oa a and INS are linearly independent in H*(Ag). We 
then have 


f(xtx2) =0 
(aX + b¥2)? (c&1 + eX2) = 0 
a” cX} + a? eXtX2 + LabcktX2 + ZabeX 15 + b7 cK 5 + b* eX} = 0 


a” cX} + LabeX 155 + b7 cK 1X5 + b* ex} = 0, 


using xix. = 0. By linear independence, we obtain a*c = 0, 2abe+b7c = 0 
and b7e = 0. We must consider various cases. 

If a = c = 0, then the third condition says that either b = 0 or e = 0, 
contradicting the fact that f is an isomorphism. 

If a = 0 and c ¥ 0, then the second condition says that b = 0, again 
contradicting the fact that f is an isomorphism. 

Therefore, we must have a # 0. The first condition then implies that 
c = 0. Hence e # 0 since f is an isomorphism and so b = 0 by the third 
condition. We then have f(x 1) = ax, and f(x2) = exo. 


6.2 Grove’s question 


Now, the z-differentials provide relations in degree 8 cohomology as 
follows. 


x7 + x4 + (ax +x2)4 =0 
(at + 1)xf + 4ax1x3 + 2x3 =0 


using x7x2 = 0. (Of course, the relation (64 + 1)x+ + 48%1x3 + 2x4 = 0 
1%2 TIN A 2 2 

also holds in H*(Ag).) If we apply f to the relation, using f (x1) = ax, and 

f (x2) = eX2, we get 


(at + 1a*kt + 4oaer%1%3 + 2e4k5 = 0. 


We want to use the fact that Xf and ¥1X5 are linearly independent elements 
with the dependence of co on them given by the relation. So let’s simplify 
this dependence by writing the relation above as 


= —((a4 +1) (2)'x4 + 4a (5) 4X3) 


2x4 = —((B4 + 1)x4 + 48%1%3). 


By uniqueness of representations, we obtain 
a\4 a 
(a* +1) (=) = (B+ +1) and a (=) = Bp. 
e e 


(Note that, since a and B are both positive, we must have a/e > 0 as well.) 
If we replace £ in the first equation by its expression in terms of @ given in 
the second equation, we obtain 


a\4 4 4 
a® (2) + (2) =08 (2) +1. 
e e e 
Hence, we have (a/e)* = 1. Since a and e are rational and a/e > 0, it 
must be the case that a = e. Putting this into the equation a(a/e) = B then 


gives a = £, contradicting our initial assumption that a # B. Hence, no 
isomorphism f can exist. 


So, if we can find simply connected manifolds in Ms? <sec<1 (2) with the 
cohomology algebras above, then Theorem 6.9 will be proved. It will come 
as no surprise then that the algebras Aq that appear above arise as (part of) 


algebraic models for these manifolds. Let’s now see how this comes about. 
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Let Mg = (A(x1, x2, X3, ¥,2),d) with deg(x;) =2, i=1,2,3, deg(y) =S, 
deg(z) = 7 and differential defined by 


d(xj)=0, dg)=xtx2., dig) =x} +x$+x}. 


We can explicitly find a Z-form for this algebra; that is, we can find a 
CW-complex whose homotopy groups are finitely generated (over Z) for 
which Mg is an algebraic model. The first step is to take CP(co) x CP(oo) x 
CP(co) = K(Z, 2) x K(Z, 2) x K(Z, 2) = K. This models the x; generators as 
integral cohomology classes. The second step is to take the principal fibra- 
tion induced by the classifying map representing the integral cohomology 
class xix e¢ H®(K;Z) = [K, K(Z, 6)]. The pullback of the universal fibra- 
tion K(Z,5) = QK(Z,6) — PK(Z,6) > K(Z,6) via the classifying map 
gives a fibration K(Z,5) — X — K and X is an integral model for the x; 
generators and the y generator of Mg. Finally, use the cohomology class 
oo a a + ro e H®(X;Z) = [X,K(Z,8)] to induce a principal fibration 
K(Z,7) — E —> X with the generator of 27(K(Z, 7)) integrally represent- 
ing z € Mg. The space E is then a Z-form for Mg. For the following result, 
recall from Subsection 2.5.4 the notion of a Postnikov tower for a space 
and its relation to minimal models. 


Lemma 6.11 For each n > 21, there isa closed simply connected n-manifold 
B with H*(B;Z) = Z whose minimal model Mg has degree 8 Postnikov 
piece Mp(8) = Msg. 


Proof Let E[10] denote the 10-skeleton of Mg’s Z-form E. Because the 
10-skeleton carries E’s homotopy type through dimension 9, we also have 
Merio(8) = Me. But E[10] is a finite CW-complex of dimension 10, so 
we can embed E[10] in R’+! with 2 > 21 and take a thickening or regular 
neighborhood N; that is, a compact (7 + 1)-manifold with boundary of 
the same homotopy type as E[10]: N ~ E[10]. Let B = ON be the closed 
n-manifold boundary of N and note that the 10-skeleton of B is E[10] by 
properties of thickenings (see [159, Section II]). Thus Mg(8) = Msg. 


Now that we have the m-manifold B (x > 21), we construct a closed 
(n + 1)-manifold My, as a principal circle bundle over B classified by the 
Euler class eg = ax, + x2 — x3, where aw € Z* and the x; are the integral 
generators of H?(B;Z). We then have the following result. 


Proposition 6.12 Let My denote the minimal model of My. Then 
Ma(8) = Nay 


where M,(8) is the degree 8 Postnikov piece of Ma. 


6.2 Grove’s question 


Proof The principal S'-bundle $' — M,y — B is modeled in a standard 
way by a relative model of the form 


(Mp ®A(t),D), Dimg =dm,z, Dt) =ax1+ x2 — x3. 


This model is, of course, non-minimal, but we can prove the proposition 
by giving a map 


that induces an isomorphism on cohomology through degree 8 and an 
injection on degree 9 cohomology. With this in mind, define p by: 


p(x) = x1, p(x2) = x2, P(Y) = 9 


P(Zq) =ZHE (3 + (ax, +.x2)K3 + (x1 +X2)7x3 + (ax1 + X2)°). 


Direct calculation then shows that p satisfies the required properties. 


Since there were an infinite number of distinct algebras Ay, we have now 
obtained an infinite number of manifolds My with distinct rational homo- 
topy types. To complete the proof of Theorem 6.9, we must show that these 
manifolds have metrics with the right curvature (and diameter) properties. 
This is where we shall use Theorem 6.8. In order to apply this result, we need 
to write the M, as image spaces of submersions. With this in mind, define M 
to be the total space of a principal T?-bundle over B classified by x1 +x2+23 
using the isomorphisms H?(B; Z) = [B, K(Z?,2)] = [B, BT°]. Call this map 
f and note that f induces an isomorphism f¥: 12(B) > 12(BT*). 

Now let T? = {(z1, 22,23) € C| |z;| = 1} and write T2 for the subgroup 
generated by all (1, z, z) and (z, 1, z”). The projection T? > T?/T?2 induces 
Pa: BT? > B(T?/T2) = BS. We then obtain the circle bundle 


S! = T3/T2 > M/T2 > B 
with classifying map fo = pa of. 
Proposition 6.13 As circle bundles, My = M/T?2. 


Proof The Euler class of the bundle M/T2 — B is determined on H*, so we 
consider the dual map (fy)x: H2(B;Z) > H2(B(T?/T2);Z) = H2(BS';Z). 
Because the elements (1, z, z) and (z, 1, z”) are killed in T*, on the homology 
level, we have 


(fu) (0, di, 1) = 0 and Gants 0, a) = 0. 


Then, writing (fy) (a, b,c) = pat+qb-+rc (with (a, b, c) a coordinate expres- 
sion with respect to the basis consisting of the homology duals of x1, x2 
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and x3 respectively), the equations above give g+r=O0Oandp+ar=0. 
Therefore, 


(fa)x(a, b,c) = —ara —rb+re=—r(aa+b—c). 


Since (fy) is surjective, we must have r = +1. Let ¢ be the generator of 
H)(BS!;Z) with « the dual generator of H?(BS';Z). The dual map (fy)* 
gives the Euler class eg by eg = (fy)*() = Ax, + Bx2 + Cx3. We can 
compute as follows. 


A= (Ax1 + Bx2 + Cx3)(1, 0, 0) _ (fa) (A, 0, 0) _ EG C1505 0) 
= (al) =a. 


Similarly, we find that B = 1 and C = —1. Hence, eg = (fy)*(t) = axy + 
x2 —x3. Because My and M/T? have the same Euler classes, we have My = 
M/T?. 


Now note that My = M/T2 = N/S!, where N = M/S} and s GT is 
the circle generated by (1,z,z). Let’s also use the following notation. Let 
S! denote the subgroup generated by (1, 1,z), S! = T2/S}, S$ = q(S') and 
<1 
S 


y = q(S4), where q: T? + T* = T3/S} is the projection. Finally, denote 
by sy: N > My, ands: N > N/s' the obvious projections. Since T? acts 
freely on M, note that T? acts freely on N. The final step in the construction 


of the examples of Fang and Rong is the following. 


Proposition 6.14 The My have metrics with a uniform bound on the 
absolute value of sectional curvature and diameter. 


Proof First note that, given a T*-invariant metric on N, we can choose 


metrics on M, and N/ S so that sy ands are submersions. Then the diameter 
condition will be fulfilled since diam(M,,) < diam(N). 
Now, by the definitions above, we can see that a small segment of the 


ie -orbit through an x € N converges locally to a small segment of the Ce 
orbit through x. But then we see that r-balls in the horizontal space of sy 
converge (uniformly in T,.(N)) to the r-ball in the horizontal space of s. This 
implies that we have convergence of the respective horizontal projections, 
hy — h,as inthe hypothesis of Theorem 6.8. Therefore, we obtain uniform 
convergence 


qi (sx(h(P))). 


SCCM y ((Sa)x(ha(P))) > SOC 5 


This then provides the desired uniform bound on (absolute value of) 
sectional curvature (using Proposition 6.3). 


6.2 Grove’s question 


Proof of Theorem 6.9 By Lemma 6.10, Lemma 6.11, Proposition 6.12 and 
Proposition 6.14, the M, (for all a large enough) provide an infinite number 
of mutually nonrationally homotopic manifolds in M=;_, ec<1 (2) Once we 
recognize that the metric on N may be scaled to have —1 < secy < 1 while 


only increasing the diameter to some value D. 


Example 6.15 As we saw in Example 2.72 (also see the proof of 
Proposition 7.17), a relative extension of the form (where subscripts denote 
degrees) 


(A(e2),d = 0) > (A(e2,.%4, 97529), D) > (A(%4, 7,29), d) 
with differential given by choosing a € Zt (say), 
D(ez) = 0, D(x4) = 0, D(y7) = x4 +.4e3, D(z9) = 23 


has a topological realization as a principal circle bundle M > N, > BS! 
(where BS! is modeled by (A(e2), d = 0)) with M having the rational homo- 
topy type of S* x $? and N being a smooth 12-manifold (see Theorem 3.2). 
It can easily be seen from the rational cohomology algebra that, for choices 


. 41. 
a, and a2, Ng, has the same rational homotopy type as Ng, only if > 84 
2 


rational square (see Example 2.38). Therefore, if we choose a;,i = 1,...,00 
so that no — is a square (e.g. a; is the ith prime), then the Nz, give an infinite 
ae 


j 
number of rational homotopy types. Note, however, that the real minimal 
models of all of these Ng, are isomorphic since real square roots always 
exist for positive numbers. This brings up the following. 


Question 6.16 Can the Ng, be given metrics with secn, > 0 


Now, M ~g S* x S? and S* x S? has non-negative sectional curvature, so 
if it were true that this condition propagates across rational equivalences, 
then M would have secy > 0 too. 


Question 6.17 If two closed manifolds have the same (rational) homotopy 
type and one manifold has a metric of non-negative sectional curvature, 
does the other? 


On the other hand, we may ask whether Eschenburg’s method can 
produce the Ng, thereby providing non-negative curvature. 
6.2.2 Totaro’s approach 


Now let’s consider the approach of B. Totaro [256]. Note that this approach 
allows the construction of counterexamples in the lowest possible dimen- 
sion where they can exist, dimension 7 (see [259]). This is achieved at the 
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cost of using more complex algebra than that presented in Section 6.2.1. 
(Indeed, in [256], Totaro uses techniques from algebraic geometry to ver- 
ify that he has an infinite number of mutually nonrationally equivalent 
six-dimensional biquotients with non-negative sectional curvature.) 


Theorem 6.18 ([256]) There exist real numbers C and D such that the sub- 
class Of Mf ec) consisting of simply connected manifolds contains 
infinitely many rational homotopy types. 


Proof First we define a commutative graded algebra by 
H= A(X0,%15.-- »x4)/R 


where x;, i = 0,...,4, are of degree 2 and F is the ideal generated by 
Ea = x1Xx2, a = X2x3, ee = x3Xx4, x = x4Xx0, a = xox and all the 
other products x;x;. One can easily see by direct computation that H? = 
Q[xo,...,x4], H* = Ol Gsaistal and H® = Qlxgx1 = xTx2 = 5x8 = 
x5%4 = axes: Notice that H is of finite total dimension and it satisfies 
Poincaré duality. Therefore, it can be realized by a manifold M of dimension 
6 (see Theorem 3.2). 


We now construct a principal bundle (§!)5 —-~E——+M determined 


from the classifying map M —> (BS')° defined by the cohomology classes 
x0,...,x4. Note that E is a manifold of dimension 11 endowed with a free 
action of (S!)>. We choose a Riemannian metric, invariant by the action of 
(S!)°, and we scale the metric to have curvature greater than —1. Denote 
by D the diameter of E. 

We now consider quotients of E by tori (S!)*; these are simply connected 
manifolds Y of dimension 7 satisfying the following properties: 


* equipped with the induced metric, they are of diameter < D; 

¢ by Proposition 6.6, we know that a submersion increases the sectional 
curvature; therefore Y is of curvature > —1; 

¢ from Theorem 6.8, we know that, for the set of tori (S!)* c (S!)°, the 
curvatures of the corresponding Y are uniformily bounded. This means 
that there exists a real number C such that the curvatures of all these 
manifolds Y are < C. 


Let’s now study some of the spaces Y. We determine their rational homo- 
topy type from a Sullivan model. Denote by My a minimal model of M. 
Since p: Y > M isa S!-principal bundle with base M, Y has a model of 
the following type: 


My = (Mu ® AX, d), 


6.2 Grove’s question 


where the differential d on My coincides with the differential of the min- 


a 
where ao, a1 are rational numbers. From direct computations, we can check 


that the multiplication by dx, from H*(M) to H*(M) has a kernel of dimen- 


3 
a 
imal model My and dx € Mes We choose dx = agxg — a1x1 + ) x3 


2: 
sion 1 generated by z = apxo + a14x1 + (3) x2. From the Gysin exact 


sequence 


Udx 
H’(M)—>H" (Y) —+H"~!(M) —+H"t! (mM) 


and the fact that dim H*(M) = dim H*(M) = 5, we see that Coker(U dx) 
also has dimension 1. Now, H*(M) = 0, so the Gysin sequence then says 
that H*(Y) has dimension 1. Clearly, we have that H7(Y) = H*(M)/(dx) 
has dimension equal to 4. Now, we have a commutative diagram 


H*(M) @ H?(M) —— H?(Y) @ H?(Y) 


ee 


H®(M) = Q 


where the top arrow is clearly surjective (since p*: H*(M) > H7?(Y) is 
surjective) and the homomorphism 9 is the cup-product with the class z, 
g(a @ B) =aUB Uz. Since dx Uz = 0, g induces a quadratic form y on 
H?(Y). From the definition of y as a cup-product, we deduce its matrix on 
the five-dimensional space H?(M), 


a, ao 0 0 
a9 a2 aj @) 
0 at 0 a2 
0 0 a O 
0 0 0 0 apo 


where a2 = ae /a,. The 4 x 4 matrix in the right bottom corner is a matrix 
7 
. ‘ : a ; : ; 
for y; its determinant is —-$. Note that we are looking for isomorphism 
a 
1 
types so we have to admit a multiplication of the quadratic form wy by a 
scalar. Since dim H?(Y) = 4, which is even, the determinant in Q/(Q*)* of 
the quadratic form is unchanged. Therefore, the determinant is an invariant 
of isomorphism classes only as an element in Q/(Q*)?. The determinant of 
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w gives us an element 
a ENON 
a 


Finally, note that all values of Q/(Q*)* are reached for appropriate choice 
of (49,41) € QxQ. Therefore we get an infinite number of different rational 
homotopy types corresponding to the spaces Y. 


Remark 6.19 Totaro’s examples above are biquotients and this is no acci- 
dent. In fact, almost all known closed manifolds having non-negative 
sectional curvature are biquotients. The only such manifolds which are 
not defined as biquotients are the Cheeger manifolds obtained as the 
connected sums of two spaces from the list: RP(7), CP(m), HP(m) and 
CayP (where the last is the Cayley plane) and an example of Grove 
and Ziller. This is discussed in [255], where Totaro also determines the 
overlap; that is, he classifies which Cheeger manifolds are diffeomor- 
phic to biquotients and which are not. For instance, CP(4)#HP(2) is not 
even homotopy equivalent to any biquotient. Furthermore, in contrast 
to Theorems 6.18 and 6.9, Totaro proves in [255] that there are only 
finitely many diffeomorphism classes of 2-connected biquotients of a given 
dimension. 


6.3. Vampiric vector bundles 
In [56], the following theorem was proved. 


Theorem 6.20 (The soul theorem) Let M be a complete noncompact 
Riemannian manifold with non-negative sectional curvature. Then there 


exists a totally geodesic and totally convex compact submanifold S + M 
such that M is diffeomorphic to the normal bundle of the embedding i. 


Remark 6.21 (Cheeger—Gromoll splitting) In [55], it was shown that a man- 
ifold M with non-negative Ricci curvature has a universal cover M that splits 
isometrically as M = Mo x R”, with R” flat and Mo compact. See Exer- 
cise 6.1 for the definition and properties of Ricci curvature. We shall only 
use this result peripherally, so we simply mention it in this remark. We do 
note, however, that the splitting comes from peeling off “lines” from M. 
Recall that a line is a geodesic that minimizes distance between each pair of 
points on it. 


The submanifold S is called the soul of M. Recall that S is totally geodesic 
in M if every geodesic in M starting from a point of S in a direction tangent 


6.3. Vampiric vector bundles 


to S is in fact a geodesic in S$. The submanifold S is totally convex if, for 
any two points of S, any geodesic in M joining them (which exists since M 
is complete) lies in S. 


Remark 6.22 Right away, note some immediate consequences of the soul 
theorems 6.20. 


1. Because S is totally geodesic, S also has non-negative sectional curvature. 

2. The inclusion i: S + M is a homotopy equivalence. Therefore, if M is 
contractible (e.g. M = R”), then S = x. 7 

3. If M” = K(z,1) is a closed manifold, then M is contractible and also 
has non-negative sectional curvature. By Cheeger-Gromoll splitting, we 
have M = Mo x R”. But M ~ «, so Mo = * as well and, thus, M = R” 
isometrically. Since covering transformations act as isometries, we then 
see that M = R”/z is flat (see Example 6.4). 

4. Given any closed manifold S with non-negative sectional curvature, it is 
a soul; namely, S is the soul of S x R”. Note that we may consider the 
product S x R” as the trivial R”-vector bundle over S. 


The last item elicits the following question. 


Question 6.23 Given a vector bundle R” > E > M, where M is a closed 
manifold with non-negative sectional curvature, does E admit a metric with 
non-negative sectional curvature? 


Recently, algebraic models have been used to give obstructions to the 
existence of such a metric on the total space of a vector bundle (see [22] 
and [23]). This will be the focus of this section, but in order to understand 
the whole situation better, we will first give the original negative examples 
for Question 6.23 obtained in [219]. Since these examples don’t have souls, 
we refer to them as vampiric vector bundles. 


6.3.1 The examples of Ozaydin and Walschap 


The basis of the Ozaydin—Walschap approach to constructing the examples 
mentioned above is the following result. 


Theorem 6.24 Let €: R& + E > M" be a vector bundle over a compact, 
flat manifold M. The following are equivalent: 


1. E admits a complete metric with secg > 0. 

2. E admits a complete metric with secr = 0. 

3. E is diffeomorphic to the total space of a rank k vector bundle over M 
that admits a flat Riemannian connection. 
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ce ea a ae cm mMR&, where 11 (M) acts on R" by covering transforma- 
tions (as in Example 6.4) and on R* by some orthogonal representation. 


We can generalize the notion of flat manifold to bundles as follows. 


Definition 6.25 A principal G-bundle §: G > P > X is flat if the 
classifying map X — BG factors up to homotopy as 


where Gg is the Lie group G taken with the discrete topology andi: Gg > 
G is the canonical continuous identification of Gq and G as sets. 


See Remark 6.27 for an explanation of the use of the term “flat” and 
its relation with flat manifolds. The following result gives an equivalent 
criterion for flatness that leads to better interpretations. 


Proposition 6.26 The principal G-bundle &: G > P — X is flat if and only 
if there is a factorization up to homotopy 


p A 
4 
4 
# 


BuyX 


where Bx,X — BG is induced by a homomorphism 11X — G and 
p: X — Bm,X = K(m1X,1) is the “canonical” inclusion obtained by 
attaching cells of dimension 3 and greater to kill all homotopy groups above 
degree 1. 


Proof Suppose the homomorphism 2;X -— G exists which provides 
the factorization above. Since 2,X is a discrete group, there is then a 
factorization 
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which induces the desired homotopy factorization 


BG 


es 


Br, X ——~> BGy 


Now assume that X — BG factors through BG g. The induced map 
of fundamental groups is then 21X -—> Gg and this, in turn, induces 
Br,1X — BG. Now, the homotopy class of a map X + K(Gg,1) = BGg 
is determined by the induced homomorphism on fundamental groups. Thus 
we obtain a homotopy commutative diagram 


BG 


ee 


Br, X ——~> BGy 


Remark 6.27 The principal bundle induced from the canonical map X > 
Bz,X is simply the universal covering fibration 71X > X — X. The effect 
of Proposition 6.26 is to reduce the group of the principal bundle & to 
the fundamental group 7X; hence, P = X xz,x G, where 7X acts on 
X by covering transformations and on G via the homomorphism of the 
proposition and multiplication in G. 

A vector bundle RE + E > X is flat if the associated principal 
Ock)-bundle O(k) > P — X is flat and the consequent homomorphism 
p: 7X — O(kR) gives 


E=P X Ovk) R* = X XX Re. 


Of course, the bundle is called flat because it has a flat Riemannian connec- 
tion (see [194] and [198, Appendix C]). A Riemannian connection V for a 
vector bundle is the analogue of the covariant derivative on vector fields. 
The analogue of a vector field is a section of the bundle and the connec- 
tion “differentiates” the section subject to properties analogous to those in 
Proposition 6.1. The connection V is flat if, in the neighborhood of each 
point of the base X, there is a basis of sections s1,...,s, with V(s;) = 0 
fori = 1,...,k. This is actually a convenient equivalent condition to the 
vanishing of the bundle’s curvature (see [28, Section 5.3, Theorem 5]). But 
now consider the change of basis tj = 7; ajis; when moving to a new chart 
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with local basis t1,...,¢,. The properties of V (including the hypothesized 
flatness) give 


0 = V(t;) = Y > (dajis; + aiV(sj)) = ye days: 


J J 


Hence, daj; = 0 for all the a;;. These transition functions are therefore locally 
constant and factor through the structure group made discrete. Since the 
transition functions are the same for the associated principal bundle, we see 
that this notion of flatness corresponds to the principal bundle notion. If 
the flat vector bundle is the tangent bundle R” + TX — X”, then the flat 
Riemannian connection is precisely the connection on X associated to the 
metric. Hence, X is a flat manifold. This is the “connection” between flat 
manifolds and flat vector bundles. Now, in the situation of (3) and (4) of 
Theorem 6.24, since X is a flat manifold, the Bieberbach theorem tells us 
that X = R”. Hence, the total space E of the flat vector bundle is 


E=P X O(k) R’ = x XX R® = h* XX R*. 


Proof of Theorem 6.24 The discussion above shows the equivalence of 
(3) and (4). Also, (2) clearly implies (1) while (4) implies (2) because 71M 
acts on R” x R* = R”** by isometries (and so the zero curvature of R”** is 
preserved under the quotient operation E = (R” x R*)/,M). Now assume 
(1) and let S be a soul of E. Then secs > O and S$ ~ Ex M = K(x, 1); 
therefore, S is flat by Remark 6.22 (3). Now, (see Example 6.4) flat mani- 
folds are classified up to diffeomorphism by their fundamental groups, so 
S is, in fact, diffeomorphic to M. Now let p: E — E denote the universal 
(Riemannian) covering of E and let § = p~!(S) C E be the restriction to the 
soul. The pullback diagram 


—— 


E 

| 
Cs BF 
shows that § > S is a fibration. Moreover, because S <> E is a homotopy 
equivalence, it induces an isomorphism of fundamental groups and this 
means that the map S$ — Sis the universal (Riemannian) covering. Since $ = 
K(z, 1), S is contractible; furthermore, by the Cheeger-Gromoll splitting 
theorem (Remark 6.21), we see that S =isom IR”. Now observe that S is 
totally convex in E. This follows because the geodesic in E joining two 
points in S pushes down via p to a geodesic in E joining two points in S. 
Then, since S is totally geodesic in E, the whole geodesic must lie in $. Thus, 


nA~=<— wn 
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the original geodesic lies in p~!(S) = S. This has the effect that a line (see 
Remark 6.21) in S is a line in E. Hence, the Cheeger-Gromoll splitting of 
E has the form 


E ~isom Eo x R” = Eo x S. 


Then we see that E splits locally isometrically as a product over S. Therefore, 
the Riemannian connection on the normal bundle of the inclusion S ~ E 
(induced from the Riemannian connection on E) is flat. Since E is diffeo- 
morphic to the total space of this normal bundle (by the Soul theorem), we 
have proven (3). 


With these preliminaries out of the way, we can now state the main result 
of [219]. 


Theorem 6.28 Let €: R2 > E > M" be an oriented vector bundle, where 
M" is a compact flat manifold. Then E admits a complete metric of non- 
negative curvature if and only if the rational Euler class e(&)q is zero. 


In order to prove the theorem, we need a lemma. 


Lemma 6.29 Let €: Rt > E > M be an oriented vector bundle over a 
compact oriented manifold M. If E =homeo F x R, then ez(€) = 0, where 
ez(&) is the integral Euler class of &. 


Proof Let h: E > F x R be the given homeomorphism. Consider the 
composition 


-1 
MSES FRR SE FLEX SG FKRSE 


which we denote by ¢. Here, s is the zero section and ¢ is larger than any t’ 
such that (f,t’) € Im(hos). This can be done since M is compact. Now, the 
composition F x R Pe F% Fx Ris homotopic to idgyr by H(f,r,u) = 
(f,r(1 — uv) + ut). Thus, 6 ~ h-!oidgypohos~s. 

Now, the (integral) Euler class is defined by s*(®) = e(€), where ® € 
H¥(E, E/s(M)) is the Thom class and @ is its restriction in H*(E). But, 
since @ X s, we have $*(®) = e(€). However, ¢(M) N s(M) = & because of 
the map i;. Hence, ¢ factors as 


oe a 


E/s(M) 
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We then have the commutative diagram 


H*(E, E/s(M)) ——> H®(E) ——> H*(E/s(M)) 


| ea 


H*(M) 


with the Euler class computed two ways: once with the definition and 
secondly using the factorization of ¢ given above. 


Hence e(€) = 0 since the composition H¥(E, E/s(M)) => H¥(E) > 
H¥(E/s(M)) is zero by exactness. 


Proof of Theorem 6.28 First, let e(€)g = 0. By Corollary 6.48, the associ- 
ated principal $!-bundle is flat. Therefore, the vector bundle is flat and from 
the equivalence of (3) and (1) in Theorem 6.24, we obtain a non-negatively 
curved metric on E. 

Now suppose secg > 0. Because M” is flat, there exists a finite cover 
f: T” > M”. Take the pullback bundle 


BGTE) 5 


ve 


T” > M” 


and a pullback metric on E(f*&) with sec > 0. Now, a finite cover induces 
an injection in rational cohomology, f*: H*(M;Q) ~ H*(T”;Q). (There- 
fore, if e(&)q were nonzero, then e(f*(&))q@ would also be non-zero.) By 
the equivalence of (3) and (1) in Theorem 6.24, E(f*&) is diffeomorphic 
to the total space of a flat R?-bundle n over T”. But then we know that 
e(n)g = 0 and, since H*(T”; Z) is torsion-free, in fact e(n)z = 0 as well. 
Of course, the associated principal S!-bundle is classified by e(7)z, so n is 
trivial: E(n) = T” x R*. But then we have 


E(f*€) =ditfeo E(n) = T” x R? = (T” x R) xR. 


By Lemma 6.29, we have e(f*€) = 0 and, therefore, e(€)g = 0. 
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Example 6.30 We can now apply Theorem 6.28 to give explicit examples of 
vector bundles over compact non-negatively curved manifolds whose total 
spaces have no metrics of non-negative curvature. Oriented R*-bundles over 
T? are classified by homotopy classes of maps, 


[T?, BSO(2)] = [T*, BS] = [T’, K(Z, 2)] = H*(T?; Z) = Z. 


Explicitly, each k € Z corresponds to an Euler class e(&,). Thus, since the 
rational Euler class must vanish in order for the total space of the bundle 
to have non-negative curvature, we have the following. 


Theorem 6.31 Only the total space of the trivial R?-bundle over T* 
possesses a metric with non-negative curvature.* 


6.3.2 The method of Belegradek and Kapovitch 


Now that we have seen the particular examples of Ozaydin and Walschap, 
we can explore more general (necessary) conditions for the existence of total 
spaces of bundles with metrics of non-negative curvature. In the following, 
we shall mainly follow [23], but also see [22] and [220]. We shall see that 
a main tool in the understanding of this problem is the most fundamental 
algebraic model of all, rational cohomology. 

First, the following result of [22] generalizes Theorem 6.20 and 
Remark 6.21 and, since we are attempting to imitate the normal bundle 
situation, focusses our attention on bundles over products C x T*. 


Theorem 6.32 Let M be a complete manifold with secy > 0. There exists a 
finite cover M > M such that M =gitpo. Nx T where N is a complete simply 
connected open manifold with secn >= 0 and T is a torus. Furthermore, if 
S is a soul of M, then the diffeomorphism carries S to C x T where C is a 
soul of N. 


Remark 6.33 Note that, since C is a soul of N (i.e. N is diffeomorphic to 
the normal bundle of the inclusion C <> N), the theorem is saying that M 
is, in fact, a bundle 7 over C x T of the form n = &c x T, where &c is a 
bundle over C. 


With this theorem in mind, let’s make the following. 


Definition 6.34 Suppose C is a closed simply connected manifold, T is a 
torus and k € Z. The triple (C,T,k) is said to be splitting rigid if, given a 
rank k vector bundle €: E(E) > C x T with secre) = 0, then there exists 


2 So the other bundle total spaces do not have non-negative curvature and, hence, have no souls. 
That is, they are vampires! 
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a finite covering map p: T > T such that (idc x p)*(€) = Ec x T, where 
Ec is a rank k bundle over C. 


This definition can be used to obtain an obstruction (i.e. a necessary 
condition) for the existence of a metric of non-negative sectional curvature 
on the total space of a bundle. Namely, since most bundles over C x T do 
not split after passing to a finite cover, the following result says that any 
such non-splitting bundle over the product of a biquotient and a torus has 
a total space which does not have sec > 0. 


Theorem 6.35 ([23]) Let G//H be a simply connected biquotient, where G 
is compact connected and H is semisimple and connected. Then, for any 
torus T and k < 4, (G//H,T,k) is splitting rigid. 


Let’s begin to understand this result (with the proof following later). 
Denote by Char(C, k) the following characteristic algebra inside H*(C; Q). 


Ql?! H4(C;Q) hone 
Char(C, k) = 
pl"? H41(C;Q) @H2"(C;Q) if k= 2m. 


Here, [—] denotes the greatest integer function. The important point is that, 
for a rank k bundle over C, Char(C, k) contains the Pontryagin classes when 
k is odd and the Pontryagin classes and Euler class when k is even. (We 
refer to these classes as the rational characteristic classes of a bundle.) This 
is important because of the following result. 


Theorem 6.36 ([22]) Let € and n be vector bundles over C x T of the same 
rank. If € and n have the same rational characteristic classes and E\c = n\c, 
then there exists a finite covering f: C x T > C x T such that f*& = f*n. 


Now, given a bundle € over C x T whose rational characteristic classes 
lie in Char(C, k), clearly the rational characteristic classes of € and &|c x T 
are the same and, by definition §|c = &|c. Therefore, Theorem 6.36 implies 
that there is a finite covering f: C x T > C x T with f*é = f*(E|c x T). 
But since C is simply connected, the finite covering has the form idc x f; 
thus, f*(Elc x T) = &|c x T. This means that we have the following result. 


Lemma 6.37 A bundle & over C x T (as above) splits if and only if the 
rational characteristic classes lie in Char(C, k). 


We will now use this result to obtain a criterion for splitting rigidity. 
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Proposition 6.38 ([23]) If every self-bomotopy equivalence of C x T pre- 
serves the characteristic algebra Char(C, k) in H*(C x T;Q) = H*(C;Q)® 
H*(T;Q), then (C,T,k) is splitting rigid. 


Proof Suppose & is a vector bundle over C x T with secpg) > 0. By 
Remark 6.33, there is a finite cover E’ > E(&) with E’ = N x T’, where N is 
simply connected and secy > 0. Since N is simply connected, we see in fact 
that T’ = T. Also, for S’ the soul of E’, we have S’ = Cy x T where Cyn isa 
soul of N, so N = E(¢), where ¢ is the normal bundle of Cy ~— N. There- 
fore, without loss of generality, we take E(é) = E(n) = E(¢) x T, where ¢ is 
a vector bundle over a simply connected manifold C’. Thus, € and 7 are two 
different vector bundle structures on the same manifold X = E(é) = E(n). 
The respective zero sections C x T > E(é) = X, C'’x T > E(n) = X 
identify C x T, C’ x T as submanifolds of X and we consider the bundles 
— and n as the normal bundles of these respective inclusions. Note that the 
composition of the first zero section map with the projection of the bundle 
n gives a homotopy equivalence g: C x T — C’ x T which can be taken to 
have degree one by orienting X properly. Furthermore, the obvious maps 
gc: C> C’, gr: T > T are homotopy equivalences, so we may form the 
self-homotopy equivalence h = G x oF) wer iC T= Ce Te The 
inclusions and projections give maps 


bv OS CRT ES CLT SC 


ese) Ce Ter 


These are, in fact, homotopic to the respective identity maps. For instance, 
if the inclusions and projections for C, C’ are denoted by ic, pc, ic’, pc’ 
respectively, then we have 


hc = pchic = pc(gc' X gf gic X 8G Pogic X Bc'Be X ide 
since pc o (ee x ge) a ga opc and po og cic = gc. By assumption 
hb* maps Char(C,k) to itself, so it is plain that g* maps Char(C’,k) to 
Char(C, k). 
Since € and n are normal bundles to the respective inclusions of the zero 
sections, we know by Poincaré duality that the Euler classes obey e(€) = 


[C x T], e(n) = [C’ x T]. Therefore, since deg(g) = 1, for any class y € 
H,(C x T), we obtain 


(g*(e(n)), ) = (e(n), 8x0) = (IC’ x T], g4(9)) 
= (g*([C’ x T]), y) = (IC x T], y) = (e), y). 


So we see that g*(e(n)) = e(€). Now, e(y) € Char(C’,k) since n = ¢ x T 
and g* maps Char(C’, k) to Char(C, k), so e(€) € Char(C,k). 
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Now let’s consider Pontryagin classes. Since g: C x T > C’ x T is 


defined by 


Zero 


Ceres Xk 2x7 


and z,, is a homotopy inverse to the n-zero section C’ x T > X, we see 
that g, thought of asa map g: Cx T > X is homotopic to the zero section 
inclusion C x T — X. Then we obtain g*(TX|cx7) = TX\|cx7r. Now, 
because we view & as the normal bundle to the inclusion C x T > X, and 
we may apply the Whitney sum formula for the total Pontryagin class p to 
the bundle TX|cy7 = T(C x T) @ & to obtain 


p(T(C x T))p(&) = p(C x T) @&) 
= p(TX|cxT) 
= p(g*(TX\c'xT)) 
= 8° (p(TX|cxT)) 
= g*(p(T(C' x T) @n)) 
= g*(p(T(C’ x T))g* (p(n). 
Now, T is parallelizable, so p(T (C x T)) = p(TC) € H*(C) and p(T(C’ x 


T)) = p(TC’)) € H*(C’). Also, p(T(C x T)) is a unit in H*(C), so we can 
write 


p(—E) = p(T(C x T))'g*(p(T(C’ x T))g*(p(n)). 


Now p(n) € H*(C’) since n = ¢ x T and g*(Char(C’, k)) C Char(C, k), so 
each factor of p(&) lies in H*(C). Hence, p(€) € Char(C, k) as well. 
Because the rational characteristic classes are in Char(C,k), by the 
discussion following Theorem 6.36, we see that (C,7T,k) is splitting 
rigid. 


Remark 6.39 Note that the proof shows that, without loss of generality, we 
can always assume that the restriction to C of the self-homotopy equivalence 
is homotopic to idc. 


The link between self-homotopy equivalences of Cx T and algebraic oper- 
ations on cohomology is provided by the the structure of H*(T) (where we 
will understand coefficients to be Q from this point forward). The torus 
cohomology H*(T) is an exterior algebra A(e1,...,¢@;) with vector space 
basis t9 = 1, ty = €1,...,ts = €s,ts41 = €1€2 etc. (in some chosen, perhaps 
lexicographic, ordering). Now, H*(C x T) = H*(C) @ H*(T), so a homo- 
topy equivalence (with h|c =~ idc by Remark 6.39) h: C x T > Cx T 
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induces an automorphism h*: H*(C x T) + H*(C x T) such that, for 
c€ H*(C) C H*(C xT), 


Bec) = c+ > 80; 
i 
where we have not written the @ in the free H*(C)-module H* (Cx T). It can 
be shown that 4, is a derivation and, further, the fact that is = 0 shows that 


the mapping ¢;: H*(C x T) > H*(C x T) defined by $1 (ct) = ct —61(C)tit 
is a graded algebra isomorphism (with inverse $, (ct) = ct+81(c)tyt). Then 


b1h*(c)) = dle + >> (Ot) 


i>1 
=¢-S1(0)t1 +81) + Dd (Oi 
i>2 
=c+> di OK. 
i>2 


So we see that ¢;(h*(c)) resembles the identity with error terms involving 
only the t; with i > 2. The idea is now to continue this process until the 
error terms are zero. We then shall have written b* in a very precise way 
that will permit a connection with derivations of H*(C). 

Now consider the formula for ¢;(h*(c)). As usual, the first perturbation 
term ot is a derivation, so $2(ct) = ct — b+ (c)tgt is an automorphism of 
H*(C x T) with 


d2(o1h* (0) =c+ > b(t. 


i=3 


We continue in this fashion to obtain automorphisms ¢, for k = 1,..., 
N= (;) with o,(c) = c — GE Ote and such that 


(@no...0g, oh*)(c) =. 


Then the isomorphism )* evaluated on c € H*(C) may be written as 
b*(c) = yx! 0... 67 VC) 


where o,! (c)=ct+ GE Ot. 


Theorem 6.40 Ifevery negative degree derivation of H*(C) vanishes on the 
characteristic algebra Char(C, k), then (C, T,k) is splitting rigid for each T. 


Proof By Proposition 6.38, we must show that every self-homotopy equiv- 
alence of C x T preserves Char(C,k). As noted in Remark 6.39, we may 
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assume the restriction of the equivalence to C is idc. With this in mind, the 
discussion above pertains and the induced isomorphism on cohomology has 
the form 


b*(c) = x! 0-..0 6) VO) 
where a) ee GE {Ote. But each LO) = 0 by the hypothesis 


of the theorem since c € Char(C,k). Thus, b*(c) = c, so h* preserves the 
characteristic algebra Char(C, k). 


Corollary 6.41 (also see [220]) If H*(C) has no nonzero negative degree 
derivations, then (C,T,k) is splitting rigid for each T and k. 


In particular, by Theorem 4.36 and [237], we know that simply connected 
Kahler manifolds and maximal rank homogeneous spaces have cohomology 
algebras admitting no negative degree derivations. Therefore, such mani- 
folds are prime candidates for C’s. As we have seen, splitting rigidity is an 
obstruction to the total space of a bundle over C x T having non-negative 
sectional curvature; so now we see further that the question of the exis- 
tence of metrics with non-negative curvature is intimately involved with 
the algebraic structure of H*(C). Finally, let’s use Theorem 6.40 to prove 
Theorem 6.35. 


Proof of Theorem 6.35 The group H is semisimple, so the fibration G > 
G//H — BH shows that G is also semisimple and, since 72(G) = 0 and 
m2 (BH) = 11 (H) is finite, 12(G//H) is finite. Therefore, over the rationals, 
G//H is 2-connected. Therefore, the minimal model Mgjjy = (AV,d) of 
G//H has V! = V? = 0. In Corollary 3.51, we saw that G//H has a pure 
minimal model, so the generators in V* appear ‘in no differential. Hence, 
by Theorem 2.77, MgjjH = (AV%,d = 0) @ (AV, d), where V3 =0. 

Now, because H*(G//H) = 0, by Theorem 6.40 we need only con- 
sider rank 3 and rank 4 bundles over G//H x T. Now, by definition, 
Char(G//H, 3) = Char(G//H,4) = H*(G//H) = H4(AV,d), so we only 
have to consider derivations of degree —1 and degree —4. 

Suppose @ is a derivation of degree —4 and let c € H*(G//H). Since G//H 
is finite dimensional, there is some m € Zt, such that c” 4 0 and c”*! = 0. 
Then 


0 = 6(c"t!) = (m+ 1)0(c)c” 


and, since 0(c) € Q and c” 4 0, it must be true that 9(c) = 0. Thus 0 
vanishes on H*(G//H). 
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Now suppose that @ is a derivation of degree —1 and let c €¢ H*(G//H). 
Then @(c) = x € V°. Again find m so that c” 4 0 and c”+! = 0. Then 


0=6(c"+1) = (m+ 1)0(c)\ce” = (m+ 1)xc™. 


Note that, if dim (G//H) = 1 and dim (V*) = k, then HAV, d)) = 0 for 
j > n—3k. Since c” £0, we have 4m < n— 3k. Also, x € V3, s04m+3 < 
n—3k+3 = n—3(k—1) and, since k > 1,4m+3 <n. Therefore xc” is below 
the top dimension in cohomology. Because H*(AV,d) = H* (AV3,d = 0) 
@ H*(AV, d), for x € H*(AV°,d = 0) andc” € H*(AV, d)), we can only 
have xc” = Oifx =O0orc” = 0. Since c” 4 0, we must have 6(c) = x = 0. 
Thus, 9 vanishes on H*(G//H). 

Therefore, we see that all negative degree derivations vanish on 
Char(G//H,k) for k = 3,4 and by Theorem 6.40, this means that, for 
k = 3,4, (G//H, T,k) is splitting rigid for any T. 


Finally, we mention a result of [23] showing that not all spaces give split- 
ting rigid triples. The proof of the result relies essentially on the properties 
of the minimal model of SU(6)/(SU(3) x SU(3)) (which is an example of a 


nonformal homogeneous space). 


Theorem 6.42 Let C = SU(6)/(SU(3) x SU(3)) and take dim T > 2. Then 
there exists a rank 6 vector bundle which does not split, but whose total 
space has non-negative sectional curvature. 


6.4 Final thoughts 


Manifolds with sec > 0 enjoy many special properties and are conjectured 
to have many more. For instance, Synge’s famous theorem says that a closed 
manifold M with secjy > 0 is orientable if dim (M) is odd and is simply con- 
nected if dim (M) is even and M is orientable. Of course RP(2n + 1) is a 
prime example of the first case, while RP(2”) shows that the orientability 
hypothesis is necessary for the second case. Many years ago, Hopf conjec- 
tured that a closed manifold M with dim (M) even and secyy > 0 must have 
x(M) = 0. More recently, Gromov asked whether a closed manifold M with 
secy > 0 must have 7; bj(M) < 241m (M) | Where b;(M) is the ith Betti num- 
ber of M. Recall from Theorem 2.75 that these assertions are indeed true 
for rationally elliptic manifolds (i.e. those with dim (z,(M)@®Q) < oo). This 
then presents a tantalizing possibility which is enunciated in a far-reaching 
conjecture generally attributed to Raoul Bott. 


Conjecture 6.43 If M is a closed manifold with secy > 0, then M is 
rationally elliptic. 
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The idea that a geometric constraint imposes conditions on the under- 
lying algebraic topology of a manifold is not a new one, of course. We 
have already mentioned Hadamard’s theorem that a manifold with non- 
positive sectional curvature must be a K(z,1) and Bieberbach’s theorem 
characterizing flat manifolds. There is also Bochner’s famous result that a 
closed manifold of non-negative Ricci curvature must have first Betti num- 
ber bounded above by the manifold’s dimension. The same hypothesis yields 
a similar restriction on the growth of the fundamental group (see [196]). 
In a different direction, we have seen in Section 5.7 that qualities associ- 
ated with geometric entities such as the geodesic flow can radically limit 
possibilities for homotopy type as well. 

In this chapter, we have seen how algebraic models can be associated to 
geometric objects and how they can be used to construct geometric entities. 
Algebraic models are important ingredients in the solutions of geometric 
problems, so they have proven to be part of the tradition of obtaining 
geometric information homotopically. Henri Poincaré had a criterion for 
significance that he claimed for the mathematics that leads to a mathe- 
matical law. The beautiful symbiosis between homotopical algebra and 
geometry exemplifies this criterion and in Poincaré’s words, “Ce sont ceux 
qui nous révélent des parentés insoupconnées entre d’autres faits, connus 
depuis longtemps, mais qu’on croyait a tort étrangers les uns aux autres.” 
[“They reveal the kinship between other facts, long known, but wrongly 
believed to be strangers to one another.” 


6.5 Appendix 


In this appendix, we will show that the rational Euler class for a principal 
circle bundle vanishes exactly when the bundle is flat (see [217]). Let Gy 
denote the Lie group G with the discrete topology and similarly for the 
universal covering group G and Gj. 


Proposition 6.44 Let G be a connected Lie group and let 1: G233G 
denote the universal covering. Then Gq is a pullback of x along the map 
1: Gy >G. 


Proof Note first that making G discrete unravels all of the topology linking 
the fibers of the universal covering of G. Now, for discrete spaces, only 
cardinality matters, so we have Gg = Gg x 71(G). 

Let P denote the pullback of along the map i: Gg > G. Now, 
a: G — G is a principal 71 (G)-bundle, so its pullback along i is one 
also. Because 7: G —> G is surjective, there is a set map s: G > G with 
wos = idg. But Gg has the discrete topology, so s considered as a map 
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s: Gg — G is continuous. A principal bundle with section is trivial, so we 
obtain P = Gy x 11(G) = Gy. 


Now let G = S! with universal cover R and note that BS! = K(Z,2), 
BS} = K(S!,1) and BRy = K(Rq,1). Consider the following pullback 
diagram. 


R; —>R 


| 


Of course the homomorphisms of groups shown are the usual ones making 
the sequence Z — R — S! exact. Note that the pullback property guar- 
antees that the fiber of Ry > si is Z included in Rg in the standard way 
and that the restriction of i to fibers is the identity. But now we notice an 
amazing fact. Because R -> S! is a fibration with R contractible, R, is the 
homotopy fiber of st > $!. Therefore, i: Si — S! classifies Ry > Ss} and 


BS} — BS' classifies BRy > BS) in the sequence of classifying spaces 


BZ BRg BS} ———> Bs! (6.1) 


; - oF 


K(Z, 1) —> K(Rg,1) —> K(S}, 1) —> K(@, 2) 


Remark 6.45 Note that the first two maps are determined by the cor- 
responding homomorphisms of groups. The last map also comes from 
the sequence of discrete groups; it is the class in Ext(S!,Z) C H?(S!;Z) 
classifying the central extension Z > Ry > si (see [137]). 


Proposition 6.46 There exists a map $: K(Z,2) — K(Rg,2) so that the 
sequence of fibrations (6.1) may be extended to a sequence of fibrations 


K(Z,1) > K(Rg,1) > K(S1,1) > K(Z,2) & K(Ry,2). 


Proof This is, in fact, a standard result in topology (see [139, Theo- 
rem 7.1). 

Let ¢ correspond to the usual inclusion of the integers into the reals, 
Z — Rg. Of course, this is the induced homomorphism at the beginning 
of the sequence K(Z, 1) — K(Rg, 1) as well. To see that we get a fibration 
on the right end, let F denote the homotopy fiber of ¢. We must show 
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that F + K(Z,2) is precisely the map K(S!,1) — K(Z,2) in the original 
fibration sequence corresponding to the group extension Z > Ry > Ss} as 
discussed in Remark 6.45. 

The long exact sequence in homotopy associated to the fibration shows 
immediately that F ~ K (S}, 1) since (because Z — R, is injective) the only 
nontrivial homotopy group appears in degree one and is a quotient of the 
standard inclusion Z — Ry (which defines ¢). We now extend to a Puppe 
sequence (leaving off the K(Rg, 2) on the right), 


K(Z, 1) > K(Rq, 1) > F= K(S}, 1) > K(Z,2), 


where we can see that the homomorphisms corresponding to the first two 
maps are the usual ones. The first is just a loop of ¢, so that is clear. The 
second map is just a spatial realization of the connecting homomorphism 
in the homotopy sequence by K(Rg,1) = QK(Ry,2) > K(S1,1). Since 
the connecting homomorphism was the usual group projection onto the 
quotient, the second map is the usual one too. The last map F > K(Z,2) 
is a classifying map for the fibration K(Z, 1) > K(Rg,1) > F = K(S!,1) 
since the Puppe sequence is constructed by taking consecutive homotopy 
fibers. But the fibration is determined by the group extension Z > Ry > 
Sy since the spaces are Eilenberg—Mac Lane spaces in degree one. Indeed, 
the classifying map corresponds to an element in Ext(S!,Z) ¢ H? (S33 Z) 
classifying the group extension. But the group extension is the usual one, 
so the element, and hence the classifying map F — K(Z, 2) are the usual 
ones as well. 


A principal S'-bundle €: S' + P — X is classified by a map «: X > 
BS! = K(Z, 2). This map corresponds to a degree 2 cohomology class by the 
standard identification of homotopy classes [X, K(Z,)] with cohomology 
H"(X;Z). In fact, H*(K(Z, 2); Z) ~ Hom(Z, Z), so there is an element 1 € 
H?(K(Z, 2); Z) corresponding to the identity homomorphism id: Z —> Z. 
The Euler class e(E) € H*(X;Z) is then defined to be x*(1). Since e(é) 
characterizes the homotopy class of «, it serves to classify principal S!- 
bundles over X. A real Euler class e(&)p, is obtained by simply extending 
coefficients to H*(X;R,). This is equivalent to composing with the map 
o: K(Z,2) — K(Rg,2) corresponding to the usual inclusion Z > Ry. 
Again, we have [X, K(R,,2)] = H*(X; Ry) obtained by pulling back a class 
Tcorresponding to id: Ry > Rg. (Note that pulling tT back to K(Z, 2) gives 
the class in H* (K(Z, 2);R4) corresponding to the usual inclusion Z > Rj.) 
We can now prove the main result using only the standard fibration and 
pullback theory presented above. 


Theorem 6.47 The real Euler class e(&)p, is zero if and only if & is flat. 


6.5 Appendix 


Proof With the notation above, consider the following fibration diagram, 
which we shall use for both parts of the proof. (Here we write BS! for 
K(Z, 2) and BS} for K(S), 1) to relate back to the definition of flat bundle.) 


Bi ) 
BS! —> ps! —+ K(Rj,2) 


Suppose & is flat. Then « exists by definition and we have Ox ~ @ Bik = x 
since @Bi ~ x. But @x represents the real Euler class, so we obtain 
e@)r, = 0. 

On the other hand, suppose e(€)z, = 0. Then ¢x ~ x. But then the homo- 
topy lifting property of a fibration allows us to factor « through the fiber as 
shown in the diagram: Bik ~ x. By definition, this means that the bundle 
is flat. 


Of course, when X has finite type, for an integral cohomology class e, we 
can identify the conditions that e vanishes when coefficients are extended 
to the reals and that e is torsion. This holds, in particular, when M is a 
compact manifold. Therefore, we have 


Corollary 6.48 If X has finite type, then the Euler class e(&) is torsion if 
and only if & is flat. Hence, & is flat if and only if e(E)g = 0. 


Exercises for Chapter 6 


Exercise 6.1 There are many kinds of curvatures for manifolds that are derived 
from the Riemann curvature. The two most important of these are as follows. 


Definition 6.49 The Ricci curvature is defined to be 
k 
Ric(X, Y) = )> (R(X, &)Y, &) 
i=1 
where X and Y are tangent vector fields on M® and {Ej} is a frame. Recall that a 


frame {Ej} consists of an orthonormal basis of vector fields in some neighborhood 
of a point in M. The scalar curvature is defined to be 


k k 
B= y Rice. £) =) (REE. &). 
j=l ij=l 
While a manifold Mk is said to have non-negative sectional curvature if sec(X, Y) > 
0 for all X and Y, the Ricci curvature is said to be non-negative when Ric(X, X) > 0 
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for all X. Show that non-negative sectional curvature on M implies non-negative 
Ricci curvature on M and, in turn, this implies non-negative scalar curvature on M. 
Hint: First prove the formula 


k-1 
Ric(X, X) = (X,X) © sec(X, &) 
j=l 


for a frame {€)} spanning X+, the space of vector fields orthogonal to X. 


Exercise 6.2 Let G be a compact (connected) Lie group with bi-invariant metric. It 
is known that Vx X = 0 for X any left invariant vector field. Thus, curves whose 
tangent vectors belong to left invariant vector fields are geodesics. Also, the follow- 
ing identity is known to hold: (LX, Y],Z) = —(Y,[X, Z]) for left invariant vector 
fields X, Y and Z. Here, (-,-) is a the bi-invariant metric and [—, —] is the bracket 
of vector fields (see Exercise A.1). 

Now, for a compact, connected Lie group G with left invariant vector fields X, 
Y and Z, show that 


1 
1. VxY= 5) [X, Y]. (Consider Vx_y(X — Y) and use Proposition 6.1 (v).) 


2 ROC VZ= ; (LX, Y], Z]. 


(Start with the definition of R, then use (1) to express R completely in terms of 
brackets. Finally, use the Jacobi identity for the bracket (Exercise A.1 (3)).) 


1 
3. If X and Y are orthonormal, then sec(X, Y) = rr ILX, y]|°. 


Thus, sectional curvature, and hence, Ricci and scalar curvatures are non-negative 
for a compact, connected Lie group with its natural bi-invariant metric. (Use the 
definition of sec, (1), Proposition 6.1 (iv) and the identity (LX, Y], Z) = —(Y, LX, Z]) 
with Z = Y.) 


The Killing form of a Lie group G is defined to be b(X, Y) = trace(Adx Ady), where 
Adz(W) = [Z, W] is a linear transformation of the vector space of left invariant 
vector fields. It can be shown that —b is symmetric, bilinear and invariant under all 
automorphisms of G. If —b is also nondegenerate, in the sense that b(V, W) = 0 
for all W implies V = 0, then —b is actually the bi-invariant metric (-,-) on G. 
That is, (X, Y) = —b(X, Y). A Lie group with nondegenerate Killing form is said 
to be semisimple and this coincides with Definition 1.41. Using (2) above and the 
definition of Adz, show that a semisimple Lie group with metric —b has Ricci 
curvature 


Ric(X, Y) = -; b(X, Y). 


Exercise 6.3 Show that (S2”+!, T, k) is splitting rigid for all T and k. 


G-spaces 


The history of group actions is intimately tied up with the development of 
both algebraic topology and Lie group theory. In this chapter, we show 
how minimal models can be used to study compact Lie group actions on 
manifolds. We focus on certain aspects of group actions that are especially 
amenable to model techniques. Throughout the chapter, G will generally 
denote a Lie group acting on a compact manifold M. 

Certain properties of M will be apparent. For instance, when the action 
is free (i.e. no point in M is left fixed by any g € G), we have a principal 
G-bundle M + M/G with the particular consequence that x¥(M) = 0. 
For a general action, we will see that M fits inside the Borel fibration, 
M — Mg — BG, and this will be the central tool in our later study of 
transformation groups via models. The construction of the Borel fibration 
will be given in Section 7.2. 

The efficacy of the general theory is best represented in the case where G 
is a torus T” = (S!)’. For G = T’, we essentially focus on issues related to 
the following two questions: 


¢ When does M admit a free or an almost free G-action? 
e¢ What are the homological and the homotopical properties of the fixed 
point set M© of a G-action on M? 


For instance, here is a conjecture (generally attributed to S. Halperin [129]) 
that relates the rank of an almost freely acting torus with the dimension of 
the manifold’s cohomology. 


Toral rank conjecture (TRC). If M is a nilpotent compact manifold, then 
dim H*(M; Q) = 2%), 
where rkg(M) is the rational toral rank of M. 


The rational toral rank rkg(M) is defined as follows. The action of T’ on 
M is said to be almost free if, for any point in the manifold, the subgroup 
of G fixing that point is a finite group. The largest integer r for which M 
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admits an almost free T’-action is called the toral rank of M, and is denoted 
rk(M). If M does not admit any almost free torus action, then rk(M) = 0. 
Unfortunately the invariant rk(M) is not a homotopy invariant and is quite 
difficult to compute. To obtain a homotopy invariant, we introduce the 
rational toral rank, rko(M); that is, the maximum of rk(Y) among all finite 
CW complexes Y in the same rational homotopy type as M. An important 
advantage of using rko(M) is that it can be explicitly computed from the 
minimal model of M. For instance, in the case of a Lie group G, we have 
rkg(G) = rank G, and in the case of a homogeneous space G/H, we have 
rkg(G/H) = rank G — rank H. 

In Section 7.3.3, we will prove the toral rank conjecture for certain 
families of spaces including homogeneous spaces and compact manifolds 
whose cohomology satisfies the hard Lefschetz property. The TRC can be 
reformulated as a conjecture on an upper bound for the toral rank: 


rko(M) < log, dim H*(M; Q). 


We will derive other upper bounds for rko(M). First, we have 
rko(M) < 5 dim HM; Q). 


Secondly, denoting by Z(L) the center of a graded Lie algebra L, then, when 
Ieven(M) ® Q — 0, we have 


rko(M) < dim Z (7,(QM) ® Q). 


For a nilmanifold, the inequality becomes an equality, and so the rational 
toral rank of a nilmanifold M with associated Lie algebra L is the dimension 
of the center of L. 

The second part of this chapter begins in Section 7.4 and concerns the 
topology of the fixed point set M° when G is a torus T’. From the Borel 
fibration M + Mg — BG, we see that the algebra H* (Mg; Q) becomes a 
module over H*(BG; Q). We have seen in Theorem 1.81 that H*(BG; Q) is 
a polynomial algebra H*(BG; Q) = Q[x1,...,x,] where, since G = T’, the 
x; are in degree 2. Let K denote the corresponding field of fractions; that is, 
the field of rational fractions in the variables x1,...,x;, K = Q(x1,...,X;). 
The Borel localization theorem then says that we have an isomorphism of 
K-vector spaces 


K @u*(BG:9) H*(Mc;Q) = K @ H*(M®°;Q). 


We use rational homotopy theory in conjunction with the Borel local- 
ization theorem to obtain results concerning the cohomology and the 
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homotopy of M©. Concerning cohomology, we prove the equality x(M) = 
x(M®), and, for each integer 7, the inequality 


y > dim H?(M°;Q) < )° dim H?(M;Q). 


p2n p2n 


From the first equality we deduce, in particular, that each G-action has a 
fixed point when x(M) $ 0. 

To obtain properties of the homotopy groups of the fixed set, we form 
the Z/2Z-graded vector space V (where (AV, d) is a Sullivan model for M), 
with V° = Zteyen(M) @ Q and V; = moqq(M) ® Q. Then, for each simply 
connected component F of M®, we prove that there is a differential D on 
V, D: V° > V!, and D: V! > V° such that H°(V, D) = Zeven(F) ® Q 
and H!(V, D) = moqq(F) ® Q. In particular, if M is rationally elliptic, then 
each simply connected component F of M@ is also rationally elliptic and, 
moreover, Xz (F) = x7,(M). 

Beginning in Section 7.6, we consider certain types of actions which are 
particularly relevant to geometers, the symplectic and Hamiltonian actions 
on symplectic manifolds. We show how a weakened Lefschetz condition is 
enough to prove the TRC in the symplectic context. Then we consider the 
notion of Hamiltonian bundle in both geometric and algebraic formulations 
and give a proof of a result of Stepien [243] that says Hamiltonian bundles 
are TNCZ when the fiber is a nilmanifold. 

Although we are mainly interested in smooth G-manifolds, torus actions 
can be defined on more general spaces with important results. In particular, 
this is the case when we consider toral rank and, in Section 7.3, we discuss 
toral rank in the more general context of finite CW complexes. However, 
from Section 7.4 onwards, we only consider smooth actions on manifolds. 

This chapter is essentially an expository chapter. The book of Kawakubo 
[152] is a good reference for basic topological aspects of group actions. The 
books of Hsiang [144], Bredon [40] and tom Dieck [252] are the classical 
references for algebraic topological aspects. Finally, the book of Allday and 
Puppe [10] is the main reference for the use of rational homotopy theory 
in the study of transformation groups and the present chapter is, in some 
sense, preparation for studying that work. 


7.1. Basic definitions and results 


A topological group G acts on a space X if there is a continuous map 
yg: Gx X — X satisfying ex = x and g1(g2x) = (g1g2)x. Here we have 
adopted the usual notational convention that gx = g(g, x). When G is a Lie 
group (which we shall take to be compact unless stated otherwise) and M is 
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a manifold, the action is called smooth if y is a smooth map. The manifold 
M is then called a smooth G-manifold, or for short, simply a G-manifold. 

The subgroup G, = {g| gx = x} is called the isotropy subgroup at the 
point x. The orbit of x is G(x) = {gx|g € Gy}. Note that the isotropy 
subgroups corresponding to points in the same orbit G(x) are conjugate 
because Gey = gG,g—!. The canonical map f: G/Gx — G(x) induced by 
the action on x is clearly a diffeomorphism. We can consider the set of orbits 
as a topological space by taking the quotient space defined by the following 
equivalence relation on M: x ~ y if and only if there exists some g € G 
with gx = y. This space of orbits is denoted by M/G. A point x € M isa 
fixed point of the action if Gy = G; that is, gx = x for all g € G. The set 
of fixed points under the action of G on M is denoted by M®. An action is 
free if Gx = {e} for all x € M and is almost free if Gx is a finite group for 
allxe M. 


Example 7.1 Let G = S! act by horizontal rotations on the sphere M = S?. 
The fixed point set M® is the union of the North and South poles, the orbit 
space M/G is a semicircle connecting the poles, the isotropy subgroups are 
G at the fixed poles and the trivial group {e} elsewhere. Note that, in this 
case, M/G is not a closed manifold, but rather, a manifold with boundary. 


Basic properties of actions that will be useful for our purposes are 
summarized in the following proposition. 


Proposition 7.2 ({152]) If G is a Lie group and M a compact (smooth) 
G-manifold, then 


1. G(x) is a submanifold of M, and the action of G induces a diffeomor- 
phism G/Gx > G(x). 

2. Up to conjugacy, there are only finitely many isotropy groups. Therefore 
there are only finitely many diffeomorphism types of orbits. 

3. The fixed point set M® is a possibly disconnected compact submanifold 
of M whose components may have different dimensions. 

4. If the action is free, then M/G is a manifold and the projection M > 
M/G is a principal G-bundle. 


The next lemma enables us to reduce the study of fixed sets of torus 
actions to the study of fixed sets of circle actions. 


Lemma 7.3 Let T = (S!)" be a torus acting smoothly on a compact 
manifold M. Then there is some circle S! CT such that MS' = MT. 


Proof A smooth action of a torus T on a compact manifold M has a finite 
number of orbit types. So let the isotropy groups be G1,..., Gs not including 
T itself. In the Lie algebra & associated to T, we have the lie algebras of the 
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isotropy groups: g1,..., 9s. Since we don’t include T itself, the g; are all of 
lower dimension. Therefore there exists a vector in { not in the union of 
the gj and exponentiation gives a circle S in T which has the property that it 
only intersects each isotropy group in a discrete (so finite by compactness) 
subgroup. This is the circle that works. Clearly, M7 is in M®. 

Now assume x is in MS. What is the T-isotropy group Tx at x? It has 
to be one of the G; or all of T (in which case it is a fixed point for T). 
Suppose T, = Gj. Since x is in M%, we have S contained in G,, and this 
contradicts the fact that § intersects G; in a finite set. Therefore, T, = T 
and x isin M!. 


The same result holds in the context of CW-complexes with finitely many 
orbit types, see [4, Lemma 4.2.1]. 


7.2. The Borel fibration 


Recall from Section 1.10 that, for every compact Lie group G, there exists 
a universal principal G-bundle 


G—> EG— BG. 


The space BG, called the classifying space of G, is EG/G where EG is a 
contractible space admitting a free G-action. Note that the contractibility 
of EG combined with the Puppe sequence show that QBG ~ G. 


Example 7.4 When G is the circle S!, the classifying space BS! has been 
constructed in Example 1.74. Recall that the action of the circle on 
sen+l © C+! is given by the complex multiplication z2(z1,...,Zn41) = 
(2Z1,---5%%n41). The quotient is the complex projective space CP(m). Let 
S© be constructed as the direct limit of the inclusions §! c $* C S3.C....C 
Ux, S = S*. Now it is known that homotopy groups behave well under 
direct limits : lim; mz (S/) = my (lim; (S/ ). Hence 2, ($*) = 0 for all k and, 
indeed, S°° is contractible. Clearly S© is also obtained by taking the direct 
limit S° c S*... C US?P+! = S$. The free actions of $! on the odd spheres 
are compatible with the inclusions, so they induce a free action of $' on SY. 
Since S© is contractible, it is ES', and the S!-bundle S° — CP(oc) is the 
universal S!-bundle ES! + BS!. By multiplying together different copies 
of the universal bundle S° —> CP(oo), we obtain the classifying space of 
an r-torus, BT” = (CP(o))’. 


Definition 7.5 Let G be a Lie group and let M be a G-manifold. The 
associated Borel fibration is the fiber bundle 


M—>EGxgM5 BG, 
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where EG xg M is the quotient of EG x M under the action of G defined 
by g(x,m) = (xg—!, gm). The projection p associates to [x,m] the class of 
x in BG; p([x,m]) = [x]. The total space of the Borel fibration, EG xg M, 


is usually denoted by Mg and its rational cohomology is called the rational 


equivariant cohomology of M; Hé(M; Q) ae (Mg; Q). 


Theorem 7.6 


1. When the action of G on M is free, then the projection 
gq: MG =EGxgGM->M/G,  [x,m]P [m], 


is a homotopy equivalence. 

2. When the action of G on M is almost free, then the projection 
q: Mg —~ M/G is a rational homotopy equivalence. That is, 
H*(q;Q): H*(M/G; Q) — H*(Mg; Q) is an isomorphism. 

3. When the action of G on M is trivial, then Mg = BG x M. 

4. When H is a compact subgroup of G, then (G/H)g x BH. 


Proof (1) and (3) are clear while a proof of (2) is outlined in Exercise 7.1. 
The following sequence of homotopy equivalences (the last one coming 
from Example 1.79) proves (4): 


(G/H)g = EG xg (G/H) & (EG xq G)/H 2 EG/H ~ BH. 


Since (2) above says that, from the viewpoint of rational homotopy the- 
ory, almost free actions are equivalent to free actions, it is important to 
have a criterion to identify them. The following characterization of almost 
free actions achieves this aim. 


Theorem 7.7 (Hsiang’s theorem; see [144], [10, Proposition 4.1.7]) Let G 
be a compact Lie group and let M be a compact G-manifold. Then the 
group G acts almost freely on M if and only if the rational equivariant 
cohomology of M, Hé(M; Q, is finite dimensional. 


Note that, if the action is free, then we have Mg ~ M/G, so H* (Mc; Q) = 
H*(M/G; Q) is finite dimensional because M/G is a compact manifold. 


7.3. The toral rank 


In this section we give conditions for the existence of almost free torus 
actions on a manifold M. Our first condition concerns the Euler—Poincaré 
characteristic x (M). 


7.3. The toral rank 


Theorem 7.8 Ifa compact manifold M admits an almost free G-action with 
G a compact connected Lie group, then the Euler—Poincaré characteristic 
of M is zero. 


Of course, for example, any compact Lie group G admits a free action 
by its maximal torus via translations and we know that x(G) = 0 since G 
is rationally a product of odd spheres. On the other hand, by Theorem 7.8, 
an even dimensional sphere does not admit any almost free circle action. 


Proof Suppose that G acts almost freely on M. Since QBG ~ G, the homo- 
topy fiber of the injection M < EG xg M has the homotopy type of G. 
We obtain in this way a homotopy fibration 


Go>M~>EGxgGcM=Mog. 
The associated Serre spectral sequence satisfies 
E2 = H*(Mc;Q) ® H*(G;Q) = H*(M; Q). 


By Theorem 7.7, the term Ep is finite dimensional. Since the Euler char- 
acteristic is preserved in a spectral sequence and since x(G) = 0, we have 
x(M) = x (Mc) x(G) = 9. 


As we explained in the introduction to this chapter, the main “invariant” 
for the study of almost free actions is the toral rank of a manifold. Let’s 
now define this notion in the context of topological spaces. 


Definition 7.9 The toral rank of a space X, rk(X), is the largest integer r 
such that a torus T" acts almost freely on X. 


The toral rank may be bounded for reasons that depend only on topology. 
For instance, a wedge of spheres has toral rank zero because the basepoint 
must remain fixed under the action. The latter claim follows simply from 
the topology of the wedge. The basepoint of the wedge is the only point 
of the wedge whose removal increases the number of components, so any 
homeomorphism must fix that point. Unfortunately, the toral rank is not a 
homotopy invariant. 


Example 7.10 (Free S'-action on Y ~ S? v S° v S#) Let S! act freely on 
S3 by the Hopf action, and on S! x §$* by translation on the first factor. 
In each space select a free S'-orbit and glue together S° and S! x S? along 
these orbits. The result is a three dimensional CW complex Y admitting a 
free circle action. Since the orbits in S? can be contracted to a point, we 
see that Y ~ S$? v ((S! x $2)/(S! x *)). The second summand, which for 
convenience we denote by Z, is the half-smash product of S$! and S*. We 
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also have (from a homotopy pushout argument) 
Z =(S! x S*)/(S! x ») ~ D(S! x S}/(S! x «). 


But the half-smash product (S! x $')/(S! x *) is easy to describe; it is simply 
a torus with a meridian collapsed and, homotopically, this is a 2-sphere with 
North and South poles identified or, equivalently, a 2-sphere with an arc 
attached to the North and South poles. This last identification is clearly of 
the homotopy type of S? v S!, so we see that 


Z==(S'xS)/S' xe re U(Pevshj=H8vS8?. 


Hence, the CW complex Y has the homotopy type of the wedge S* vS3 Vv S3. 
By the discussion above, rk(S* v S? v $3) = 0, but rk(Y) > 1. 


Remark 7.11 We can also define the integer rk,(M) to be the maximal 
r such that there is a torus T’ that acts smoothly on M. This invariant 
obeys rk;(M) < rk(M), but it is very difficult to compute and the exact 
relationship does not seem to be known. The “almost free” condition is not 
a standard condition in transformation groups, but work of R. Schultz [233] 
has produced, for instance, an exotic sphere N of dimension 17 that admits 
no free smooth S!-action. Of course, N does admit a continuous free circle 
action since N and S$’ are homeomorphic. For general remarks concerning 
the difference between smooth and continuous degrees of symmetry, see 
[144, Chapter VII]. 


Since we are interested in obtaining a homotopy invariant and since we 
are only considering the rational homotopy type of spaces, we are led to 
the following variation of the definition of the toral rank. 


Definition 7.12 The rational toral rank of a space X, rko(X), is the maxi- 
mum of rk(Y) for all finite CW complexes Y in the rational homotopy type 
of X. 


7.3.1 Toral rank for rationally elliptic spaces 


The first computations on the rational toral rank are due to Allday and 
Halperin [6]. Recall that, if M is a rationally elliptic space, the homotopy 
Euler characteristic is defined by 


Xx (M) = rank Teven(M) — rank Todd (M). 


The first toral rank estimate derived from algebraic models was also one 
of the first verifications (along with formality for Kahler manifolds and the 
solution of the closed geodesic problem) that rational homotopy theory 
could be used to obtain interesting geometric information. 


7.3 The toral rank 
Theorem 7.13 ([6]) If M is a nilpotent rationally elliptic space, then 
tko(M) < —x2(M). 


Proof Consider the homotopy fibration T’ — M — Mr associated to an 
almost free action of T’ on M. Since M and T” are rationally elliptic spaces, 
the same is also true for Myr. This follows for homotopy from the long 
exact homotopy sequence associated to a fibration and, for cohomology, 
from Theorem 7.7. The long exact homotopy sequence then gives 


Xa (M) = xn (Mtr) + xXx CD, 


Recall now that, for a rationally elliptic space X, we have x,(X) < 0 
(see Theorem 2.75). From x,(Mrr) < 0 and x,(T’) = —r, we deduce 
1 < —Xn(M). 


Corollary 7.14 If G is a compact connected Lie group, then rko(G) = 
rank G. 


Proof Recall from Example 2.39 that the minimal model of a Lie group 
G is an exterior algebra (A(y1,...,¥,),d = 0) with r = rank G. It follows 
that —y,(G) = rank G. Therefore rkg(G) < rank G. On the other hand, if 
T’ is a maximal torus in G, then the left multiplication by T” yields a free 
action of T” on G, so that rkg(G) > rank G. 


Corollary 7.15 If M = G/K is the quotient of a compact connected Lie 
group G by a compact connected subgroup K, then 


rkg(G/K) = rank G — rank K. 


Proof From the fibration K > G — G/K (and its long exact homotopy 
sequence), we deduce x,(G/K) = xx(G) — xn (K) = —rank G+ rank K. 
This implies the inequality 


rko(G/K) < —x,(G/K) = rank G — rank K. 


Now denote by T* a maximal torus in G and by T’ a maximal torus in 
K. The maximal tori of a compact Lie group are all conjugate, so we can 
suppose T’ C TS. The left multiplication by TS~" = TS/T’ on G/K is again 
a free action. Therefore the rational toral rank of G/K is greater than or 
equal to the difference s —r, rkg(G/K) > rank G — rank K. 


Example 7.16 As we have seen, an odd dimensional sphere S*”~! admits a 
free circle action. Since x, ($27~!) = —1, we have rko($2"7!) = 1. 
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7.3.2 Computation of rkg(M) with minimal models 


Let G = T’ be an r-torus, M a nilpotent compact G-manifold, and 


M—->EGxgM5 BG 


the associated Borel fibration. Our first aim in this section is the description 
of the relative minimal model of the Borel fibration. 

Let’s first recall the rational cohomology of T’ and BT’ (Theorem 1.81). 
The cohomology of T’ is an exterior algebra on r generators in degree 1, 
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and the cohomology of the classifying space BT” is a polynomial algebra 
on r generators in degree 2, 


A*(BT’; Q) = Qix1,..., xy]. 


In particular, the minimal model of T" is (A(y1, ..., yy), 0), and the minimal 
model of BT” is (A(x1,...x,), 0). 

Let (AV, d) be the minimal model for M. Then a relative minimal model 
for the Borel fibration is 


(A(X41,--+5X7r),0) > (A(xq,...X7) @ AV, D) > (AV,d). 


When the action is almost free, H*(A(x1,...,X;) @ AV, D) is finite dimen- 
sional by Theorem 7.7. This yields a characterization of almost free actions 
in terms of minimal models. 


Proposition 7.17 ([130, Proposition 4.2]) If M is a nilpotent compact m- 
dimensional manifold, then rkg(M) > r if and only if there is a relative 
minimal model of the form 


(A@1,--+5%1r),0) > (AG, .-.,%r) @ AV, D) > (AV, d), 


where |x;| =2 fori=1,...,7, (AV, d) is the minimal model of M and the 
cohomology H*(A(x1,...5Xr) ® AV, D) is finite dimensional. 

Moreover, if rk9(M) > r, then T’ acts freely on a finite CW complex X 
that has the same rational homotopy type as M, and if m —r 4 0 mod 4, 
then we can choose X to be a compact manifold. 


Proof If we have an almost free T” action on M, the discussion preceding 
the statement of the proposition shows that we have a relative minimal 
model with the required properties. 

Conversely, suppose we have such a relative minimal model, and let N 
be a finite nilpotent CW complex whose minimal model is (A(x1,...,X7) ® 
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AV, D) (see Section 2.6.1). The classes [x;] define classes in H2(N; Q). Mul- 
tiply by integers k; to obtain [k;x;] € H*(N;Z) and use these classes to 
define a map g: N > K(Z, 2)" = (CP(oo))". The pullback of the universal 
T’-bundle with basis (CP(oo))’ gives a finite nilpotent CW complex X in 
the rational homotopy type of M that admits a free T’-action. 

The cohomology of (A(x1, ..., x7) @AV, D) satisfies Poincaré duality and 
the fundamental class is in degree m — r. Therefore by Theorem 3.2, when 
m —r #0 mod4 we can choose N to be a compact manifold. In this case, 
the classifying map may be compressed into CP(m — r) and then may be 
replaced by a smooth map. The pullback of the Hopf principal bundle over 
CP(m — r) then is a principal circle bundle whose total space is a smooth 
manifold of the rational homotopy type of M. 


Example 7.18 Denote by S'! — N — S$" the sphere bundle associated to 
the tangent bundle of the sphere S!*. We then denote by 


Gis Ry (Ss)? 


the pullback of this fibration along a map (S*)* — S$! of degree one. Let’s 
show that rko(E) = 1. First of all, the minimal model of E is 


(A(15 ¥25 935945 2)54),5 lyil =3, 12) = 11, dz=yiy2v3¥4. 


We then consider the relative minimal model (with |x| = 2), 
(Ax, 0) > (Ax @ AW, ¥25 935 ¥452),D) > (AQ; 925933 ¥492)5 4) 


where D(z) = dz + x°®. Clearly, the cohomology H*(Ax ® A(y1,¥2; 
3, 4,2), D) is finite dimensional, which implies by Proposition 7.17 that 
there exists a manifold in the rational homotopy type of E that admits a 
free action of S!. In particular rkg(E) > 1. 

Now suppose that rko(E) = r > 1. By Proposition 7.17, there exists a 
relative minimal model 


(A(x1, tee sXr)y 0) se (A(X, sey XryV15V25V35V45 Z)5 D) 
> (A015 925 939942) 4), 


with dim H*(A(x1,.-- 5X11, 2239 4%),D) < oo. Suppose D(y1) = 
a#O0,a € A(x1,...,x;). Now, D(z) = dz +t = yiy2v3y4 + t with 
t € Ideal(x;), so 


0 = D?(z) = ayny3y4 +€, 


where & belongs to the ideal generated by y; and A7(x1,...x,) for degree 
reasons. This is impossible because ay2734 is not in this ideal. Therefore, 
by similar arguments, D(y1) = D(y2) = D(y3) = D(y4) = 0. 
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Now write D(z) =a+ 6 witha € A(x1,...,x,) and B € A(xj) @ AT (yj). 
The projection (A(x1, -- +5 XrsV15 2335 49 2), D) > (A(x1,--- 5X7) /(@), 0) 
is then surjective in cohomology. Therefore A(x1,...,x,)/(a) is finite 
dimensional and this can only happen when r < 1. 

Finally, note that, by Theorem 7.13, we have an upper bound for rko(E) 
given by 5 = —y,(E). Therefore, we see that the Allday—Halperin estimate 
is definitely not sharp. 


Example 7.19 In [148], an example, due to Halperin, is given of manifolds 
M and N with rko(M) = rko(N) = 0 and rko(M x N) > 1. This shows, 
at least rationally, that taking products can increase the symmetry of mani- 
folds. The minimal models of M = S¥ and N are, respectively, (A(x, y), d), 
|x| = 12, |y| = 23, dy = x* and (A(u1, u2,13,u4,U5,U6,V,W),d) with 
|u4| = |v2| = |u3| = |u4| = 3, |us| = 5, |u6| = 19, |w| = 18, |v| = 35, 
dv = w* + u1u2Uu3u4u5u¢, with the other differentials being zero. 

Since rkg(M) < —y,(M) = 0, we have rkg(M) = 0. We will 
show that the cohomology of any Sullivan algebra of the form (Aa @ 
A(U4, U2, U3, U4, U5,U6,V,W), D) is infinite dimensional when |a| = 2 and 
the image of D — d belongs to the ideal generated by a. This will imply that 
rko(N) = 0. For degree reasons D must satisfy the following properties 


Du, = aya’, Du = aa”, Duz3 = 03a”, Dus = aga’, Dus = asa? 
Dug = aga’? + waw + a3P 

Dv = w + U,U2U3U4USU6 + wak + ugaeR +T 

Dwe At (a) ® At (U1, U2, U3, U4, Us) ; 


with a1, 02, 03,04,05,46, 4 € Q, R and P € Aad @ AT (U1, U2, 43,44, U5), 
and F and T in At (a) @ A(u4, 42, U3, U4, Us). 
Looking at the coefficient of ug in D7v, we find 


5 
SoD ajay -+ fj -+-ug6 — uga®D(R) = 0, 
= 


which implies that ay = --- = as = 0. The equation 0 = Dug gives 
paDw = 0, so that either 4 = 0 or else Dw = 0. 
Now let’s consider the equation D?v = 0. We have 


0 = 2wDw — uu2Uu3u4us (aga? + aw 4 a°P) 4 D(w)aF 
+ (aga? + paw + a’P)arR. 


If « = 0, then the coefficient of w becomes Dw, so that Dw = 0. If Dw = 
0, the coefficient of u1u2u3u4usaw is w so that « = 0. In conclusion, in 
any case we have w = 0 and Dw = 0. Write R = 37") a'R; with R; € 
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At+(u1,-++,us), and observe that the coefficient of a!* in D2v is agR. It 
follows that ag = 0. 
Because of the calculations above, the projection 


q: (A(a, 41, U2, U3, U4, U5, U6, V, W), D) > (A(a,w)/(w*), 0) 


obtained by mapping the uw; and v to 0 is a cdga morphism. If the coho- 
mology H*(A(a, “1,2, 43, U4, Us, U6,V, Ww), D) is finite dimensional, then 
some power a“ is a coboundary. But this means that, in cohomology, 
0 = [a]k & a* £0 which is impossible. Therefore rkg(N) = 0. 

We now show that rkg(M x N) = 1 by giving an explicit relative minimal 
model that has finite dimensional cohomology: 


(A(a, XV, U1,U2,U3,U4,U5,U6,V, Ww), D) . 
The differential is defined as follows 


Duy = Du2 = Dug = Du3 = Dw = 0, 
Dx = u4u2u3a7, 

Dy = x* + 2u,u6a, 

Dus = a, 

Dug = U2U3Xa, 

Dv = w? + U,U2U3ZU4USUG + XAU4AUG + ya7u2U3u4 3 


A straightforward computation shows that D*? = 0. To prove that the 
cohomology is finite dimensional, we put a new gradation V® on V by 
letting |u1| = |#2| = |u3| = |u4| = |u6| = 3, lal = |x| = lw] = 2, |y| = 
|v| = 3 and |us| = 5. Since D(V®) Cc (AV)2?+!, this gives a spectral 
sequence converging to the cohomology of the algebra. The E2 term is 
isomorphic to A(u1, 12, U3, U4, U6) @ (Ax)/(x*) @ (Aa) /(a?) ® (Aw) /(w?) 
and is finite dimensional. This proves that the cohomology is finite and that 
rkg(M x N) > 1. 


7.3.3. The toral rank conjecture 


The main problem related to the toral rank is the so called toral rank 
conjecture (TRC), which is usually attributed to S. Halperin. 


Conjecture 7.20 (TRC conjecture) Let M bea nilpotent finite CW complex. 
Then 


dim H*(M;Q) > 2"ko(™) | 


The intuition behind the TRC is that an almost free T’-action somehow 
injects T’, at least cohomologically, into M. Of course, dim H*(T’; Q) = 2°, 
so the conjecture is an expression of this intuitive notion. To set the record 
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straight, however, we note that examples exist showing that H*(M; Q) does 
not necessarily contain an exterior algebra on r generators even when an 
almost free T’-action exists on M (see [4, Remarks 4.4.2 (5)]). 

From Proposition 7.17 we obtain a reformulation of the TRC conjecture 
in terms of minimal models. 


Conjecture 7.21 (Algebraic TRC) Let (AV,d) be a minimal cdga, and 
let (A(x1,---5X7)50) > (A(x1,.--,X7) @ AV,D) > (AV, d) be a rela- 
tive minimal model with |x;| = 2, and such that the cohomology algebra 
H*(A(x1,.--5Xr) @AV, D) is finite dimensional. Then dim H*(AV,d) > 2". 


The TRC conjecture is open in general, but has been proved in some 
interesting cases that we will now consider. 


Proposition 7.22 The TRC is true for any product of odd-dimensional 
spheres. 


Proof Suppose an r-torus T” acts almost freely on a product of odd- 
dimensional spheres M = S$” x $”2 x ... x S”*. By Theorem 7.13, 


1 <—Xn(M) =p. 
This implies that 


2" < 2? =dimH*(M;Q). 


Proposition 7.23 The TRC is true for homogeneous spaces. 


Proof Let G be a compact connected Lie group and let K C G bea 
compact connected subgroup. Denote the rational toral rank of G/K by 
r, and consider the Serre spectral sequence associated to the fibration 
K>G- G/K: 


H*(G/K) @ H*(K) => H*(G). 


It follows that dim H*(G) < dim H*(G/K) - dim H*(K). Since r = 
rank G — rank K (see Corollary 7.15), this gives 


r _ prank G—rank K _ Zone = dim H*(G) < dim H*(G/K). 


2 = 
Qrank K dim H*(K) — 


Recall that a connected graded commutative algebra H satisfies the hard 
Lefschetz property if H behaves like the cohomology of a compact Kahler 


7.3. The toral rank 


manifold (see Theorem 4.35). This means that the following property is 
satisfied: 


e There is an element w € H? such that for every p < m, the multiplication 
by w’”~? induces an isomorphism H? — H?”~? , 


Theorem 7.24 ([8]) Ifatorus T’ acts almost freely on a compact connected 
manifold M with a cohomology satisfying the hard Lefschetz property, then 
the injection of an orbit, T" .x <> M, induces an injection in homology. In 
particular, the TRC is true in this case. 


Proof We consider the Borel fibration associated to the action of T’ on M: 
M — Myr — BT". The connecting map of the fibration, 6: T’ = QBT’ > 
M corresponds to the injection of an orbit of the action. We prove that 
H,.(6; Q) is an injective map. 

Write H*(BT’; Q) = Q[x1,...,x,] and note that the image of the trans- 
gression H!(M; Q) > H?(BT";Q) is a sub-vector space of the vector space 
generated by the x;. By making a change of generators, we suppose that the 
image is the vector space generated by the elements 541, X542,..-,X7. The 
quotient map qg: (A(x1,...,X7r),0) > (A(x1,...5Xs), 0) defined by 


ne xj forj<s 
ae 0 otherwise 


can be realized by a map g: BTS — BT’. We now pull back the Borel 
fibration along g to obtain a fibration with base BTS. 


M —> Mrr —~ BT’ 


Jot 4 


M E BTS 


By construction, the transgression of the new fibration, H'(M;Q) > 
H?(BT; Q), is zero. This implies by Corollary 4.41 that the Serre spec- 
tral sequence of the fibration M > E — BT* collapses at the E? term: 
H*(E;Q) = H*(M; Q) ® H*(BT*; Q). In particular if s > 0, then H*(E; Q) 
is infinite dimensional. Notice now that the homotopy fiber of the induced 
map f: E > Mrpr is the homotopy fiber of g, T’ §. Since H*(T’*; Q) and 
H* (Mr; Q) are finite dimensional (the latter by Theorem 7.7), the same is 
true for H*(E;Q) and, thus, s = 0. This means that in the original Borel 
fibration, the transgression H!(M; Q) + H?(BT’;Q) is a surjective map. 
Now let 


(A(x1, sere Xr), 0) hh, (A(X1, vee Xr) & AW, D) —F (AW, d) 
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be a relative minimal model for the Borel fibration. By what we have 
said above about the transgression, we obtain a decomposition AW = 
A(Z15-++52r) @ AV, with D(z) = x;. We now let x1,...,X, be variables 
in degree 1, and we form the cochain algebra 


(C, D) = (A(x1,- . 9X pyX5-- .»Xr),D) 


where D(x;) = 0 and D(X;) = x;. This cochain algebra is contractible, 
which means that H*(C, D) = Q. The projection 


H: (C,D) @aceyy.gx,)) (AOC1,--+5 Xr) @ AW, D) > (AW, d), 


obtained by mapping the x; and the xX; to zero, is a morphism of dif- 
ferential graded algebras. Since (C,D) is contractible, w is a surjective 
quasi-isomorphism, and since (AW, d) is minimal, 2 admits a section o. 
The section is not unique, but in any case we always have o(z;) = 2 — Xi. 
We denote by w: (A(21, +++ 527);0) <> (AW, d) the canonical injection, and 
we define a morphism of commutative differential graded algebras 


Q: (C, D) QA (x4 5.0097) (A(x1, eee Xr) ® AW, D) = (A(X1, tea Xr), 0) 


by sending the x;, the z; and V to 0, and x; to x;. The composition g o 
o ow maps z; to —x;, and is therefore an isomorphism. This shows that 
H*(g): H*(M;Q) > A(X1,...Xn) is a surjective map. We now observe 
that the relative minimal model 


(A(x;) ® AW, D) > (C,D) @acxp) (A(X) ®@ AW, D) > (A), 0) 


is a model for the homotopy fibration T’ = QBT’ + M > Mrr-. This 
implies that y is a model for the injection of an orbit, and so the injection 
of an orbit induces as well an injection in rational homology. 


Corollary 7.25 A compact simply-connected manifold M whose cohomol- 
ogy satisfies the hard Lefschetz property does not admit any almost free 
torus action. 


Proof If there were an almost free T’-action on M, then there would exist 
an injection H,(T’;Q) > H,(M;Q). Since M is simply connected this is 
impossible. 


Note that, in the case of a symplectic manifold, this follows from Subsec- 
tion 7.6.2 (in particular Theorem 7.67) as well. A weaker form of the TRC 
has been proved by Allday and Puppe in [11]. 


Theorem 7.26 If a torus T" acts almost freely on a compact nilpotent 
manifold M, then 


dim H*(M;Q) > 2r. 


7.3 The toral rank 
Proof Let us consider the relative minimal model of the Borel fibration: 
(A(x1, as sXr)y 0) ad (A(x, Sax 5Xr) ® AV, D) —e (AV, d) . 


We decompose AV into the direct sum AV = B®H @R, with d(H © 
B) = O and d: R ~ B an isomorphism. The graded vector space 
E = (A(x1,°:: x7) @ R) ® D(A(1,-:: 5x7) @ R) is then a free acyclic 
A(X1,°++ ,Xr)-module. The quotient map is therefore a quasi-isomorphism 
of A(x1,...,X,)-modules, 


(A(x1, +++ Xp) @ AV, D) — (AI, +++ 5X7) @ AV, D)/E 
= (A(X1, ier > Xr) @H,D). 


For every element / of H we write 
D(h) = a(h) aE B(h), a(h) € A(X1, ate Xr), B(h) € A(X1, aes Xr) ® hs ie . 


Because of the finiteness of H*(A(x1,...,x,) ® H,D), there exists at least 
r linearly independent elements ); with a(h;) 4 0. The degrees of these 
elements ); are odd. By construction, H is isomorphic to H*(AV,d) = 
H*(M; Q). Since the Euler—Poincaré characteristic of M is zero by Theo- 
rem 7.8, the dimension of the rational cohomology of M is at least 2r. 


7.3.4 Toral rank and center of z,(QM) ® Q 


There is a strong relation between the rational toral rank of a space and 
the dimension of the center, Z(Lyy) of the rational homotopy Lie algebra 
Ly = 7,.(QM) ®Q. 


Proposition 7.27 ([7]) If M is a nilpotent compact manifold with teyen(M)® 
Q=0, then 


rko(M) < dim Z(Lm) . 


Proof We suppose we have an almost free action of T” on M and we 
denote by 


(A(x1,° _ »Xr), 0) — (A(x1, Me Xr) & AV,D) > (AV, d) 


the relative minimal model of the associated Borel fibration M— M7r— BT". 
By hypothesis, V = V°44. Therefore D(V) C A(x1,+++ Xr) @ AC%B(V). 
For v € V, we write D(v) = a(v) + B(v), with 


a(v) € A(x1,°++ Xr), BW) € A(x1,++* xP) @ATV. 
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By sending V to zero, we obtain a map of differential graded algebras 
(A1,°+* Xr) @AV,D) > (AQ, +++ 5 Xr)/(@(V)), 0). 


Since the x; are cocycles, this map is surjective in cohomology. Now, because 
the action is almost free, the algebra H*(A(x1,--- ,x;) ® AV,D) is finite 
dimensional, so dim (A(x1,--+ ,x;)/a(V)) < oo. This implies that the ideal 
a(V) has at least s independent generators a(v1),...,a@(vs) with s > r. We 
denote by W the graded sub-vector space of V consisting of the elements 
v such that a(v) belongs to the ideal 5°; a(vj) - A(x1,...,x7)*. Clearly, 
V=WO(Y4,...,Us)- 

We now prove that dj(V) C A*(W), where d; denotes the quadratic part 
of the differential d. This implies, by Proposition 2.60, that dim Z(Ly) = 
s>r. 

Let’s fix some i < s. For v € V, di(v) can be decomposed into a sum, 
d,(v) = vjo + @, where o and w belong to the algebra generated by W @ 
(V1,...,Vj,...,Us). Then a standard, but tedious, computation shows that 
D?(v) — a(v;) @ o belongs to 


(R@A~V) @ @@Rt@AV)® [En @ | , 
ii 


with R = A(x1,...,x,). Since D?(v) = 0, we have o = 0 and dy(V) Cc 
A2(W). 


For nilmanifolds the relation is stronger. Recall from Theorem 3.18 that 
a nilmanifold M with associated Lie algebra L has for minimal model the 
cochain algebra on L, C*(L), and that L is also the rational homotopy Lie 
algebra of M. Denote Z(L) the center of L. Then we have: 


Theorem 7.28 Let M be anilmanifold with associated Lie algebra L. Then 
rkg(M) = dim Z(L). 


Proof By Proposition 7.27, rkg(M) < dim Z(Ly) = dim Z(L). We now 
show that there exists a principal T*’-bundle, T* > M — N, with s = 
dim Z(L). This provides a free T’-action on M and shows that rkg(M) > 
dim Z(L). 

Indeed the short exact sequence 0 > Z(L) > L > L/Z(L) > 0 induces 
a relative minimal model 


C*(L/Z(L)) > C*(L) > C*(Z(L)). 


By definition of the cochain algebra on a Lie algebra, C*(Z(L)) 
(A(x1,---%s5),0) and C*(L) = (A(1,-- 5 Vit X15+-+5%s),D) with D(x) = 
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P; € A7(y1,.--5¥m)- Let u1,...,u4; be elements of degree 2. We then have a 
natural morphism of differential graded algebras 


QP: (AMI, .-+5Us),0) > (AQ, +--+ Ym), 4) 


given by y(u;) = P; (where the P; are d-cocycles because D = d on 
A(¥15+++3¥m)). The morphism ¢ is realized by a map f: N > BTS where N 
is the nilmanifold associated to the Lie algebra L/Z(L). A computation with 
minimal models shows that the nilmanifold M has the rational homotopy 
type of the pullback along f of the universal T*-bundle: 


M ——> ET* 


f 
N ——> BT* 


7.3.5 The TRC for Lie algebras 


By Theorem 7.28, for finite dimensional nilpotent Lie algebras, the TRC 
conjecture reduces to a conjecture on the center of the Lie algebra. 


Conjecture 7.29 (Lie algebra TRC) If L is finite dimensional nilpotent Lie 
algebra defined over the rational numbers, then 


dim H*(L;Q) > 24 2) | 


While the conjecture is open in general, it has been proved for nilpotent 
Lie algebras with certain restricted structures. For instance, we have the 
following result of Deninger and Singhof (see [73]; also [48]). 


Theorem 7.30 The Lie Algebra TRC conjecture is true for 2-step nilpotent 
Lie algebras. 


Proof A Lie algebra L is called 2-step if there is a short exact sequence 
0 > Z(L) ~ L > L/Z(L) — 0, where Z(L) is the center of L and 
L/Z(L) is abelian. The cochain algebra on the Lie algebra L therefore has 
the form 


C*(L) = (AU @ AV, d) 


with d(U) = 0, and d(V) Cc AU. By construction, (AV, 0) is the cochain 
algebra on Z(L). We also have U = U! and V = V!. We equip C*(L) = 
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(AU ® AV, d) with a second (lower) gradation by putting U = Ug and 
V = V,. Then the differential d satisfies 


(Gg eb) on (eMC B aie 


and the cohomology is bigraded. It follows that @ptgarC*(L)p is a sub- 
complex and, by the usual property of the Euler—Poincaré characteristic of 
a finite complex, we have the equality of polynomials 


Soy do Cb? dim CALF | t= SSO (1)? dim HF(C*(L)) | #’. 
r=0 \ ptq=r r=0 \ ptq=r 


Denote this polynomial by P(t). Note that g is the usual degree, so the 
summation index r = ¢ + p mixes together the degree and lower degree. 
Since C*(L) = AU ® AV, we have 


PL@=1+0"1—-2)", m=dimU, n=dimV. 
Now multiply the last equation by (1 — t)” to obtain 
d-#"PL@=a-y". 
By taking the value at the complex number i, we see that |P; (i)| > 2”. Since 
the modulus of P; (¢) at the point i is less than or equal to the dimension of 


H*(C*(L)) (by the triangle inequality), we obtain 


dim H*(C*(L)) = |PL@| = 27 =27. 


Of course, we immediately obtain the corresponding result for nilmani- 
folds with appropriately restricted fundamental group. 


Corollary 7.31 The TRC conjecture is true for nilmanifolds M with 
2-nilpotent fundamental group. 


The TRC conjecture is also true for low dimensional nilpotent Lie alge- 
bras. In [48], it is proved that the TRC conjecture is true for L if one of the 
following conditions holds: 


1. dim L < 14; 
2. dim Z(L) <5; 
3. dimL/Z(L) <7. 


7.4 The localization theorem 


7.4. The localization theorem 


There is a long history in topology and geometry of obtaining global 
information from local properties. From the Lefschetz theorem to the 
Poincaré-Hopf theorem to the recent theory of stationary phase, the 
dynamical philosophy has been that the “interesting points” of a geometric- 
dynamical system are the stationary points. Compact group actions on 
manifolds fit into this philosophical framework through their accom- 
panying fundamental vector fields, so we should expect interesting 
relations between the algebraic topological invariants of the global man- 
ifolds and the fixed sets of the actions. The aim of this section is to 
relate properties of the cohomology of M© to properties of the coho- 
mology of M when G is a compact Lie group acting on a compact 
manifold M. 

Recall first that if A is a commutative ring without zero divisors, then 
its field of fractions K is the quotient of A x (A\{0}) by the equivalence 
relation 


(a, b) ~ (c,d) if ad = bc. 


For instance, the field of fractions of Z is Q, and the field of fractions of 
the polynomial algebra Q[x1,...,x;] is the field of rational functions in the 
variables x1,...,x;, denoted by 


KS is a0 pe 


If P is an A-module (or an A-algebra), we can consider the K-vector space 
(or the K-algebra) K @, P. The kernel of the localization map 


g:P>K@aP, gp) =18p, 


is the submodule consisting of elements p such that, for some a € A, we 
have ap = 0. 

We denote by A = Q[x1,...,x,] = H*(BG; Q) the rational cohomology 
of BG and by K its field of fractions. Note that, since the elements x; have 
even degree, the tensor product K @, V inherits only a Z/2Z gradation 
(i.e. odd or even) for every graded A-module V. In other words, the even 
elements of V remain in even degree and the odd degree elements remain 
in odd degree. 
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Let’s now come back to our G-manifold M. The injection of F = M& 
into M induces a morphism f between Borel fibrations 


> M 


| | 


f 
BG x F=EG xg F —~> EG xg M 


BG BG 


We are now ready to recall Borel’s localization theorem. Keep in mind 
that A = Q[x1,...,x,] = H*(BG; Q) and K denotes the associated field of 
fractions. 


Theorem 7.32 ([144, Proposition 1, page 45]; also [10]) If G is a torus and 
M is a compact G-manifold, then the map induced from f by localization, 


K @4 H*(f): K @4 HE (M3 Q) > K @4 HE(F5Q =K @ H*(F;Q), 


is an isomorphism of K-algebras. 


7.4.1. Relations between G-manifold and fixed set 


As a corollary to Theorem 7.32, we deduce the fundamental relation 
between the Euler-Poincaré characteristics of M and of M® that was already 
mentioned in Proposition 3.32. 


Theorem 7.33 Let G be a torus acting on a compact manifold M. Then 
x(M°%) = x(M). 


Proof Write A = H*(BG;Q) and K its field of fractions. The Serre spectral 
sequence associated to the fibration M > EG xg M — BG satisfies 


E57 = AP @ H1(M;Q) = He4(M;Q). 


We tensor the terms of the spectral sequence by K over A and obtain a spec- 
tral sequence of finite dimensional K-vector spaces. This gives the following 
sequence of equalities: 


x(M) = xK(K @4 E2) = xK(K @A Exo) = xK(K @a HG(M)). 


By Borel’s localization theorem, the last term is equal to xx(K@H*(M°)) = 
x(M°). 


7.4 The localization theorem 


Remark 7.34 Borel’s localization theorem is not true for any Lie group G. 
For instance consider the action of SO(3) on S* C R* given by rotations 
in the three first coordinates. The fixed point set is composed of the two 
poles (0,0, 0,1) and (0,0,0,—1). Therefore x (S*) = 0 and x(S*)© = 2 in 
contradiction to a possible generalization of Theorem 7.33. 


A very useful criterion for the existence of fixed points may be obtained 
from the localization theorem. 


Theorem 7.35 (Borel fixed point criterion) Suppose M is a compact G- 
manifold where G is a torus. Then the action has fixed points if and only if 
the homomorphism H*(BG;Q) > H*(Mg; Q) is injective. 


Proof Write A = H*(BG;Q) and let K be its field of fractions. If 
H*(BG;Q) > H*(Mg;Q) is injective, then the A-module generated by 
1 € H°(Mc;Q) is free, and the K-module K @4 H*(Mc;Q) is nonzero. 
Therefore K @ H*(M®;Q) is also nonzero, so M© cannot be empty. 

On the other hand, if M© is not empty, the choice of a point in M© gives 
a map BG > BG x M® that is a section for the composition BG x M° = 


EG xg M& 4. EG xgM 5 BG. In particular, H*(BG;Q) > H*(Mg;Q) 
admits a retraction and is therefore injective. 


Recall from Definition 4.39 that a fibration F -+ E > B is TNCZ 
(totally noncohomologous to zero) with coefficients in L if i*: H*(E; L) > 
H*(F; L) is surjective. 


Theorem 7.36 Suppose M is a compact G-manifold, where G is a torus. 
Then the Borel fibration, M > Mg —> BG, is TNCZ with coefficients in Q 
if and only if dim H*(M; Q) = dim H*(M®;Q). 


Proof Write A = H*(BG;Q), K its field of fractions and let (A ® 
H*(M;Q),D) be a semifree model of the Borel fibration (see Proposi- 
tion 2.109). Then, for degree reasons, D = 0 if and only if the fibration 
is TNCZ. Therefore, if the fibration is TNCZ, we have by the Borel 
localization theorem, 


dim gH*(M;Q) = dimx«(K @ H*(M;Q)) = dim xH*(K @ H*(M; Q), D) 
= dim x(K ® H*(M°;Q) = dim gH*(M°;Q). 


If the fibration is not TNCZ, then we have, in a similar way, 


dim gH*(M; Q) > dim xH*(K @ H*(M;Q), D) = dim gH*(M°;Q). 


7: G-spaces 


We now come to an interesting relation between the cohomologies of M 
and the fixed point set M© when G is a torus. 


Theorem 7.37 For each n > 0, we have 


> dim (MS; Q) < ) dim H"*'(M; Q). 
i=0 i=0 


Proof Once again write A = H*(BG;Q) and let K denote A’s field of 
fractions. The morphism f: EG xg M° — EG xc M is a morphism 
of fibrations over BG. We construct a morphism of semifree A-modules 
y: (A ® H*(M;Q), D) > (A @ H*(M®; Q), 0) inducing H*(f;Q) in coho- 
mology. As before, let F = M®© and also denote BG x F = EG xc F = 
Fog. 

Recall that C*(X) is the rational singular cochain algebra on a space X. 
We denote by 


yp: C*(BG) ® H*(F;Q) —> C*(Fo), 
and 
ym: C*(BG) @ H*(M; Q) —> C*(Mc) 


semifree models of C*(Fg) and C*(Mg) (see Proposition 2.109). Then, 
by Proposition 2.107, there exists a morphism of C*(BG)-modules t such 
that the following diagram commutes up to homotopy, and therefore in 
cohomology: 


C*(f) 
C*(Mc) C* (Fg) 


on fs ae 


(C*(BG) ® H*(M; Q),d) —> (C*(BG) ® H*(F;Q),d) 


Since C*(BG) is related to the minimal model (A,0) of BG by a sequence 
of quasi-isomorphisms, there is a morphism of A-semifree modules 


y: (A @ H*(M;Q), D) > (A @ H*(M®;Q, 0) 


inducing H*(f;Q) in cohomology. Observe that g(A @® H7(M;Q)) Cc 
@j>0A @H1-7(M ©; Q). We can therefore consider the restricted morphism 
of complexes 


¢: (A® H="(M; Q), D) > (A® H="(M°;Q), 0), 


7.4. The localization theorem 
and the induced morphism of quotient complexes 
9: (A @ H*"(M;Q), D) > (A @ H®"(M%; Q), 0). 
We tensor by K over A and consider the following diagram of complexes 


(K @ H="(M; Q), D) ——> (K @ H*(M;Q),D) ——> (K @ H2"(M;Q), D) 


K@a@ | oe | K@a@ | 
q 


(K ®@ H="(M°&;Q),0) —— (K @ H*(M°;Q),0) —— (K ® H2"(M®; Q), 0) 


Since qg is surjective in cohomology and K @, 9 is a quasi-isomorphism, 
K @g @ is surjective in cohomology. 

Note that, for degree reasons, K ®,4 y maps the vector space H”(M; Q) 
into @j<0K @ H"*+?/(M®; Q). This implies the surjectivity in cohomology 
of the map 


K®@a@: (@js0K @ H***(M), D) —> (@js0K @ H"+*/(M®), 0). 


The result now follows directly. 


Theorem 7.7 and Theorem 7.32 are in fact particular cases of a more 
general result (see [144, Theorem IV.6], [10, definition 4.1.5]): 


Theorem 7.38 Krull-dim (H*(Mg;Q)) = max {rank G, |x € X}. 


7.4.2. Some examples 


Example 7.39 Let M be an even dimensional sphere, M = S?”, with 
n > 0, and let G = S!. It follows from Theorems 7.33 and 7.37 that 
x(M®) = 2 and dim H*(M®; Q) < 2. Therefore, dim H®”°"(M®) = 2 and 
dim H°“4(M) = 0. There are therefore only two possibilities: either M© 
has the real homotopy type of the union of two points, or else M® is a 
compact connected manifold that has the rational homology of a sphere 
and therefore the rational homotopy type of an even dimensional sphere. 
For instance, fix 0 < p < mand write the sphere S*” as 


Deh + DxP=1). 


Then the fixed point set of the action of S! on S*” defined by 


{ier +++9SpoX2pt+is--- »X2n41) € CP x R20-p)+1 


1 
t(21,5 see »<p> X2p+1> tee > X2n+1) _ (¢21, sey lps X2p+15 soe >XIn+1) ’ te S > 


is the sphere $2), 
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Example 7.40 Let M = S2"+!, If M© 4 G, then we have x (M°) = x(M) = 
0 by Theorem 7.33, and dim H*(M®) < 2 by Theorem 7.37. Thus the fixed 
point set M© has the rational homotopy type of a sphere $?”"+! with m < n. 


Example 7.41 The projective space CP(2) is the quotient of C?\{0} by the 
equivalence relation identifying the triples (x,y,z) and (Ax, Ay, Az) for all 
nonzero 4 € C. We consider the action of G = S$! on M = CP(2) given as 
follows: 


tlx,y,z] =[tx,y,2],  teS'. 


The fixed point set M@ is the union of a point P = [1, 0, 0] and of a submani- 
fold S* consisting of the elements [0, y,z], y,z € C. The relative minimal 
model for the Borel fibration has the form 


(Ax, 0) > (Ax @ A(u,v),D) > (Au,v), d), 


with |x| = 2, |u| = 2, |v| = 5, du = 0, dv = u’°. For degree reasons, 
D(u) = 0 and Div) = v3 + axu? + Bx*u + yx3, with a, B,y € R. The 
injection of the fixed point P into CP(2) induces a commutative diagram of 
relative Sullivan models 


(Ax, 0) ——> (Ax ® A(u,v),D) —— (Au,v), d) 


| ' ! 


(Ax, 0) ————> (Ax, 0) Q 


By making a change of generators, we can suppose that y(u) = 0. For 
degree reasons w(v) = 0. Since w is a morphism of differential graded 
algebras, we deduce that y = 0. 

The minimal model of the injection j of S? into M is given by 


p: (A(u,v),d) > (A(u,v'), d), dv’) = u?, p(u) =u, p(v) =u’. 


Since the action of S$! on S? is trivial, j induces a diagram of relative minimal 
models 


(Ax, 0) (Ax ® A(u,v), D) (Au, v), d) 


rf 


(Ax, 0) aaa (Ax, 0) & (A(Y, v'),d) aet (A(Y, v’'),d) 


By making changes of generators, we can suppose that t(u) = uw and t(v) = 
ayxv’ + uv’. The compatibility with the differentials gives B = 0. 


7.4 The localization theorem 


If w = 0, then H*(A(x, u,v), D) = Ax @ Au/u>. By the Borel localization 
theorem, Q(x) @,x H(A(x,u,v),D) ~ Q(x) ® H*(M®; Q), so this would 
give H*(M®©;Q) = Au/u>, which is not correct. Therefore, a 4 0, and by 
a final change of generators, we can suppose a = 1. Therefore, a minimal 
model for the Borel fibration associated to the action is given by 


(Ax, 0) > (Ax ® A(u,v),D) > (Au, v), d), 


with |x| = 2, |u| = 2, |v| = 5, Dw) = 0 and Div) = u> + xu2. Note 
that K @4 H*(Ax ® A(v,w), D) = KIe]/t? - e1 ® K «en with ey = 1—%, 
2 = e t=u+ €1 + e2 = 1. This decomposition corresponds to the 
decomposition H*(M°; Q) = H*({P}; Q) @ H*(S?;Q). 


Example 7.42 Let S$! act on S* by horizontal rotations. There are two 
fixed points, the North pole, NP, and the South pole, SP. Let V denote 
a small neighborhood of NP which is stable under the action. Now denote 
by ereereoy! four copies of the sphere S* with the same S!-action and 
let V1, V2, V3, V4 denote the corresponding neighborhoods of the North 
poles. We then have a diagonal S!-action on S{ x S$} and on S} x $3. We 
remove the interiors of V; x V2 and of V3 x V4 and paste together the 
boundaries. We obtain in this way a S!-action on M = (St x S3)# (S5 x Sa): 
The manifold M is rationally hyperbolic, and the fixed point set consists of 
six isolated points. We verify directly that x(M) = x(M°) = 6 (compare 
with Theorem 7.33). 


Example 7.43 Suppose we are given an action of the circle on M = 
(3 x S3)#(S3 x S}). Let’s show that the fixed point set is path connected. 
Since x(M) = —2, M® is not empty by Theorem 7.33. The vector space 
Heven(M©;Q) therefore has dimension one or two by Theorem 7.37. In 
the first case, we would have a manifold M© whose reduced rational coho- 
mology has dimension three and is concentrated in odd degrees. This is 
not possible by Poincaré duality. We thus have dim H*"" (M°) = 2 and 
dim H°“4(M©) = 4. If there are two components, the sum of the Betti 
numbers in one component is greater than or equal to 3 and the reduced 
homology is concentrated in odd degrees. Once again this is not possible 
by Poincaré duality. Therefore M© is connected and dim H*(M°) = 6. 


Example 7.44 We construct an action of S$! on M = (S? x S3)#(S3 x S}) 
with fixed point set a torus with two handles. Start with the trivial knot in 
$3. The complement is homeomorphic to a product of S$! with an open disk. 
The rotation along the meridian circles of this solid torus defines an action 
of S$! on S° whose fixed point set consists of the original trivial knot. In the 
next step we choose a closed neighborhood V, stable under the S!-action, 
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of a closed arc contained in the trivial knot. We take four copies of the 
sphere S* and of the neighborhood V and we construct the connected sum 
(Ss; x S3)#(S3 x 53) by first removing the interiors of the products V; x V2 
and V3 x V4 and then pasting together their boundaries. The diagonal S! 
action on the products then extends to the connected sum, and the fixed 
point set is a torus with two handles. 


7.5 The rational homotopy of a fixed point 
set component 


In this section, we derive information about the rational homotopy Lie 
algebra Lp = m,(QF) @ Q of a component F of M© from knowledge of 
the rational homotopy Lie algebra of M, Ly = ,(QM) ® Q. Throughout 
this section, G denotes a torus which acts smoothly on a compact manifold 
M. Note that the application of rational homotopy is not easy here because 
MC is not necessarily path connected and therefore does not admit a min- 
imal model. The essential part of this section consists of a presentation of 
theorems due to Allday and Puppe. 

We will use Z/2Z-graded Sullivan models in the proof of the main the- 
orem. For the sake of simplicity, we have concentrated all the algebraic 
ingredients necessary for the proof in a subsection. The reader who is only 
interested in topological applications can avoid reading that subsection. 


7.5.1. The rational homotopy groups of a component 


The fixed point set M© decomposes as a finite union of submanifolds M° = 
Fy || Fo []...[L] Fx. The component Fj is denoted F. The injection of F into 
M induces a commutative diagram of Borel fibrations and a commutative 
diagram of corresponding relative minimal models: 


F Fg BG 
M Mc BG 


A (A ®@ AXm,D) ——> (AXm,4) 
|- |) | 


Here as usual A = H*(BG; Q) and K is its field of fractions. 


7.5 The rational homotopy of a fixed point set component 


Theorem 7.45 ([3]) With the notation above, there exists a differential D 
on the Z/2Z-vector space K®X y such that the cohomology H*(K®X ym, D) 
is isomorphic to K @ Xf as a Z/2Z-vector space. 


Proof The canonical augmentation ¢: (AXp, d) > (Q, 0) extends naturally 
to an A-linear map e: (A,0) @ (AXz,d) > (A, 0). We tensor ¢ by K over 
A and denote by I the kernel of the augmentation map 


T: (K @ AXym, D) eh (K,0) ® (AXp,d) > (K,0). 


Now let x; be a basis of Xj4 indexed by a well ordered set such that 
d(x;) € A@ A(x;,j < 71). For each x;, the element x; = x; — I'(x;) belongs 
to I, with P'(x;) = 0 when |x;| is odd. We denote by Xjy the vector space 
generated by the x;. The isomorphism 


6: K@AXy > K@AXy 


defined by 0(x;) = X;+I'(x;) induces a differential D = 9D@~! on K@AXy. 
Note that the differential algebra (K @ \Xm, D) is a Z/2Z-graded Sullivan 
algebra, but not necessarily a minimal one. Write O(D) for the differential 
induced on the indecomposables. 

Since f (I) C K @ A+ Xp, f(Xm) C K @ At Xz, and f induces a map on 
the homology of indecomposables 


O(f): H({K ® Xm, O(D)) — K ® Xp. 


We will now prove that this map is an isomorphism and this will imply the 
result. 
By the localization theorem we have an isomorphism 


0: K @a Hi(M;Q) > K @, HEME; Q 
= K @ H*(M°;Q) = O11 (K @ H*(F;;Q)). 


If we write H°(F;;Q) = Qe; with e = e;, then H°(M®; Q) is the vector 
space generated by the orthogonal idempotents e;: 


2 Fed : 
PS ey, eee SOs 7. 


We choose an element x in K@4H@(M; Q) such that 6(x) = e1. By inverting 
the element 0(x), we kill the components H*(F;;Q) for i > 2. We get an 
isomorphism of algebras 


8: (K @a HE(M;Q) [x1] > (K @ H*MS;Q)) [600-1 
~K @H*(F;Q). 
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Now, the isomorphism H*(K @ AXy,D) = K @, Hé(M; Q) shows that 
there is a cocycle u in K @ AXm such that [uv] = x. We then consider 
the Z/2Z-graded relative minimal model (K ® AXy ® A(v,w), D), where 
lv] = 0,|w| = 1, Dv) = 0, and DW) = w — 1. 

Define a morphism w: H*(K ® AXm,D){x-!] > H*(K ® AXyu ® 
A(v,w), D) by putting y(x~!) = [v]. Recall that a localized module B[x~!] 
is by definition the quotient B[x~!] = B @ Ay /(xy — 1). In our case, since 
uv —1 = 0in H*(K ® AXy ® Av, w), D), the morphism vw is well defined 
and is an isomorphism by Lemma 7.46. 

We extend the map f: (K ® AX, D) > (K, 0) @ (AXpf,d) to a map 


f: (K®AXm @ Av, w), D) > (K, 0) @ (AXz, d), 


by defining f(v) = 1 and f(w) = 0. 
The Borel localization isomorphism H*(K @ AXy)[x~'!] —> K ® 
H*(A Xz, d) then factors as the composition 


H*(K @ AXm)[x7] > H*(K @ AXm ® AW, w),D) 


PE K @ H*(AXp, 4). 
Since w is an isomorphism, H*(f) is also an isomorphism. 

We introduce the elements # = u — 1 and v = v — 1 that belong to the 
kernel of eof, and we have Dw) =u” +0+ wu. 

In the same way as in the classical theory of N-graded Sullivan models, 
an isomorphism between Z/2Z-graded Sullivan models induces an isomor- 
phism on the homology of indecomposable elements (see Lemma 7.56). 
In our case this implies that H(K @ Xy,Q(D)) = H(K @ (Xm © 
(0,w)),O(D)) = K ® Xp. Since K @ Xy is isomorphic to K ® Xy as 
a graded vector space, we obtain a differential D on K @ Xy such that 
H(K ® Xy, D) = H(K ® Xm, O(D)). 


Lemma 7.46 Let (B @ A(v,w), D) be a differential Z,/2Z-graded commu- 
tative algebra with \v| = 0, |w| = 1, Dv) = 0 and D(w) = uv — 1, where 
u is a cocycle of degree 0 in B. Then the morphism w: H*(B)[u~!] > 
H*(B @ A(v,w), D) defined by w(u-!) = [v] is an isomorphism. 


Proof We filter the cochain algebra (B@A(v, w), D) by the degree in B® Av. 
We get a spectral sequence whose E2-term satisfies 


E, =E;* @Ey*, ES" = (H*(B,d) @ Av) /(uv — 1) = H*(B, d)[u-4]. 


A cocycle a in ne decomposes into a sum a = )_, bjv'w, with bj € 
H*(B,d). The condition d,(a) = 0 implies that 6, = 0. Therefore, by 


7.5. The rational homotopy of a fixed point set component 


induction, we have LS = 0. The spectral sequence therefore collapses at 
the E2-level and this shows that w is an isomorphism. 


Here is a main consequence of Theorem 7.45. It gives a powerful connec- 
tion between a G-manifold and its fixed point set when the extra condition 
of rational ellipticity is added. 


Corollary 7.47 ((3]) Let G be a torus, M a compact nilpotent rationally 
elliptic G-manifold and F a nilpotent component of M°. Then 


1. Fis a rationally elliptic manifold; 
2. Xa (F) = Xn (M); 
3. dimz,(F) ® Q < dimz,(M) @Q. 


Proof With the above notation, by Theorem 7.45, dim Xf = dim cH*(K® 
Xm, D), so clearly we have dim Xp < dim Xy . If we let x(Xm), x(Xm), 
x (Xf) denote the Euler—Poincaré characteristics of the respective complexes 
K @ Xm, K ® Xm, K ® Xp, the standard result that the Euler—Poincaré 
characteristic is invariant under taking homology gives 


Xn(M) = x(Xm) = x(Xm) = x(XP) = xn (P- 


As a corollary we recover a special case of the well-known theorem that 
the inclusion of an orbit for an effective torus action on an aspherical 
manifold induces an injection at the fundamental group level (see [63]). 


Theorem 7.48 Let G be a torus acting on a nilmanifold M = K(x,1). 


1. If the action is nontrivial, then M° = . 
2. If the action is effective, then the injection of an orbit G-x — M induces 
an injective map m1(G) > z. 


Proof The minimal model of a nilmanifold M has the form (AX my, d), where 
Xm is a finite dimensional vector space concentrated in degree one. More- 
over, the dimension of Xj is equal to the dimension of the manifold M (see 
Remark 3.21). Suppose M° ¢ G and let F be a path component of M®, and 
(AXgf, d) its minimal model. By Theorem 7.45, H*(K ® Xy,D) = K @ Xp. 
But Xy is concentrated in degree 1, so K ® Xy is in odd degrees only. Thus, 
we have D = 0 and, therefore, K @ Xy = K @ Xp as a Z/2Z-graded vector 
space. Thus, the dimension of XF is equal to the dimension of Xj. Now, Xr 
is concentrated in odd degrees, but if there is an element in an odd degree 
larger than 1, then the dimension of F would exceed the dimension of M by 
Theorem 2.75 (6). Thus, Xp is concentrated in degree one. This implies that 
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F is a closed submanifold of the same dimension as M, so M© = F = M, 
which is not possible. Therefore M° = %. 

Suppose now that the action is effective. We shall show that the action is, 
in fact, almost free. If not, then there exists some S! in some isotropy group 
at a point x € M, say. Since we assume the action is effective, we know that 
this S! does not act trivially on the whole manifold M. By (1), we also know 
that MS’ = G, but this contradicts the fact that $! is in the isotropy group 
of x. Hence, no isotropy group contains an S! and the action is almost 
free. By Hsiang’s theorem, Theorem 7.7, we have that Hé(M; Q) is finite 
dimensional. Now let 


(A(x1,-. Xr), 0) ad (A(X1,--- 5X15 V15- : -5 Vn) 5D) ee (AWM; - .+3 Yn), D) 


be a relative minimal model for the Borel fibration M — Mc — BG, with 
G = TT’. We have, as usual, |x;| = 2 and, because M is a nilmanifold, 
ly;| = 1. Because (A(x1,...,X,), d = 0) is a polynomial algebra and all the 
other generators of (A(x1,...5X75V1)-++¥n)>D) are in degree 1, the only 
way to achieve finite dimensionality for cohomology is to kill the entire 
vector space in degree 2 having basis {x1,...,x,;}. Therefore, there must 
exist r elements y;,,...,¥j, such that the elements D(y;,) form a basis for 
the vector space generated by the xg. In particular, this says that the D(yj,) all 
have nonzero linear parts. Recall from Proposition 2.65 that the linear part 
of a differential in a relative model represents the connecting map in the long 
exact homotopy sequence of the associated fibration. Here this means that 
the connecting map 72(BG) ® Q > 21(M) ® Qis injective (since the entire 
vector space generated by the x,’s is hit by the differential D). Since 22(BG) 
is torsion-free, the usual connecting map 72(BG) — 21(M) is also injective. 
Recalling that the composition 71(G) = m1(QBG) = m2(BG) > 71(M) 
may be identified with the map induced by the injection of an orbit, we 
obtain the result. 


Corollary 7.49 Suppose that G is an r-torus acting on a compact nilpo- 
tent rationally elliptic manifold M with x,(M) 4 0. Then M© has no 
contractible component. 


Proof For each component F of M°, Xp 4 0 and so, by Corollary 7.47, 
the rational cohomology of F is not trivial. 


Example 7.50 Let G bea torus acting on the projective n-space M = CP(n). 
Since the rational cohomology of M is zero in odd degrees, by Theo- 
rem 7.37, the cohomology of M®© is concentrated in even degrees and 
dim H*(M°;Q) = n+ 1. Denote by F a simply connected component of 
M®. Since yx (F) = x2(M) = 0, and dim z,(F)@Q < dim 7,.(M)@Q =2,F 
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has the rational homotopy type of a point or of a complex projective space 
CP(m) with m < n. 


Example 7.51 Let G be a torus acting on a nilpotent rationally hyperbolic 
manifold M, and suppose that zreyen(M) @ Q is finite dimensional. Let F be a 
component of M©. Then with the notation of Theorem 7.45, H*(K@Xm, D) 
is infinite dimensional, and so, by Theorem 7.45, K@ Xp = H*(K@Xy, D) 
is also infinite dimensional. In particular, each nilpotent component of the 
fixed point set is a rationally hyperbolic manifold. 


Example 7.52 Let M be the connected sum of two copies of the product S? x 
S3 x $3 x $3 and let G be a torus acting on M. Denote by z € 1,(M) @ Q the 
class of the image of the boundary sphere in (S3)*\{x}, and by y € 24(QM)® 
Q the image of z by adjunction. The construction of the differential in the 
minimal model of the connected sum (see Example 3.6) shows that the 
element y is a generator in the Lie algebra z,.(QM) ® Q. Therefore, by 
Corollary 3.4, the rational homotopy Lie algebra 7,.(QM) @ Q is a graded 
Lie algebra generated in degrees 2 and 10. It follows from Example 7.51 
that z,(QF) ® Q is also infinite dimensional. 


7.5.2 Presentation of the Lie algebra Lr = 1,(QF) @ Q 


When zeven(M) ® Q = 0, or more generally, when the differential D 
defined in Theorem 7.45 on the Z/2Z-graded vector space K ® Xy van- 
ishes, the Borel localization theorem gives information about the Lie algebra 
(QF) @ Q. 


Theorem 7.53 ([9]) Suppose M is a compact smooth T'-manifold satisfying 
Teven(M) ® Q = 0, and let F be a nilpotent component of M©. Denote by 


L(Wm) > L(Gm) > Lu 
and 
L(Wr) > L(Gr) > Lr 


minimal presentations, where .(—) denotes the graded free Lie algebra 
functor. Then, 


1. dim Gp< dim GM; 
2. dim Wr< dim Wm. 


Proof Since the action is smooth, for every generic circle S' c T’, we have 


XS! = XT’ (see Lemma 7.3). Thus we may assume without loss of generality 
that r = 1. In this case, A = Q[#] and K = Q(t). For a € Q, let Q, indicate 
that Q has been made into an A module via the map A > Qgiven byt > a. 
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We use the notation contained in the proof of Theorem 7.45. Since Xj 
is concentrated in odd degrees, Xjq = Xy and the differential O(D) on the 
indecomposable elements is zero. Therefore f induces an isomorphism of 
Z/2Z-graded differential algebras 


K G4 (A ® AX, D1) > (K, 0) ® (AXz, 41), 


where Dj (Xy) C A@A7Xy and d, is the quadratic part of the differential d. 

On the other hand, by the definition of the relative minimal model of Mc, 
we have Qo @4(A@AXy, D1) = (AXy, a1). Denote by C* the complex (A® 
A*Xw, D1). The universal coefficient theorem gives a short exact sequence 


0 > Qo @4 Hi(C*) > Hi (Qo @4 C*) > Tor} (H’*1(C*), Qo) > 0. 


Note, in particular, that the indices refer to the gradation A @ A*Xy. 

Now observe that, for a morphism gy: P; — Pz of A-modules, K @,4 9 
is an isomorphism if and only if Qi @,4 ¢ is an isomorphism. Then, using 
Lemma 7.54 below, we have the following sequence of equalities. 


dim gH14(A Xp, d1) = dim gQ) ®4 H4(A @ AXz, d1) 
= dim gQ; ®4 H17(A ® AXy, D1) 
= dim gQo @ H4(C*) — dim gTor} (H4(C*), Qo) 
= dim gH4(Qo ®4 C*) — dim gTor} (H4*1 (C*), Qo) 
— dim gTor} (H4(C*), Qo) 
= dim gH4(A Xm, d1) — dim gTor} (H4*!(C*), Qo) 
— dim gTor{(H4(C*), Qo). 


By Subsection 2.6.2, we have Wy = H?(AXqm,d1), We = H?(AXz, 1), 
Gm = H!(AXm,d1) and Gp ~ H!(AXp,d1). The result then follows 
directly from the equalities above. 


Lemma 7.54 Let P bea graded A-module and suppose that dim (Qo@,P) < 
oo. Then 


dim g(Qo @4 P) = dimg(Q; @4 P) + dimgTor} (P, Q). 


Proof Since dim (Qo @, P) < ov, P is finitely generated, and we can write 
P as the direct sum of a free part and submodules of the form Q[#]/(¢”). Let 
0 + N > L > P + 0 bea minimal free presentation of P. We directly 
deduce the following exact sequences: 


0 > Tor? (P, Qo) > Qo @4 N > Qo @aL > Qo @aAP > 0 
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and 


0> Q; Qa N > Q] QA L> QY @AP > O. 


7.5.3 Z/2Z-Sullivan models 


The purpose of this section is to extend to Z/2Z-graded Sullivan algebras 
the basic properties of usual Sullivan algebras. All the material of this section 
is due to C. Allday [3]. In what follows all vector spaces will be defined over 
a field k of characteristic zero. 

A Z/2Z-graded vector space A is a vector space with a decomposition A = 
A® @A!. It is a Z/2Z-graded algebra if there is a multiplication satisfying 
AP . Ad c AP*4, where the addition p + q is taken modulo 2. The algebra 
A is called commutative if for homogeneous elements a and b, we have 
a-b = (-1)'4' lb. a. Itis called free if it is the tensor product of a polynomial 
algebra on elements of degree 0 with an exterior algebra on elements of 
degree 1; in this case we write A = AV where V is the linear span of the 
generators of the algebra. 

A Z/2Z-graded differential algebra (A, d) is a Z/2Z-graded algebra A 
equipped with a differential d: A? — A?*!, For instance, each cochain 
algebra (A, d) defines a Z/2Z-graded differential algebra with A° = A°%" 
and A! = Aodd, 

A Z/2Z-graded Sullivan algebra is a Z/2Z-graded differential algebra 
(A,d) such that A is the free commutative graded algebra on a vec- 
tor space V that admits a basis indexed by a well-ordered set (x;) with 
d(xj) € A(xj,j < 1). We write (A,d) = (AV, d). It is called a Z/2Z-graded 
minimal Sullivan algebra if d(V) C A22V. For instance every Sullivan alge- 
bra induces a Z/2Z-graded Sullivan algebra and a minimal Sullivan algebra 
(AV, d) induces a Z/2Z-graded minimal Sullivan algebra. A morphism of 
Z/2Z-graded differential algebras f: (A,d) — (B,d) is a degree zero linear 
map that is compatible with the multiplications (f(ab) = f(a)f (b)) and with 
the differentials (df = fd). As usual, a quasi-isomorphism is a morphism 
that induces an isomorphism in cohomology. 

Let (A,d) be a Z/2Z-graded differential algebra. An augmentation is a 
surjective map of differential graded algebras ¢: (A,d) > (k,0), where k 
is in degree 0. A Z/2Z-graded Sullivan algebra (AV, d) is equipped with a 
natural augmentation sending V to 0. A morphism between Z/2Z-graded 
Sullivan algebras f: (AV,d) — (AW,d) preserves the augmentations if 
f(V) CATW. 

When (AV,d) is a Z/2Z-graded Sullivan algebra, the vector space V 
is called the vector space of indecomposable elements. The differential d 
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induces a differential O(d) on V defined as the composition 


OD: VS at BAVA VEN, 


Here, p denotes the canonical projection. The homology H*(V, O(d)) 
is called the homology of indecomposable elements. An augmentation 
preserving map f: (AV,d) — (AW,d) induces a map of complexes 
O(f): (V, Q(d)) > (W, Q(d)). 

To define homotopies, we consider the contractible Sullivan algebra 
(AC, dt),d) with |t| = 0, |dt]} = 1 and d(t) = dt. We denote by 
pi: (AG, dt),d) > (ik, 0), i = 0,1, the augmentations defined by p;(t) = i 
and p;(dt) = 0. 


Definition 7.55 The morphisms f,g: (A,d) > (B,d) are homotopic if there 
exists a morphism H: (A,d) > (B,d) ® A(t, dt) such that f = (1 ®po)oH 
and g=(1@p1) oH. 


Lemma 7.56 ([3]) Az augmentation preserving quasi-isomorphism f: (A, 
d) — (B,d) between Z/2Z-graded Sullivan algebras induces an isomor- 
phism on the homology of indecomposable elements. 


7.6 Hamiltonian actions and bundles 


The symmetries which are important in symplectic geometry all involve the 
symplectic form. Although actions of more general compact Lie groups on 
symplectic manifolds may be considered, here we shall concentrate on circle 
and torus actions to avoid the machinery of moment maps. 


7.6.1 Basic definitions and properties 


From now on, (M2”, w) denotes a closed symplectic manifold. 


Definition 7.57 


¢ A smooth action of the circle, A: S' x M > M is symplectic if g*w = w 
for each ge S!. 

e An orbit map a: S' > M is defined by choosing x € M and taking the 
orbit through x; g > gx. We may consider a € 11(M) and we denote 
its Hurewicz image by h(a) € H,(M;R). Note that all orbit maps induce 
the same map on homology (since M is always connected). 

The fundamental vector field X associated to the action is defined at each 
x € Mas D,a(8/80), where 4/90 is the unit vector field of S' and D,.w is 
the induced map on tangent spaces. 
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The main point that is elicited by the definition of symplectic action is that 
the Lie derivative £(X) (see Section A.2) vanishes on forms that are invariant 
under the action (compare Section 1.7, especially Proposition 1.33). This 
property applied to the symplectic form w gives 


0 = L(X)w = (di(X) + i(X)d)w = di(X)a, 


where i(X) denotes interior multiplication by X (see Section A.2). Here we 
use the formula in Proposition A.4 and the fact that dw = 0. Therefore, the 
form i(X)q is a closed form. Of course, the same holds for every invariant 
form on M. Moreover, by Theorem 1.28, we know that the cohomology of 
the invariant forms is the same as the ordinary de Rham cohomology, so 
we can consider i(X) as a derivation on H*(M;R). To see this, let 6 and f’ 
be invariant forms that represent the same cohomology class. Hence, there 
is an invariant form y with 6 — p’ = dy. But then, 


i(X)B — i(X)p' = i(X)dy = d(-i(X)y) 
since £(X)y = 0. Therefore, in H*(M;R), [i(X)B] = [i(X)B’. 
Definition 7.58 The -derivation on H*(M;R) is defined by 
A(b) = [(X) 8], 
where b € H*(M;R) is represented by the invariant form B. 


Proposition 7.59 ([179]) The 4-derivation may be identified directly from 
the homomorphism induced on cohomology by the action A; 


A*b=1xb+u51 x A(b), 


where us: is the generator of H'(S';R) corresponding to the unit 1-form 
dé on S!. In particular, when b € H'(M;R), A(b) = (a*(b), [S"]). 


So now we have two ways to view the A-derivation. In fact, the A- 
derivation has already appeared in the proof of Theorem 4.98. Recall from 
Definition 4.96 that (M?”, w) has Lefschetz type if multiplication by [w]"~! 
is an isomorphism: Lef = w’~!U: H'(M) > H?"~!(M). For the sake of 
simplicity, we denote the symplectic form and its cohomology class by o. 
Now here are a few properties of the A-invariant, see [180]. 


Proposition 7.60 With the notation of Definition 7.57 and the preceding 
discussion, we have: 


1. h(a) is Poincaré dual to ni(w) wo"! = nLef(A()); 
2. A(w") = 0 if and only if XCH'(M)) = 0 if and only if h(a) = 0; 


7: G-spaces 


3. If (M2",w) has Lefschetz type, then the three properties of part 2 are 
equivalent to 4(w) = 0. 


Proof (1) Let b € H'(M) and note that bw” = 0 for degree reasons. 
Applying 4, we have 


0 = A(b)w" — bd(w") = A(b)o" — bni(@)w"! 


using the fact that A is a graded derivation. Hence, A(b)w” = bni(w)w"!. 
Taking the Kronecker product with the fundamental class of M gives 
(bA(@"), [M]) = (A(b)o”,[M]) = A(b). But A(b) = (a*(b),[S']) = 
(b, &[S"]) = (b, b(@)), so 


(b, h(a) = 2(b) = (bA(w"), [M]) = (bn2(w)w"*, [M]) 
= (b,nk(w)w"—! N[M]) 


and we see that h(a) is Poincaré dual to nA(w)w"—!. 
(2) The first equivalence follows exactly as in the proof of Theorem 4.36. 
The second equivalence comes from A(b) = (b, h(a)) for all b € H'(M). 
(3) Suppose M has Lefschetz type. If A(w) = 0, then it is clear that A(w”) = 
0. If A(w”) = 0, then we have 0 = A(w”) = nd(w)o"—! = nLef(A(@)). But 
the Lefschetz type assumption then implies that A(w) = 0. 


7.6.2 Hamiltonian and cohomologically free actions 


The importance of Proposition 7.60 comes from the following fundamental 
definitions in symplectic geometry. If A: T’ x M > M is a symplectic toral 
action, then we may define k A-derivations by Aj(w) = [i(X;)@], where X; 
is the fundamental vector field of the jth circle factor in T*. 


Definition 7.61 For a symplectic manifold (M2", w): 


1. a symplectic action A: T* x M > M is Hamiltonian if 4;(@) = 0 for 
each j = 1,...,k. In particular, if H'(M;R) = 0, then all symplectic 
actions are Hamiltonian; 

2. a symplectic action A: T® x M > M is cohomologically free if the 
homomorphism on cohomology, w: H'(Tk;R) > H'(M;R), defined 
by 


wus) =ij() 


is injective. Here ug: denotes the generator of H'(T*;R) corresponding 


J 
to the j-th circle factor. 
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Remark 7.62 Even if (M?”, @) is only c-symplectic with c-symplectic coho- 
mology class w, we can, by Proposition 7.59, still define A(w) for any 
S!-action and say that the action is c-Hamiltonian if 4(w) = 0. Similarly, 
we can define a notion of cohomologically free for c-symplectic manifolds. 
See [179] for details. 


Recall from Theorem 1.102 that, for an S!-action on a closed manifold 
M, the Cartan—Weil model is the complex (Qx[u],dx), where Qx is the 
sub-complex of Apr(M) consisting of S!-invariant forms, u is a degree 2 
generator and the differential is defined by 


dxu = 0, and dya = da — ui(X)a, 
for a € Qx. The Cartan—Weil model induces an isomorphism 
H*(Qx[u], dx) = H*(Mgi;R). 


Thus, the Cartan—Weil model calculates the equivariant cohomology 
associated to the action of S$! on M. 

The equation dxa = da — ui(X)a says something interesting. Although 
a is an invariant form, even if it is closed, this does not mean that a@ is 
equivariantly closed (i.e. dx-closed). For that, we also require i(X)a = 0. 

Now suppose the $!-action is a symplectic action so that the symplectic 
form @ is an invariant form. Then we have dxw = dw—ui(X)w = —ui(X)o 
since dw = 0. Therefore, the interior multiplication i(X)w is the obstruction 
to w being equivariantly closed: that is, representing a cohomology class in 
H%,(M; R). Of course, we might be able to change w within its cohomology 
class in (Qx[u], dx) and achieve equivariant closure. So let’s ask; how can 
we augment w in (Qx[u],dx) to make it equivariantly closed? The only 
possibility, for degree reasons, is to take ® = w — fu for some smooth 
function f: M — R. The definition of dx then gives 


dx® = dxw — dx (fu) 
= dw — ui(X)w — (dxf)u — fdxu 
= —ui(X)w — (dxf)u 
—ui(X)w — (df — ui(X)f)u 
—ui(X)w — (dfyu 
= —u(df + i(X)a). 


Note that @ is closed exactly when df + i(X)w = 0. Since A(w) = [i(X) a], 
this is exactly when the action is Hamiltonian. Thus, denoting the Borel 


fibration of the S!-action by M > Mg: — BS!', we have 
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Theorem 7.63 ([15]) A symplectic S'-action on (M2", w) is Hamiltonian if 
and only if w € H*(M;R) is in the image of i*: H*(Mgi;R) > H*(M;R). 


Now, the pullback of the Borel fibration M > Mg > BS! via the 
inclusion S* <> BS! gives a fibration M > E -> S? and this fibration has 
an associated Wang sequence: 


.. > H2(E) 5 H2(M) 35 H1(M) > --- 


where A is the Wang derivation and H?(E) = H?(Mg1). It may be shown 
(see [180] and Proposition 7.59) that this Wang derivation is precisely the 
derivation defined in Definition 7.58. This then gives another “formless” 
proof of Theorem 7.63 since exactness of the Wang sequence implies that 
A(@) = 0 holds precisely when w € Im(i*). This Wang approach indicates 
how algebraic topological methods can often take the place of geometric 
ones and, in the process extend the relevant notions. 

Now let’s return to consideration of the properties of Hamiltonian 
actions. In particular, we are interested in the fixed point set. 


Proposition 7.64 A Hamiltonian action on a compact symplectic manifold 
has at least two components in its fixed point set. If the manifold has Lef- 
schetz type, then the existence of a fixed point implies that the action is 
Hamiltonian. 


Proof We give the proof for S! because fixed point questions always reduce 
to this case (see Lemma 7.3). If A(w) = [i(X)a] = 0, then i(X)w = dH for 
some smooth function H: M — R. Since M is compact, H has amaximum y 
and minimum z on M, so 0 = dHy = i(Xy)w and 0 = dH; = i(Xz)w. But w 
is nondegenerate, so we can only have these equalities if X = 0 = X;. Since 
a zero for the fundamental vector field corresponds to a fixed point for the 
action, we are done. If M has Lefschetz type (see Definition 4.96), then the 
orbit map at a fixed point gives h(a) = 0 and (3) of Proposition 7.60 then 
says that the action is Hamiltonian. 


Remark 7.65 Note by [179] that this theorem also holds in the case of 
c-symplectic manifolds with c-Hamiltonian action. 


Proposition 7.66 Any symplectic torus action A: T® x M > M splits as 
Te = T' x TR”, where the action restricted to T’ is Hamiltonian and the 
action restricted to T&~" is cohomologically free. 


For a proof of this result, see [162] and [179] for a cohomological version. 
These types of splittings have long been used in transformation groups. For 
instance, the action of a torus can be split into one with finite isotropy 
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groups and one with fixed points. Now let’s characterize cohomologically 
free actions in the case of Lefschetz type. 


Theorem 7.67 ([179]) Suppose that (M?",@) has Lefschetz type and that 
A: T* x M=> Misa symplectic torus action with orbit map a: T® > M. 
Then 


1. The action is cohomologically free if and only if the induced homomor- 
phism a: H1(T*;R) > H1(M;R) is injective. 

2. The action is cohomologically free if and only if it is almost free. 

Proof In the following, we take R-coefficients in cohomology. (1) Sup- 
pose the action is cohomologically free and choose a vector space splitting 
s: H'(M) > H1(T*) for Ww: H'(T*) > H!(M) (since w is injective). Let 
PD: Hi(M) > H?"~!(M) denote the Poincaré duality isomorphism. Then 
for each S! factor in T*, we have the following (using Proposition 7.60 (1)). 


(Note that multiplication by w”~1, denoted Lef, is an isomorphism by the 
Lefschetz type assumption; see Definition 4.96.) 


s(1/n Lef- !PDa,([S'])) = s(1/n Lef PD (h(a))) 
= s(1/nLef~!(na(w)o"—!)) 
= sr(w) 
= sy (usi) 
=Us1. 
The composition H;(T*) + H!(T&) is then the Poincaré duality isomor- 
phism, so a, must be injective. 


On the other hand, suppose a, is injective and choose a vector space 
splitting t: H)(M) > Hy, (TR). Then we can compute. 


tPD~!(nLef(y(ug1))) = tPD~!(n Lef(A(@))) 
= 1tPD~!(nid(w)o""!) 
= t(h(a)) 
= t(as([8"])) 
= [S']. 
Again, since this expresses the Poincaré duality isomorphism, we see that 
w is injective and the action is cohomologically free. 
(2) If the action is cohomologically free, then a, is injective by (1). Sup- 
pose some isotropy group is not finite; thus, there is a subtorus T* which 


fixes a point x. The orbit map at x then induces a homology factoriza- 
tion a: Hy(T*) > Hy(T*/TS) > H1(M). But the first homomorphism is 
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clearly not injective, so a, is not injective. Hence, all isotropy groups are 
finite and the action is almost free. 

Suppose the action is almost free and write T* = T’ x TS’ as in Propo- 
sition 7.66. By Proposition 7.64, since the T” action is Hamiltonian, it has 
fixed points. Because the action is almost free, we must have T’ = « and 
T® acts cohomologically freely. 


7.6.3 The symplectic toral rank theorem 


In Subsection 7.3.3 we discussed the far-reaching toral rank conjecture, 
which says that the size of a space’s cohomology limits its ability to admit 
large almost free toral actions. In our context, we ask how large the coho- 
mology of a symplectic manifold must be in order to admit a symplectic T* 
action. We can answer this question in the case of Lefschetz type. 


Theorem 7.68 If (M?”,«) is a closed symplectic manifold of Lefschetz type 
and T® acts symplectically and almost freely on M, then 


dim H*(M;R) > 28. 


Proof By (2) and then (1) of Theorem 7.67, we have that a: Hy(T*) > 
H,(M) is injective. Take the Borel fibration (see Section 7.2) associated to 
the action and go one step back in the associated Puppe sequence (using 
QBT* ~ T®) to get 


Because @,, is injective, duality says that a*: H!(M) > H!(T4) is surjective. 
Now, since H*(T*) is generated by H!(T*), we see that a*: H*(M) > 


H*(T*) is surjective as well. Therefore, by Definition 4.39, the fibration is 
totally noncohomologous to zero (i.e. TNCZ) and we have an isomorphism 


H*(M) = H*(T*) @ H*(M,x). 


Thus, dim H*(M) > dim H*(T’) = 2%. 


Remark 7.69 In Theorem 7.24, we used models to show that the inequal- 
ity holds for any c-symplectic manifold whose cohomology satisfies the 
hard Lefschetz property (see Theorem 4.35). Here we have given a 
more traditional approach using only the weaker Lefschetz type property 
(Definition 4.96). 


7.6.4 Some properties of Hamiltonian actions 


When a torus action is Hamiltonian, there are interesting (and restrictive) 
consequences beyond those mentioned above (i.e. existence of fixed points). 
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One of the most famous is the following (see, for instance, [161, Corollary 
4.8]). 


Theorem 7.70 Let T® act on Mand let M > Mrk > BT be the associated 
Borel fibration. If the T® action on (M2", w) is Hamiltonian, then, as vector 
spaces, 


H*(Mye;R) = H*(M;R) @ H*(BT*;R). 


Of course, we see that this is equivalent to the fibration being TNCZ. 
Here is a situation where the symplectic and c-symplectic worlds diverge. 


Example 7.71 ([5]) By Theorem 7.36, we know that the Borel fibration 
X > XG > BG is TNCZ if and only if 


dim H*(X©; Q) = dim H*(X; Q) 


where X© is the fixed point set. 

Now let S! act freely on S? x S* by translation on the first factor. Take 
an equivariant tube C = S! x D° about an orbit (via the slice theorem) and 
note that 9C = S! x §* = a(D2 x S*). Let X = S? x S* — C and sew in 
D? x S* to obtain N = X Ugc (D? x S*). We let S! act by rotations on D* 
and we observe that this is compatible with the action by translations of S! 
on itself (i.e. the action in $*). Of course, the center of D? is fixed by this 
action, so we see that S! acts on N semifreely (i.e. isotropy is either zero or 
all of S!) with N S' — $4 Note that N has the following cohomology. 


0 j=1,5 
HI(N;Z) = 4Z j=2,4,6 
Z@Z j=3. 


Now let 6[zo, 21,22] = [ezo, 21,22] define a semifree action of S! on 
CP(3) with fixed set p U CP(2). Note that p = [1,0,0] is fixed by the 
homogeneity of the coordinates. The fixed CP(2) consists of all points 
[0, 21, 22]. Since CP(3) and N have fixed points, we can take small equivari- 
ant disks about chosen fixed points and form the equivariant connected 
sum M = CP(3)#N. The fixed set of the S$! action on M is given by 
MS = p U (CP(2)#8*) = p U CP(2). Now, M is clearly c-symplectic 
since the generator of H*(CP(3)) multiplies to a top class. Furthermore, the 
action is c-Hamiltonian since H!(CP(3);Z) = 0 and H!(N;Z) = 0 imply 
H'(M;Z) = 0. Also, M has Lefschetz type trivially since H'(M;Z) = 0. 
However, we plainly see that we have 


dim gH*(M®';Q) = 4 < 8 = dim gH*(M;Q). 
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Therefore, by Theorem 7.36, the Borel fibration is not TNCZ and the c- 
symplectic analogue of Theorem 7.70 does not hold. 


7.6.5 Hamiltonian bundles 


Ifa T* action on (M2”,@) is Hamiltonian, then the Borel fibration M > 
Mr > BT* is a bundle whose structure group (i.e., the torus T*) lies 
inside the Hamiltonian diffeomorphisms of M. Recall that a Hamiltonian 
diffeomorphism of a symplectic manifold (M”, w) is a symplectomorphism 
go: M — M which is the time-1 map of a flow generated by a family of 
Hamiltonian vector fields. This means that there are vector fields X; with 
i(X;)@ = dH; for all t and 


Bra = X;0 dt. 
The Hamiltonian diffeomorphism is then given by ¢ = ¢,. The Hamiltonian 
diffeomorphisms form a subgroup of the symplectomorphism group of all 
diffeomorphisms preserving the symplectic form. For more information, 
see [188]. The situation of a Hamiltonian action can then be generalized as 
follows. 


Definition 7.72 A symplectic bundle F + E > B is Hamiltonian if (F, wf) 
is symplectic and the structure group of the bundle acts by Hamiltonian 
diffeomorphisms. 


The fundamental properties of Hamiltonian bundles may be found in 
[162]. In particular, the following is shown there. 


Lemma 7.73 ([162, Lemma 2.3]) If (F*”,w@p) > E —> B is a symplectic 
bundle and B is simply connected, then the bundle is Hamiltonian if and 
only if there exists some cohomology class a € H?(E;R) which restricts to 
the class [wp] € H*(F;R) by i*(#) = [wf]. 


Note the similarity to Thurston’s condition in Theorem 4.91. In the 
lemma, however, we do not require B to be symplectic, but we already 
know that the bundle is symplectic. Of course, Thurston’s condition is just 
a sufficient condition, so the assumption that the bundle is symplectic does 
not automatically imply the existence of a class a. Lalonde and McDuff 
apply Lemma 7.73 to prove analogues of Theorem 7.70 for various types 
of Hamiltonian bundles. For instance, they prove that every Hamiltonian 
bundle over a product of complex projective spaces is TNCZ. Indeed, they 
ask the 


Question 7.74 (Lalonde-McDuff question) Is every Hamiltonian bundle 
TNCZ? 
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Here we want to consider the special situation where the fiber is a nil- 
manifold. We have already seen how to build models of nilmanifolds in 
Section 3.2 and, in particular, we know that all generators, {x;}, are in 
degree 1. Hence, when we build the model of a symplectic nilmanifold, the 
symplectic form is represented by an element = )? cjg xjxz made up of 
products of degree 1 elements. We can now give a result due to Stepien 
[243] that answers a special case of the Lalonde-McDuff question using 
models. 


Theorem 7.75 Let (M2”, ay) > E > B be a Hamiltonian bundle with B 
simply connected and (M*", w) a nilmanifold. Then the bundle is rationally 
trivial. In particular, the bundle is TNCZ. 


Proof Let (AY,dy) > (AY @X,D) & (AX, dx) denote a relative Sullivan 
model for the bundle M > E — B. As discussed above, there is an element 
© = D2 Cjpxj xp in (AX, dx) made up of products of generators x € pe 
whose cohomology class is [wy]. Note that, since w” # 0 and the x;, 7 = 
1,..., 2m are in degree 1, it must be the case that w uses all of the generators 
in X! and w” = Cx1x2--+x2» Because B is simply connected, Y! = 0, so 
the differential on the x; has the form Dx; = dxx; + y;, where y; € Y?. 

Now, since the bundle is Hamiltonian, Lemma 7.73 says that there is 
some cohomology class mapping to the class of w in H*(AX,dx) under 
the projection p: (AY @ X, D) > (AX, dx). If the cocycle t represents this 
class, then p(t) — w = dxy, so in (AY @ X, D) we have t —-b = w+ dxy 
with b € Y (since Y! = 0). If we apply D, then we find 0 = Diw + dxy), 
since every element of Y? is a cocycle and 1 is a cocycle. Let @ = w+ dxy. 
So the Hamiltonian hypothesis has allowed us to change the representative 
of the symplectic cohomology class in M while keeping the same type of 
expression in terms of generators of (AX,dx); © = )° rip xj xp. Now we 
can use the fact that @ is a D-cocycle to infer that @” is also a D-cocycle. 
Hence, computing D @” = 0, we have 


0 = C0 (-1)!D(xj)x1x2 +++ 8) +++ Xan 
J 
= CY 0-17! (dxaj + yj) Bj 20 
J 
=C Yi(-1) tT yjx1x2 . Xj "++ XIn 
J 
(where X; denotes deletion of x;) since dxx; consists of products of the 


x, not including x;, the element x1x2---X;-+-x2, contains all generators 
except for x; and elements in degree 1 have zero squares. But now, since 
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{x1x2--+X;-++X2,} is a set of linearly independent elements in AX, we see 
that we must have y; = 0 for 7 = 1,...,22. This means that Dx; = dxx; 
and, since X = X!, the relative Sullivan model is a tensor product of cdga’s. 
Hence, the bundle is rationally trivial. 


Exercises for Chapter 7 


Exercise 7.1 Let M bea compact manifold with an almost free action of the compact 
Lie group G. We consider the projection g: EG xg M > M/G, g[(x,m)] = [m]. 
Show that the fiber of g at x is (G/G,y)g and that (G/G,)g = EG/Gy = 
BG,. Deduce now from the Leray spectral sequence, H?(M/G; H1(BG,;Q)) > 
He4(M; Q), an isomorphism 


H*(M/G;Q) = HE(M; Q). 
Hint: see [144, page 37]. 


Exercise 7.2 Suppose Mj, i = 1,...,”, are even dimensional simply connected 
manifolds satisfying teven(M;) ® Q = 0 and dimz,qq(Mj) @ Q = 2. Show that 
every circle action on the connected sum M,#M)#---#M, has a fixed point. (Hint: 
consider the Euler—Poincaré characteristic and the rational homotopy Lie algebra 
of the connected sum.) 


Exercise 7.3 Fix a map S? x S* — S® of degree 1 and use it to pull back the unit 
sphere bundle of S° to a S°-bundle over S* x $3. Compute rko(X). 


Exercise 7.4 Let M be a simply connected compact manifold whose minimal model 
is (A(x, y,2,t),d@) with |x| = 3, |y| = 9, |z| = 6, |t|) = 11, dx = dy = dz = 0, 
dt = xy — z*. Compute rkg(M). 


Exercise 7.5 Writen+ 1 = (mn, +1) 4+ (m +1) + (73 +1). Consider the action of 
S! on CP(n) defined by 


2 2 3 3 
t[z1,---52n41] = [t Z15+--58 Zn 4+15t ny +2.-- +58 Zny tng 42s ny tent3o+++92n41]- 


Show that the fixed point set is the union CP(m1,) U CP(n2) Lt CP(n3). 


Exercise 7.6 Let G = S!. Show that G can act on CP(4) with fixed point set the 
disjoint union of CP(3) and an isolated point, and that G can act on the quaternionic 
projective plane HP(2) with fixed point set S+ and an isolated point. Make the 
equivariant connected sum CP(4)#HIP(2) by removing small invariant discs around 
the isolated fixed points and pasting together the boundaries. Show that you have an 
action of S! on a space Z whose cohomology satisfies the hard Lefschetz property, 
and such that at least one component of the fixed point set does not satisfy the hard 
Lefschetz property (see [7]). 


Blow-ups and Intersection 
Products 


As we mentioned in the Preface, models play an important role in under- 
standing various properties of complex and symplectic blow-ups. They also 
can be used to study features of the Chas—Sullivan loop product, a rather 
mysterious new topological tool. 

In this chapter we will consider two types of questions. First of all, let 
f: N © M be a closed submanifold of a compact manifold and denote 
by C its complement M\N. The natural problem is to know if the rational 
homotopy type of C is completely determined by the rational homotopy 
type of the embedding, and in that case to describe a model for the injection 
C <> M from a model of the initial embedding. Now suppose that the 
normal bundle to the embedding has a complex structure. We then can 
take the blow-up M of M along N, and ask if it is possible to determine 
the rational homotopy type of M from the rational homotopy type of the 
embedding. 

P. Lambrechts and D. Stanley have given a positive answer to those 
questions. They prove that when dim M > 2dim N + 2, then the ratio- 
nal homotopy type of the complement C is completely determined by the 
minimal model of f. They also prove that when M is simply connected and 
dim M > 2dim N + 3, the rational homotopy type of M depends only on 
the rational homotopy type of the embedding and the Chern classes of the 
normal bundle [165]. We describe in Section 8.2 their construction of a 
model for M. 

We have seen in Chapter 4 that the assumption that a compact mani- 
fold is Kahler implies its formality. Since Kahler manifolds are the most 
basic examples of compact symplectic manifolds, a fundamental ques- 
tion is whether such a statement also holds for symplectic manifolds. In 
Section 8.2, we describe non-formal simply connected symplectic manifolds 
that are blow-ups. The key point here is that we can, in some explicit sense, 
actually understand the complete rational homotopy of the blow-up rather 
than just subsidiary properties (such as existence or nonexistence of Massey 
products). Such an understanding should prove important in the future. 
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Our second question concerns the theory of cycles in a compact manifold. 
M. Chas and D. Sullivan extended the ideas behind standard intersection 
theory to an intersection theory of cycles in LN = N S" for any compact 
oriented manifold N [53]. They define a product, called the loop product, 
on H,(LN), 


H,(LN) ® Hq(LN) > Hp+q—n(LN), 


that combines the intersection product on the chains on N and the Pontrya- 
gin composition of loops in QN. Here, minimal models appear as a useful 
tool for making explicit computations of the loop product. 

As a corollary, we give a proof of the Cohen—Jones algebra isomorphism 
between H,,_,,(LN; Q) and the Hochschild cohomology 


HH™(C*(N; Q), C*(N; Q)) 


where, as usual, C*(N;Q) denotes the singular cochains on N with 
coefficients in Q. 


8.1 The model of the complement of a submanifold 


Let M be a compact orientable nilpotent m-dimensional manifold and 
suppose that f: N” — M” isa smooth embedding of a compact nilpotent 7- 
dimensional submanifold. The image f(N) admits a tubular neighborhood 
which is a compact submanifold (with boundary) T c M of codimension 0 
that deformation retracts to N. Let C be the closure of the complement of T 
in M, C = M\T. Then C and T are both compact manifolds with the same 
boundary dT. Denote by i: dT > T,j: C> M, g: dT > C,k: T>M 
and h: N — T the canonical injections. We then have a commutative 
diagram 


i 
oT —> 


T 

:| |. 
j 

C M 


— 


Of course, C has the homotopy type of M\f(N) and the above diagram is 
a homotopy pushout. 

A key step is to understand the embedding of the complement alge- 
braically. With this in mind, a model for j: C <> M will be defined in 
Theorem 8.11 in terms of shriek maps and algebraic mapping cones. 
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8.1.1 Shriek maps 


To an embedding, we can associate a cohomological shriek map defined as 
the composition 


fi: s"-"H*(N; Q) °—S® "(N53 Q) “9 5-H (M;Q) PH Ms Q), 


where s is the suspension functor (skV)’ = V’+®, and Dy and Dy denote 
the corresponding Poincaré duality isomorphisms. (Recall that we have the 
convention on homology that (H,)~? = Hp.) In particular, if [N] and [M] 
denote the homology orientation classes, then DN (a) = a M[N] and 


f'(s"-"v) N[M] = H,(f)(v N [N]). 


By construction the cohomological shriek map f' is a morphism of 
H*(M; Q)-modules and an isomorphism in degree m. 

Cohomological shriek maps are based on the duality between coho- 
mology and homology. We now extend this duality to models. Let (A, d) 
be a cdga whose cohomology H*(A, d) satisfies Poincaré duality with a 
fundamental class w € A”. We denote by ¢: (A, d) > (Q,0) a map of dif- 
ferential A-modules of degree —m satisfying e(w) = 1. The map « yields a 
duality map 


Wa: A> s "AY =s~"Hom(A, Q), 
vad =s-"e, s"va(a(b) = (-1)le@- b). 


(For this, recall that we have (s~”Hom(A,Q))’ = (Hom(A,Q))”” = 
Hom(A”’, Q).) 


Lemma 8.1 wa is a quasi-isomorphism of differential graded A-modules. 


Proof This is a reformulation of the fact that H*(A) satisfies Poincaré 
duality. 


Let’s come back now to the smooth embedding f: N — M and let 
gy: (A,d) — (B,d) be a model for f. 


Definition 8.2 A shriek map for f associated to g is a morphism of differ- 
ential A-modules g: s"~™(B,d) — (A, d) that induces in cohomology the 
cohomological shriek map f': s"~”"H*(N;Q) > H*(M; Q). 


From now on we will abuse notation and denote both the shriek map 
and the cohomological shriek map by f’. 
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Example 8.3 Let g: (A,d) ~ (A@AW, d) denote a relative minimal model 
for f, and consider the diagram 


s-™+2(A @ AW,d) (A, d) 
WA@AW | a ans | WA 
s"'(A@ AW, d)Y —— s-™(A, dy 


where wa and Wag@,w are the quasi-isomorphisms defined in Lemma 8.1. 
Since (A ® AW, d) is a semifree A-module, the lifting property of semifree 
models (Proposition 2.107) gives a map f': s~”t"(A ® AW,d) —> (A,d) 
making the diagram commutative up to homotopy. This map is a shriek 
map for f associated to 9. 


Lemma 8.4 The embedding f: N > M admits a model gy: (A,d) > (B,d) 
with the following properties: 


1. A=”"+! — 0 and B2"** = 0; 
2. there is a shriek map f': s~”*"(B, d) — (A,d) for f associated to . 


Proof We first define the cdga (A, d) as the quotient of the minimal model 
(AV, d) of M by the ideal I = (AV)*” ®C, where Cj isa complement to the 
cocycles in (AV). We then take a relative minimal model of f of the form 
(A ® AW,d) and we obtain a shriek map g: s-t"(A @ AW, d) > (A,d) 
as in Example 8.3. We define J = (A @ AW)2"*+? © Cy, where C> is a 
complement of the cocycles in (A ® AW)”*!. For degree reasons, g(J) = 0. 
We therefore define (B,d) = ((A ® AW)/J, d). The maps f and g factor to 
give the required model and shriek map. 


Lemma 8.5 Let (A,d) be a finite type cdga whose cohomology satis- 
fies Poincaré duality with top dimension m and let (M,d) be a finite 
type semifree A-module. Then the evaluation in cohomology induces an 
isomorphism 

[(M, d), (A, d)] => Hompa)(H(M, d), H(A, d)). 


Proof First, recall the functor Ext defined in Section 2.8. If (M, d) and (N, d) 
are differential graded A-modules, and (P,d) — (M, d) is a semifree model 
for (M, d), then 


Ext’, (M, N) = H?(Homa((P, d), (M,d))), and [(M, d), (N, d)] 
= Ext9(M,N). 


There is a spectral sequence due to Moore [200] converging to 
Ext,(M, N) whose E2-term is Ext os (H(M), H(N)), where the indices are 
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defined as follows. Let L, 4 Ly-1 > -::Lo — H(M) be a free resolu- 
tion of H(M) as an H(A)-module. Then, since H(M) is a graded vector 
space, each Ly is also a graded vector space and d(Ly)47 C (Ly_1)4*!. By 
definition, we then have 


Ext 4) (H(M), H(N)) = Exty,4)(H(M), H(N))?*4 
= (H? Homya)((Ls,d), H(N))))? 4. 
In this notation p refers to the resolution degree of L, and p+q is the total 
degree. In our case (N, d) = (A, d) and we have 
Extyi7,)(H(M), H(A)) = (H? Homya) (Lx, d), H(A))))?*4 
= (H? Homy ay (H(A)”, (Lx, d)”)))? 79 
= (H? Homya) (H(A), (Lx, d))))? 79 
=HPU(LydYy=}0 | HPO 
HM) ifp=0. 


Here we have used the fact that when C and D are finite dimensional R- 
modules, then taking the dual map gives an isomorphism Homr(C, D) > 
Homp(DY, CY). Since EY = 0 when p 4 0, the spectral sequence col- 
lapses, and therefore, the morphism that gives the above induced map in 
cohomology, 


Ext (M, A) > Hompyyay)(H” ? (M), H(A) 
is an isomorphism. In particular 


[(M, d), (A, d)] = Homyya)(H”"(M), H"(A)). 


Corollary 8.6 Let g: (AV,d) — (AW,d) be the minimal model of an 
embedding f: N <> M and let 6: (P,d) > (AV,d) be a morphism of 
(AV, d)-modules which is an isomorphism on H™ and such that (P, d) is 
a semifree model for st" (AW, d)”. Then there is a constant q such that 
q:0 is a shriek map for the embedding. 


This means that shriek maps are defined in a unique way by what they 
do on cohomology in degree m. 
8.1.2 Algebraic mapping cones 


An important tool in our construction of a model for the complement C 
is the mapping cone construction associated to a morphism of differential 
graded A-modules. Let’s recall that now. 
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If f: (X,dx) > (Y, dy) is a morphism of differential graded A-modules, 
then the algebraic mapping cone of f is the differential graded A-module 


Cf) = Y @ sX := @&, Y' @ (sX)', 
with differential given by 
d(y, sx) = (dyy + f(x), —sdxx). 


It is easy to see that d* = 0. Also, we can define the morphisms i: Y > 
Y Of sX and t: Y @ sX > X by 


i(y) = (y, 0), T(y5 Sx) =x. 


The mapping cone construction is invariant with respect to quasi- 
isomorphisms as the next result demonstrates. 


Lemma 8.7 Suppose we have a commutative diagram of differential graded 
A-modules, 


f 


<1 aE 


CHa 


where h and k are quasi-isomorphisms. Then we have the following com- 
mutative diagram in which the horizontal maps are the natural injections 
and £ is also a quasi-isomorphism. 


=| fe 


In particular C(f) and C(g) are quasi-isomorphic. 


Now, in Example 8.3 and Lemma 8.4, we gave different constructions of 
ashriek map. By Lemma 8.7, we see that, in fact, they have quasi-isomorphic 
mapping cones. 


Lemma 8.8 Let 0 — (X,d) Ss (Y,d) — (Z,d) — 0 be a short 
exact sequence of differential graded A-modules. Then there is a quasi- 
isomorphism of A-modules C(g) > (Z,d) making the following diagram 
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commutative. 
C(g) 


Proof Consider the diagram of short exact sequences 


=| | | 
0 ——~ (X,d) —~ (X @Y @sx, D’) —~> C(g) —~— 0 
bE 
(Y, d) C(g) 
Here D'(x) = dx , D'(y) = dy, D'(sx) = g(x) —sdx—x, o(x) = g(x), 0(y) = 


y,p(sx) = 0 and @(y) = y. Since @ is a quasi-isomorphism, the same is true 
for @. 


Interesting examples of short exact sequence of differential modules 
arise over the real numbers from the inclusion of relative de Rham forms 
associated to the injection 7: C > M: 

hte 
OS Ape Cs Ape) 22 ape (G) 0: 
Over the rational numbers, the situation is similar. We have that the mor- 
phism Apr(j): App(M) — Apz(C) is surjective with kernel denoted by 
Apz(M, C) and this then gives the short exact sequence of Ap; (M)-modules, 
Pee 
OS Ags 8 Ch Aen = ag OO: 
Lemma 8.9 If f,g: (X,d) — (Y,d) are two homotopic maps of differen- 
tial graded A-modules, then the algebraic mapping cones C(f) and C(g) 
are quasi-isomorphic differential A-modules and we have a commutative 
diagram 


(Y,d) —~> Cf) 


Nh 


Cig) 
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Proof By hypothesis (see Definition 2.106), there is a map of A-modules 
of degree —1, H: X —> Y such that f — g = dH + Hd. We define a map 
0: C(f) > C(g) by putting 6(y) = y and 6(sx) = sx + Hx. The morphism 
8 commutes with the differentials, makes the diagram above commutative 
and is a quasi-isomorphism of differential A-modules. 


8.1.3 The model for the complement C 


In the previous section, we worked with models as differential modules. 
Here, we add hypotheses to obtain models in the framework of cdga’s. 
Suppose that we have a smooth embedding f: N” — M”™ and 
gp: (A,d) — (B,d) is a model for f with associated shriek map 
f': s”-"(B,d) — (A, d). Since H=”(C(f')) = 0, C(f') contains an acyclic 
submodule I such that C(f')2” C I. When m > 2n+2, the quotient C(f')/I 
becomes a differential graded algebra with multiplication defined by 


sx-sy=0, v-sy=(-1l)sw-y), xyes” "B,veEA. 


Theorem 8.10 ([167]) Suppose M” and N” as above are simply connected. 
Ifm > 2n +1, then the induced morphism 


y: (A,d) > CF)/I, ox) =x 
is a cdga model for the embedding j: C > M. 
More generally, we have 


Theorem 8.11 ([169]) Suppose there is an integer r > 0 such that Hg(f;Q) 
is an isomorphism for q < r and suppose that m > 2n+2-—r. Let I be an 
acyclic submodule in C(f‘) containing C(f')=""—". Then the complex C(f")/I 
is a differential graded algebra and the induced morphism (A, d) > C(f')/I 
is a cdga model for the embedding j: C—> M. 


As a consequence, under the dimension hypothesis of the theorem, the 
rational homotopy type of the complement C depends only on the rational 
homotopy type of f. 


Proof Note that, if Hj(f;Q) is an isomorphism for q < r, then by Poincaré 
duality, H4(f') is an isomorphism for g > m—r. In particular the submodule 
I of C(f’) defined by I = S @ C(f')=”"~", where S is a complement of the 
cocycles in degree m — r — 1, is acyclic. 

We use the notation at the beginning of Section 8.1. Denote by 
pu: (AV, d) — Apz(M) a minimal model for M, and by g: (AV,d) > 
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(AV @® AW, d) a relative minimal model for k, 


Apz(k) Ap (h) 
Api (M) Api (T) 


le ie 


(AV, d) Biot (AV ® AW, ad) 


Api (N) 


By composition with the quasi-isomorphism Ap;(/), y can be seen to be a 
relative minimal model for f, with associated shriek map f': s"~"(AV @ 
AW,d) > (AV,d). 

Observe first that, by the Thom isomorphism, the multiplication by the 
Thom class induces a quasi-isomorphism of Ap, (M)-modules 


s”—™ Apr (T) Ss Ap, (T, OT). 


Now, by Mayer-Vietoris, the restriction of forms Apz(M,C) —> 
Apz(T, 0T) is also a quasi-isomorphism of Apr (M)-modules. By the lift- 
ing homotopy property of semifree models (Proposition 2.107 (3)) applied 
to the diagram 


~ 


s”-™Ap (T) Api (T, 0T) <— Apz(M, C) 


LS OF 
= 
= 
= 
= 
~ _ 
= = 
= 
a= 
= 
= 


s?-™(AV @ AW, d) Api(M) 


we get a quasi-isomorphism of (AV, d)-modules 
g: s’~“™(AV @ AW,d) > Ap, (M,C). 


Denote by o: Ap, (M, C) > Apz,(M) the canonical injection. Then, if we 
write (P,d) = s”"" (AV @ AW, d), we have two maps of (AV, d)-modules 
from (P,d) to Ap, (M): the morphisms po f' and po g. 


! 


LL 


(P, d) (AV, d) Api (M) 


(Pd) s A Obey — > A 


Both maps induce isomorphisms in cohomology in degree m, so they differ 
by multiplication by a rational number q. By Lemma 8.5, this implies that 
of’ is homotopic to p o (gg). 
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Using Lemmas 8.7, 8.8 and 8.9,we have a sequence of quasi- 
isomorphisms of differential (AV, d)-modules. 


(AV, d) (AV Gp sP, D) 
~lu x 

y 
Apt(M) ——> (ApL(M) ©,,,¢1 sP;, D) 


= ~ 


y 
Apt(M) —~> (ApL(M) @pocqg) SP; D) 


= ~ 


y 
Apt (M) ——> Apz(M) ®p sApz(M, C) 


y 
Api(M) 


Api (j) 


Api(C) 


Now let (AV,d) ~ (AV ® AZ,D) be a relative minimal model for the 
embedding j: C + M. Since (AV @ AZ, D) is a semifree (AV, d)-module, 
we have a commutative diagram 


(AV,d) —~> (AV @AZ,D) 


wee 


(AV @p: sP, D) 


where @ is a quasi-isomorphism of (AV, d)-modules. Since (sP)<”"~"—! = 0, 
we can suppose that Z<”"-”—! = 0. Denote by I c C(f') an acyclic ideal 
containing C(f')=”~" and by z: C(f') > C(f‘)/I the projection. Then z 
is a quasi-isomorphism of (AV, d)-modules. Since (C(f‘)/I)2”"~" = 0, we 
have 1 00(A*Z) C (C(f')/I)22%-"- = 0. So 106 is a morphism of cdga’s 
and this shows that C(f')/I is a cdga model for the complement C. 


Proposition 8.12 With the same notation, a model for the injection 
g: 0T — C is given by the map of mapping cones 


(AV rf! P,D) > (AW @,,.¢: P; D)- 


gof 
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Proof The morphism Ap;(g) is quasi-isomorphic to the map induced 
between the mapping cones of a and £ in the diagram 
a Api (i) 
0 ——> Ap, (T, dT) ——> Ap, (T) ——~ ApL(0T) ——~ 0 
ApL(f) Api(g) 
A 


Q) 
0 —— Ap, (M, C) ——> Ap, (M) ——> Ap ,(C) ——= 0 


The result follows directly because Apr (f): Ap_(M, C) > Apz(T, OT) is a 
quasi-isomorphism. 


Example 8.13 Consider the embedding f of CP(m) into CP(m) with n < m. 
The complement C is the set of classes [x1,...,;Xm41] with at least one 
nonzero element in the sequence %n42,%n435---5Xm+1- Lhe homotopy 


r([1X15 seg Xyt1s>Xn425--- 3Xm4+1]) = [tx1, tee 9fXn415Xn425 tee Xm] 


defines a deformation retraction of the complement onto CP(m — n — 1). 
A model of the embedding f is the projection 


yg: (Qlal/a”*", 0) > (Q{b]/b"*',0), g@=b, [al =|b| =2. 
Therefore, a shriek map for f, 
fi: SP QIby/b"** > Qlal/a™** , 


is defined by f'(s-2"-b") = a’”-"*", We then have a model for the 
complement C, 


(Qlal/a"*") Gp (ss 7" Q(bY/b"*"). 


Since the ideal generated by a”~” and ss~2-"QJ[b] is acyclic, another 
model is given by the quotient cdga (Q[a]/a’”~”, 0) — and this is a model 
for the space CP(m — n — 1). 


Example 8.14 With the hypotheses of Theorem 8.10, suppose that the 
embedding f: N” > M” is null homotopic. Let (A, d) and (B, d) be models 
for M and N, with A>” = 0, A” = Quy, B>” = 0 and B” = Quy (where 
um and uy are the respective fundamental classes). A model for f is given by 
the trivial map g: (A,d) > (B,d). This means that the A-module structure 
on B is trivial: At - B = 0. A shriek map is then given by 


fi: s"-"(B,d) > (Ad), fs" "n)) = um, f'(6"""B") = 0. 
The complement C of the embedding therefore has the homotopy type of 


(A, d) @p: ss”~""(B, d)/(um, ss” ""un) 
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Since the product of elements in A with elements in s”~”B is zero in this 
quotient, the complement C has the rational homotopy type of 


(M\fa}) v =" TON \ fap) v ST, 


Example 8.15 Let M be the tangent sphere bundle to the product S* x S* 
and let f: S> = N > M be the injection of a fiber. By Example 2.69, a 
model for M is given by 


(A, d) = (A(a, b, x)/(a”, 6”), d), |al| = |b] =2, |x| =3, d(x) =ab, 


and a model for f is given by the natural projection gy: (A(a,0,x)/ 
(a*, b*),d) — (Ax, 0). Therefore, a shriek map is given by 


fi: s-4(Ax,0) > (Aya), fi(s741) = ab, fi(s~*x) = abx. 


The mapping cone is quasi-isomorphic to (A(a, b,x)/(a*, b?, ab), 0). The 
complement C of the embedding thus has the rational homotopy type of 
(SVS) 50S", 

Note that this space is formal. In this example the embedding f is trivial 
in cohomology, but is not homotopically trivial. By Example 8.14, the com- 
plement of a trivial embedding is (M\{x}) V S?. This is a very different space. 
In particular, it is not formal because it has nontrivial Massey products (see 
Proposition 2.90). 


8.1.4 Properties of Poincaré duality models 


There are geometric situations for which minimal models alone are not 
adequate algebraic reflections. Indeed, this chapter shows this quite clearly. 
With this in mind, for our manifold N choose a Poincaré duality model 
(A, d) with a fundamental class w € A” (see Theorem 3.9). By definition 
of a Poincaré duality model, we have A” = Q- a, A*” = 0, and there are 
graded bases aj, a, such that (a; - a‘) = 6; for all i and j. 

Here, the duality map wa: (A,d) > s~"(A,d) defined in Lemma 8.1 is 
an isomorphism of differential graded A-modules (rather than simply being 
only a quasi-isomorphism). 


Definition 8.16 The element Da = >~; (—1)'“!a; @ ad, € A@®A is called the 
diagonal cocycle of A. 


The diagonal Da is a cocycle, satisfies the useful equality 
(a@1)-Da=(1@a)-Da, 


and induces in cohomology the usual diagonal element Dy 4) defined in 
the analogous way on H*(A, d). 


8.1. The model of the complement of a submanifold 


This diagonal cocycle has a very geometric meaning. Consider the diag- 
onal injection A: N > N x N of a 2-connected compact manifold N. 
The complement C is the configuration space of two points in N, and we 
know how to construct a model of this complement from a shriek map 
associated to A. 

The multiplication map (A,d) ® (A,d) — (A,d) makes (A,d) into a 
differential graded (A @ A)-module. Moreover (see Example 2.48), by the 
property above, the multiplication by Da, 


Mpa: s “A—> A@A, s “aw Da: (1 @a) 


is a morphism of differential graded (A ® A)-modules. The next result gives 
the link between the shriek map and the map pp,. 


Lemma 8.17 The multiplication by Da, up, is a shriek map for the 
diagonal injection A: N>NxN. 


Proof Recall that the multiplication m: A ® A — A is a model for the 
embedding A. The lemma follows now from the commutativity of the 
following diagram in which the vertical maps are isomorphisms. 


HD, 


s "A A@A 
s "Wa | | VA@VA 


m 
s-2"7AY —— > s-"AY @s "AY 


8.1.5 The configuration space of two points in a manifold 


Let N be a 2-connected n-dimensional compact manifold and let A: N > 
N x N be the diagonal submanifold. The purpose of this subsection is to 
give a description of a model for the complement of the diagonal: that is, the 
configuration space of two points in N: F(N,2) = {(x,y) e Nx N|x #y}. 


Theorem 8.18 ([166]) Let N be a compact 2-connected manifold, and sup- 
pose (A,d) is a Poincaré duality model for N with associated diagonal 
cocycle Da. Then the quotient map A @ A > (A @ A)/(Da), where (Da) 
is the ideal generated by Da, is a model for the embedding j: F(N,2) > 
NxN. 


Proof We use the notation of Subsection 8.1.4. Since wp, is a shriek map 
for A, a model for F(N, 2) as an A @ A-module is given by the mapping cone 
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C(up,). Since N is 2-connected, H<2(j;Q) is an isomorphism. Therefore, 
by Theorem 8.11, there is an acyclic submodule I containing C(up,)=”"~7 
such that the quotient map 


A@A—> Clup,)/I 


is a model for the injection F(N,2) ~ Nx N. Note that D4 =1@@+.... 
This implies that the A-submodule generated by Dg is a free module of 
rank one. In particular, the multiplication by D, defines an isomorphism 
between s~-”A and the ideal generated by Da. Therefore the quotient map 
q: C(up,)/1 > (A@A)/(Da) is a quasi-isomorphism of differential graded 
algebras. It follows that the other quotient map A @ A > (A @ A)/(Da) is 
a model for the injection j: F(N,2) ~ Nx N. 


The homotopy type of the configuration space of k points in N will be 
described more generally in Section 9.1. 


8.2 Symplectic blow-ups 


As symplectic topology became an active area in the mid 1980s and 1990s, 
certain fundamental questions naturally arose. For instance, since a com- 
pact Kahler manifold is always symplectic and since the standard symplectic 
examples are Kahler manifolds (e.g. CP(7)), it was wondered whether all 
compact symplectic manifolds were Kahler. We have seen that compact 
Kahler manifolds satisfy the hard Lefschetz property (see Theorem 4.35) 
and it was shown in Theorem 4.98 that a nilmanifold can only have Lef- 
schetz type if it is a torus. By Proposition 4.94, a nilmanifold is symplectic 
when it has a degree 2 cohomology class which multiplies up to a top 
class, so it is therefore fairly easy to find nonsimply connected compact 
symplectic manifolds that are not Kahler (see [257] for more information 
on this issue). However, the simply connected case took more work and 
it wasn’t until 1984 that McDuff [188] used the symplectic blow-up con- 
struction (modeled after the blow-up in complex geometry) to construct a 
compact symplectic manifold that did not satisfy the hard Lefschetz Prop- 
erty and, therefore, could not be Kahler (with respect to any metric). So 
finer questions then arose. 

It was shown in [71] (see Theorem 4.43) that compact Kahler manifolds 
are formal spaces. In particular, of course, this entails the vanishing of 
all Massey products. Even though not every symplectic manifold is Kahler, 
could every compact symplectic manifold be formal? Again, the non-simply 
connected case is easy by Proposition 3.20 and the simply connected case 
is harder. In [257] it was implied that blow-ups were the place to look 
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for counterexamples to formality for symplectic manifolds in the simply 
connected case and, indeed, Babenko and Taimanov soon thereafter demon- 
strated that a certain blow-up has Massey products, so could not be formal 
(see [17]). (This approach was later generalized in [230].) The blow-up 
construction is fundamental in symplectic (and complex) topology, so if 
rational homotopy methods are to find real use there, it is essential to 
know more information about blow-ups than just the existence or non- 
existence of nontrivial Massey products. Namely, we want to know the 
rational homotopy type of blow-ups and, for this, the construction of an 
algebraic model is required. In this section, we shall give background on the 
blow-up construction and in the next section, we shall describe the model. 


8.2.1 Complex blow-ups 


The complex blow-up of a complex surface (or rather the blow-down) 
originated as a way to remove certain negative intersections in homology 
obstructing possible embeddings in some CP(7). See [234] for a brief expo- 
sition along these lines. The idea for a complex surface W and a point 
p € W is the following. Take a neighborhood T of p given by a holomor- 
phic chart and a disk about (0,0) € C* and, using those identifications, 
take the bundle over CP(1), 


Lr ={@,) ¢€T x CP) |tel, 


and note that T\p is bi-holomorphic to L7\{p x CP(1)} since t ¥ p uniquely 
determines a complex line through the origin in C?. This means that the 
neighborhood T can be replaced by Ly and, effectively, p has been “blown 
up” toa CP(1). This CP(1) is usually denoted by E and is called the excep- 
tional curve in the blow-up of W at p, W. It has the property that its 
self-intersection is E-E = —1. 

Now, again thinking of T as a complex 2-disk centered at p, we see that 
any complex line / intersects T in a real 2-disk D;. Hence, T is a union 
of real 2-disks which intersect only at p. Of course, the intersections of 
the disks with 9T are the orbit circles on 8T = S* of the Hopf action. 
The corresponding disks in Ly are simply the D;, but now taken to be 
disjoint. Indeed, the centers of the disks correspond to the lines /, so the 
centers form a CP(1). So we see that Lr is the (total space of the) disk 
bundle over CP(1) whose boundary is the associated Hopf sphere bundle 
$3 — CP(1). To form the blow-up W, cut out T (with dT = S? recall) and 
glue in Ly (also with boundary S?). Furthermore, it is well-known that Ly 
is the normal disk bundle to the embedding CP(1) <> CP(2), so we may 
think of Ly as a tubular neighborhood of CP(1) in CP(2). Of course, since 
CP(2) = CP(1) Ue", for a 4-cell e* attached by the Hopf map, if we delete 
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an open 4-disk D4 disjoint from CP(1), we have CP(2) — D* ~ Lr. Then, 
by attaching Ly to W, we should obtain a connected sum. This heuristic 
argument can be made precise (see [234, section 7.1], for instance) to obtain 


Proposition 8.19 x 
1. The complex surface W is diffeomorphic to the connected sum 


W = W#CP(2). 


2. In higher dimensions, the complex manifold W2" obtained by blowing 
up a point is diffeomorphic to the connected sum 


W = W#CP(n). 


Such a connected sum is often called the topological blow-up of W at a 
point. The bar over CP(2) (and CP(7)) denotes CP(2) (and CP(m)) with its 
orientation reversed. This is a way to obtain an oriented manifold whose 
orientation is compatible with the orientations of the summands. In sym- 
plectic geometry, the role of the blow-up point is taken by a symplectically 
embedded ball in order to describe a new symplectic form. Since a ball is 
contractible, the symplectic and complex constructions give the same dif- 
feomorphism type when they both can be defined. See [189, page 239-251] 
for details. 


8.2.2 Blowing up along a submanifold 


The blow-up construction can be extended to submanifolds and this is now 
what we will focus on in the symplectic context. Suppose f: N” <> M” isa 
codimension 2k submanifold whose normal bundle v has a complex struc- 
ture. If (N, @|N) C (M, @) is a symplectic submanifold, then this hypothesis 
always holds for the following reasons. First, the nondegeneracy of w and 
of w|n leads to a splitting TM = TN @ TN®, where TN®@ denotes the 
w-complement of TN in TM. Of course, we have the usual isomorphism 
v = TM/TN, where v is the normal bundle of the embedding, so we obtain 
v = TN®. Now, | Tne is a nondegenerate skew-symmetric bilinear (i.e. 
symplectic) form on each fiber, thus reducing the structure group of v to 
Sp(k, R) ~ UCR) (see Exercise 1.3) and making v a complex bundle with 
fiber CF. 

Denote the unit disk bundle of v by Dv and the associated sphere bundle 
by Sv. As above, let T denote a tubular neighborhood of N in M diffeo- 
morphic to Dv with boundary dT diffeomorphic to the sphere bundle Sv. 
Also, denote by C the closure of the complement of T in M, C = M\T. The 
complex structure on v implies that the circle S$! (thought of as $! c C*) 
acts on the sphere bundle S**-! — Sv = aT > N to give the projectivized 
bundle CP(k — 1) > Pv > N. Note that there is a bundle map dT > Pv. 


8.3 Symplectic blow-ups 


Definition 8.20 The blow-up M of M along N is the smooth manifold 
M = CUsrz Pv 
obtained from the pushout diagram 


k 
aT —>C 


a. 


Pv —> M 


Remark 8.21 The definition above gives the homotopy type of the blow-up 
because the map k: dT — C is a cofibration and this makes the pushout 
a homotopy pushout as well. In particular, this means that any of the 
constituent spaces may be replaced by spaces of the same homotopy type 
without changing the homotopy type of M. To obtain the diffeomorphism 
type of the blow-up requires a bit more work and a larger space than Pv 
(which has the same homotopy type). This then allows the definition of the 
blow-up projection ¢: M > M. See [257, Chapter 4] for instance. 


The algebraic topology of the blow-up may be understood in terms of 
the cohomologies of the spaces involved in its construction. In particular, 
we have the following fundamental result. Recall first that if c; ¢ H7/(N;Z) 
denote the Chern classes of the bundle v, then the cohomology of Pv is 
given by 

H*(Pv;Z) = H*(V)[al/(a* + cya* 1 +... +c) 
where a € H?(Pv;Z). By Van Kampen and Mayer-Vietoris, we have 
Theorem 8.22 With the notation above: 
© (M) = 7 (M). 
¢ There is a short exact sequence 
0 > H*(M;Z) > H*(M;Z) —> A*>0 
where the quotient A* is the ideal generated by a in H* (Pv; Z): 
A* =a-H*(N;Z)al/(a®* + cya* 1 +... 4 c,). 


Once these algebraic properties of the blow-up have been given, it still 
remains to show that M has a symplectic structure. This can be done, but 
we omit details and simply state the result. 


Theorem 8.23 ([188]) If M is compact, then the blow-up M of (M, w) along 
(N, @|N) bas a symplectic form ©. 
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8.3. A model for a symplectic blow-up 


Throughout this section we assume that M is simply connected and that 
dim M > 2dimN + 3. This latter condition is only required to guaran- 
tee that any model of the embedding f: N” — M” may be used for the 
construction of the blow-up model. (Indeed, without this condition, homo- 
topic embeddings with isomorphic normal bundles can be defined that give 
non-rationally equivalent blow-ups [168].) 


8.3.1. The basic pullback diagram of PL-forms 


The key to obtaining a model for the blow-up is the fundamental pushout 
diagram 
k 
of ==" 
| | 
M 
A model for the pushout is given by the pullback of the corresponding homo- 


morphisms of Sullivan PL-forms (see Section 2.4). The pushout diagram 
induces a commutative diagram 


Py —~ 


Ap (M) —— Api(C) 


| | Apx(k) 


Api (q) 
Apr (Pv) ——~> Apz(0T) 


Note that, since k: dT <> C is the inclusion of a sub-complex, Ap, (k) is 
surjective. Therefore, the universal property for pullbacks provides a cdga 
homomorphism 


: Api(M) > Apr (C) X Ap (dT) APL(Pv) 
and we have the following. 


Proposition 8.24 (see [87, Proposition 13.5]) ¢ is a quasi-isomorphism. 


8.3.2 An illustrative example 


Example 8.25 Let Mp, ~ Mar < Mc denote the induced morphisms 
of minimal models. It would be very nice if a model for the blow-up could 
be obtained as a pullback of these morphisms. Unfortunately, the only time 
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we can guarantee this to be the case is when at least one of the morphisms 
is surjective (see [87, Proposition 13.6]). Of course, there is one natural 
geometric situation where surjectivity holds. Namely, consider blowing up 
a point p in a complex manifold M?” (where 2 is the real dimension). 
The neighborhood T (as we saw above) is a 2n-ball with 8T = S*”—! and 
trivial normal bundle v. Therefore, Pv ~ CP(# — 1) and the map dT — Pv 
is simply the Hopf bundle map $*”~! — CP(n — 1). The minimal models 
are, respectively, (A(z),d = 0) and (A(x, y), dy = x”), where the degrees 
of generators are |z| = 2” — 1, |x| = 2 and |y| = 2m — 1. The long exact 
homotopy sequence of the bundle $! — S?”-! —» CP(n — 1) shows that 
Z = Wy_1(S2"—!) = my_1(CP(n — 1)), so the identification of (the duals 
of) the rational homotopy groups with the sets of generators (see Theo- 
rem 2.50) then implies that y maps to z under the induced model morphism 
(A(x, y), dy = x”) > (Az,d = 0). Since we are over Q and (Az, d = 0) is 
an exterior algebra, this means that the morphism is surjective. 

By [87, Propositions 13.3, 13.6], we then obtain a model of the blow-up 


(A(x, y), dy = x”) xnz Mc, 


where C = W—T = W—D*4 and Mc is a model for C [87, Proof of 
Theorem 38.5]. Let (A,d) be a Poincaré duality model for M with funda- 
mental class w4. A model for the embedding C — M is thus given by the 
injection (A,d) > (A®Q-u,d) by letting du = ug and setting u- At = 0. 
Moreover, the model of the injection S?”~! — C is given by the morphism 
(A @®Q-u,d) > (A(z), d = 0) that maps u to z. Together with y +> z, we 
have the pullback of the models, 


(A(x, y), dy =296") X Az (A® Q 7 u, da) — (A(x, y) @QgA,dy =a + Ug). 


This model is a model for the connected sum W#CP() — just as it should be 
by Proposition 8.19 (2). We will also see this when we describe the general 
model for a blow-up. Indeed, this example contains many of the ingredients 
(at least in spirit) of the general construction of the model for a blow-up. 


8.3.3. The model for the blow-up 


Let’s first fix notation. The morphism ¢: (A,d) — (B,d) is a model for the 
embedding f: N” > M” with m—n = 2k. We suppose (without loss of 
generality by Lemma 8.4) that A7”+! = 0, B=”*+! = 0 and there is a shriek 
map f': s”~"(B,d) — (A,d). We let (P,d) = s”~(B,d), and denote by 
y; € (B, d) representatives for the Chern classes c;(v) of the normal bundle 
v (with yp = 1 and yg = 0 since 2k > dim V by assumption). 
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Proposition 8.26 
1. A model for q: OT — Pv is given by the projection 
proj: (B® A(x,z),D) > (B@A@),D), x 0 


where |x| = 2, |z|] = 2k —1, Dx = 0, Dz = a yixk', Dz = 0, and 
2k=m—n. 

2. A model fork: dT > C is given by the homomorphism of algebraic 
mapping cones 


$ @id: A Gp sP > BO@gp sP. 


Proof Since H*(Pv;Q) = H*(N; Q)[a]/ ys yix*—', in the relative model 
for the bundle Pv > N, 
(B,d) > (B® A(x,z),D) > (A(x, z),D), 

we necessarily have Dx = 0 and Dz = eae yix*—!, We now have only to 
recall that g: OT = Sv — Pv is a morphism of bundles over N that maps 
77~_-1(CP(k — 1)) isomorphically onto 2,_1(S2*7!). 

By our dimension hypothesis, the second part of the proposition follows 
directly from Proposition 8.12. 


Note that, by our connectivity hypothesis, the two models for Ap, (dT) 
are isomorphic. Since ¢: Apn(W) — Apz(C) Xp, (aT) APL(PV) is a quasi- 
isomorphism, we have the following definition and result. 


Definition 8.27 (Description of the model for the blow-up) 
Assume that m > 2n + 3. Then, with the notation above, define 


BI(A, B) = (A@ (B @ AT (x,z)), D) 


with |x| = 2 and |z| =m—n—1 = 2k-1. The algebra structure on BI(A, B) 
is induced by the multiplications on A and B ® At (x,z) and the formula 
a-(b@w) = (¢(a)-b) @w. 
The differential D on BI(A, B) is defined by 
D(a) = daa 
D(b @x) =dzgb @x 


k-1 
D(b @z) = dgb @z + (-1)" [ve + xO Yi) ® =) 
i=0 


where the y; € B are representatives for the Chern classes, c;(v), of the 
normal bundle v. 
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Theorem 8.28 ([167]) With the above notation, when m = 2n + 3, then 
BI(A, B) is a model for M and the injection A > BI(A, B) is a model for 
the blow-up projection M > M. 


8.3.4 McDuff’s example 


A theorem of Tischler (see [251]) says that a closed symplectic mani- 
fold (V?",@) with integral symplectic form (i.e. [wo] € H*(V;Z)) may 
be embedded symplectically in some (CP(m),a) for 1 large enough. So 
now consider such an embedding for the Kodaira—Thurston manifold, 
f: (KT,w) > (CP(m),a) and take the blow-up CP(z). In order to sat- 
isfy our usual hypothesis dim M > 2 dim N + 3, we take 1 => 6, but in fact, 
simply according to Tischler, we could take n = 5. Let’s now find the model 
BI(A, B) of CP(7). 

We start by taking the model (A,d) = (A(a)/(a"*!),d = 0) for CP(n) 
with a +> a. For V = KT, we take the model from Example 4.95, 
(B,d) = (A(4,v,y,t),du = 0, dy = 0, dv = uy, dt = 0). Observe 
that the nonformality of KT is expressed by the Massey product vy (see 
Proposition 2.90 and Proposition 3.20). Note that these models satisfy the 
dimension restrictions imposed by Proposition 8.26. The form of 6/(A, B) 
is then 


BI(A, B) = (A(a)/(a"*!) © Av, y, t) ® At (x, 2), D), 


with |z| = (2n-4)-1=2n—5. 

We must now define the differential D and for that we need the shriek 
map and the Chern classes of the normal bundle. By Theorem 8.32, we 
know that the total Chern class of KT is trivial, c(KT) = 1. The total 
Chern class of CP() is c(CP(m)) = (1 + a)"*', so the Whitney product 
formula gives 


c(v) = c(KT)c(v) = f*c(CP(n)) = f*(1 + a)"*" 


1 
n(n + ie 


=14+(m+1)o4 5) 


since f*(a@) = w and dim KT = 4. 
A general fact that we will not prove (see [165, Lemma 8.3]) is that the 
shriek map for any embedding f: V7” — CP(n) is (for 2r = 2n — 2m), 


fi:s "BoA, fi@/)=tyat’ 


where a +> a under the model map and fy is the coefficient relating w” and 
the orientation uy given by the almost complex structure: wo” = €y uy. For 
V = KT, by Proposition 4.94 we have a symplectic class w = uv + yt with 
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w* = 2uvyt, so (xr = 2. Therefore we have s~?"(1) = 2a” = 2a"~* and 
s-2"(w) = 2a!+" = 2a"~!. Since w = uv + yt, we can define f'(uv) = a”! 
and f'(yt) = a”—!. Finally, we have s~?"(w*) = 2a7+” = s~*"(2uvyt) = 
2s-?"(uvyt) which says s~*" (ux) = a2"? =a" = ucp(n) and f'(s-*"é) = 
0 for any other monomial. Here this translates into a differential with 


D(a) =0 
D(q@®x)=dpq@x 


D(q ®z) = dgq @®z+(—-1)4 (Fea +q@x"? 


1 
t+q(n+ lo @ x34 nt’ wo ® a) ; 
using the fact that y, = 0 for 7 > 2 since dimKT = 4. Similarly, the 
term q (n(n + 1)/2)@? @ x”-4 = 0 unless gq = 1 for degree reasons. This 
description of D has the following consequences. 


Dv @x?) = D(v@x)(1 @x)) 
= Div ®x)-(1@x)+(-1)W@x)-DA@x) 
= (dgv ®@x)-(1@~x) 
= (uy @x)- (1 @~x) 
= (U@Xx)-(y@x). 
This says that [uv ® x] - [y ® x] = 0. Of course, we also have [y @ x] - [y ® 


x] = 0 since y has odd degree, so the Massey product (see Definition 2.89) 
((u ® x], Ly ® x], Ly ® x]) is defined with representative 


(v @ x”) -(y@x) — (-1)3(u¥@ x) -0 = UV @x*)- (y@x) = (vy @x?). 


Since v @ x? is not a cocycle (and from the form of the differential D if 
|z| = 7), we see that [vy @ x>] is not in the ideal generated by [u @ x] and 
[y @ x]. Hence, ([u ® x], [y @ x], [vy @ x]) is a nontrivial Massey product. 
Therefore, by Proposition 2.90, we see that the blow-up of CP(7) along 
KT, CP(7), is not formal. Thus we have the following result. 


Theorem 8.29 ([17]) There exist closed simply connected symplectic 
manifolds that are not formal. 


Of course, the description given above using the model 6/(A, B) shows 
exactly how Massey products can propagate from nonformal submanifolds 
to blow-ups along them. For a general discussion of this, see [230]. The- 
orem 8.29 powerfully illustrates the gap between Kahler manifolds and 
symplectic manifolds, even in the simply connected case. 
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Remark 8.30 In [188], D. McDuff constructed a blow-up of CP(5) along an 
embedding of the Kodaira—Thurston manifold KT <> CP(5). She proved 
that if the hard Lefschetz property failed for M, then it also failed for the 
blow-up (see [188, Proposition 2.5] or [257, Chapter 4] for details). G. 
Cavalcanti [51] has shown that we can’t decide whether blow-ups have or 
don’t have the hard Lefschetz property based simply on the ambient space. 
He also shows that there are compact simply connected symplectic blow-ups 
which satisfy hard Lefschetz, but which are nonformal. On the other hand, 
there are compact simply connected symplectic blow-ups (e.g. McDuff’s 
example) which do not satisfy hard Lefschetz, so, by Theorem 4.82, they 
are simply connected counterexamples to the Brylinski conjecture. 


8.3.5 Effect of the symplectic form on the blow-up 


How much of an effect does the choice of symplectic form have on the 
rational homotopy type (and hence the diffeomorphism type) of a blow-up? 
In [165], embeddings are taken according to the Tischler theorem, 


cp) 4S CP(S),  fe"(@s) = Len, 


where q; is the standard Kahler form_on CP(i), i = 1,5 and ¢ € Z. Then, 
denoting the resulting blow-ups by CP,¢(5) and using the model 6/(A, B) 
(and, in particular, the multiplication derived from the R-dgmodule struc- 
ture), the following result is shown. 


Theorem 8.31 ([165, Section 8.5]) If £1 4 2, then the rational homotopy 
types of CPe,(5) and CP, (5) are different. Hence, there are an infinite 
number of rationally distinct blow-ups of CP(5) along CP(1) corresponding 
to the infinite number of integral symplectic forms on CP(1), €a, for £ € Z. 


8.3.6 Vanishing of Chern classes for KT 


A key point in the construction of McDuff’s example in Subsection 8.3.4 
was the triviality of the Kodaira-Thurston manifold’s total Chern class. 
Here we give the details of this vanishing result since it does not seem to be 
something that is widely known. The proof relies on an old construction 
that goes back at least to Borel and Hirzebruch’s work on the characteristic 
classes of homogeneous spaces [34]. This construction is known as the 
tangent bundle along the fibers. 


Suppose F > E -, Bisa fiber bundle of smooth manifolds with associ- 
ated principal bundle G + P > B, where G right-acts smoothly on P and 
G left-acts smoothly on F. Then G left-acts smoothly on the tangent bundle 
TF of F by derivative maps. We can then form the quotient 9 = P xg TF 
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and, since E = P xg F, we obtain the following map of bundles 


T 
TF —~> @ 


im 


- o—_— 


The bundle @ is called the (tangent) bundle along the fibers. The essential 
properties of the bundle along the fibers are delineated in [34]: 


1. The tangent bundle TF is a pullback of @: i*(0) = TF. 

2. If G preserves some other structure on TF, then 6 inherits the same 
structure and t is a bundle map preserving that structure. In particular, 
if F is almost complex and G preserves the almost complex structure, 
then t is a bundle map of almost complex structures. By (1), we have 
i*(c(@)) = c(TF), where c(—) denotes the total Chern class. 


3. If F> ES Bisa smooth bundle of manifolds, then the tangent bundle 
of E is given by TE = 6 © p*(TB) (see [34, Proposition 7.6]). 


Our goal is to prove the following result (also see Exercise 8.3). 


Theorem 8.32 The Chern classes of the Kodaira-Thurston manifold 
vanish. That is, c1(KT) = 0 and c2(KT) = 0. 


Proof First, we note that all nilmanifolds have free circle actions on them, so 
their Euler characteristics vanish. For KT, this also follows by the product 
equality for the Euler characteristic of a fibration. Because c2(KT) is the 
Euler class, we see that co(KT) = 0. Hence, we focus on the vanishing 
of c{(KT). 

We now take the bundle along the fibers of the Borel fibration associated 
to the free symplectic action of T? on KT: 


T(KT) —> 6 = ET? x72 T(KT) 


| 


KT ET* x72 KT 


BT2 


By our standing assumption, the action preserves a compatible almost com- 
plex structure, so the bundle map gives i*(c1(0)) = c1(KT). Now, because 
the action is free, we have the following commutative diagram with g a 
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homotopy equivalence: 


KT —~> ET? x72 KT 


Tee 


T* = KT/T? 


Now, the bundle T? ~ KT 2, T2 is classified by the top class in H*(T?; Z), 
so p*(H?(T?; Z)) = 0. Since q is a homotopy equivalence, we therefore also 
have i*(H?(ET* x72 KT;Z)) = 0. Because c1(6) € H?(ET? x72 KT;Z), 
we have c1(KT) = i*(c1(9)) = 0. 


8.4 The Chas-Sullivan loop product on loop 
space homology 


8.4.1. The classical intersection product 


Let N be a compact connected oriented n-dimensional smooth manifold 
and let A: N + N x N be the diagonal embedding. Denote by T a tubu- 
lar neighborhood of A(N) and by dT its boundary. The exponential map 
induces a diffeomorphism between T and the normal disk bundle Dv to 
A(N) that restricts to a diffeomorphism between dT and the associated 
sphere bundle Sv. Let p: Dv — N denote the projection. Since N is ori- 
ented, there is an orientation class On ¢€ H”(Dv,Sv) such that the cap 


product with On induces an isomorphism 6: H,(Dv,Sv) > Hy—n(N): 
0(x) = Hx (p)(ON Mx). 

The homology intersection product on N with coefficients in a field 
k is the map Hz(N) ® H)(N) > Hesi-n(N) obtained as the following 
composition of maps 


H,(N) ® H,(N) > Hy, (N x N) > Hy4(N x N, F(N,2)) 


exc”! a 6 
SS Apys(T,9T) —> Hyy)(Dv, Sv) —> Hpgien(N), 


where exc denotes the excision isomorphism and F(N,2) denotes the 
complement of the diagonal A(N). 

In cohomology, we can take the cup product with On to obtain an iso- 
morphism 6’: H*"-"(N) > H*(Dv,Sv): 0/(x) = H*(p)(x) U On. With 
coefficients in a field ik, the intersection coproduct is then given by the 
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composition of maps 


H*-"(N) > H*(Dv, Sv) => H*(T,aT) 


= ™ 

oXC.” H*(N x N, F(N,2)) > H*(N x N) > H*(N) @ H*(N). 
We observe that, since the intersection coproduct is an isomorphism for 

* = 2n, mapping fundamental class to fundamental class, it is a shriek 

map by Corollary 8.6, and therefore is multiplication by the diagonal 

cohomology class (see Lemma 8.17). 


8.4.2 The Chas-Sullivan loop product 


In [53], M. Chas and D. Sullivan defined a product on the desuspension of 
the homology (with coefficients in a field kk) of the free loop space of N: 


H,.(LN; k) = Hy+n(LN; kk). 


The product, called the loop product, is defined at the chain level using both 
the intersection product on the chains on N and the loop composition. We 
now give a brief description of the Chas—Sullivan definition without going 
into details. We present a more homological version afterwards. 

The loop product makes the homology of the free loop space a graded 
commutative and associative algebra [53]. More precisely, let p: LN > N 
denote the map that associates to a loop its base point. Let o: A? > LN 
and t: AY + LN be chains such that their projections in N, po and pt, 
are transverse. We then define a space 


E={(s,t,n) € A? x AY x N|po(s) = pt(t) =n} 


as the pullback of the diagram 


E N 


| 2 
(po pt) 


AP x Ad —>NxN 


Note that the composition of the loops a(s) and r(t) is defined for (s, t, 2) € 
E. We thus get a map E + LN by mapping (s, t) to the composition of the 
loops o(s) and t(¢). Since N has codimension in N x N, when o and t 
are transverse, then E has codimension » in A? x A‘, Chas and Sullivan 
then used this construction to define their loop product, 


H,(LN) @ Hq(LN) > Hp4q-n(LN). 


8.4 The Chas-Sullivan loop product on loop space homology 


Let’s now consider a more homological version of the loop product for a 
compact connected smooth orientable manifold N. Our presentation looks 
like the homological presentation given above for the intersection product. 
For Z CN x N, we denote by Lz the subspace of L(N x N) = LN x LN 
consisting of loops with base point in Z. For instance Lain) = LN xn LN, 
and the composition of loops defines a map that will be very useful later: 


wu: LNxnLN-LN. 


Recall that (T, dT) is diffeomorphic to the pair (Dv, Sv) formed by the 
normal disk bundle and the normal sphere bundle to the embedding A. Let 
p* Dv and p*Sv denote the pullbacks over LN xn LN of the disk and sphere 
bundles Dv and Sv along the projection p: LN xn LN > A(N). A point 
in p* Dv is a pair (c,v) with c € LN xn LN and v € (Dv) (0). Applying the 
exponential map to v gives a geodesic u(t) = exp <0) (tv). Let u(t) denote 
the inverse path, #(t) = u(1 — t). The correspondence 


(C,V) b> u-c-Uu 


gives a homotopy equivalence p*Dv — Lr, which induces, by restriction, 
a homotopy equivalence p* Sv S Lar. 

Denote now by On € H"(p*Dv,p*Sv) the pullback of the orientation 
class On € H"(Dv, Sv). The cap product with On defines an isomorphism 


A, (Lay) = Ae+n(p* Dv, p*Sv). 


By excision and homotopy equivalence we also have the following isomor- 
phisms: 


H,(L(N x N), Lewn,2)) — Hx(Lt, Lar) > Hx(p*Dv, p* Sv). 


Definition 8.33 The (Chas—Sullivan) loop product on H,(LN) is the 
composition 


H,(LN) ® H,(LN) — H,(LN x LN) > H,(LN x LN, Lea) 
~ H,(p*Dv, p*Sv) = Hy-n(Lawy) —> He—n(LN). 


Definition 8.34 The dual of the loop product is the composition an o 
H*-"(w), where 


A?" (us ASN) > A aay) s 
on: H*-"(Lacny) & H*(LN x LN, Lyu2)) > H*(LN x LN). 
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8.4.3 A rational model for the loop product 


In this section we will suppose that N is 2-connected. Suppose (AX, d) is a 
minimal model for N, and let (A, d) be a Poincaré duality model for N. We 
then have a quasi-isomorphism g: (AX, d) — (A, d). A model for the free 
loop space fibration p: LN —> N has been described in Section 5.2 (where, 
for the sake of simplicity, we write X = sX): 


(AX,d) > (AX @ AX,D), D(X) = —sd(x). 
The pullback 
(A, d) > (A @ AX,D) = A @®,x (AX @ AX, D) 


is also a model for the projection p. 

Since LF(n,2) is the pullback of LN x LN along the inclusion: F(N,2) @ 
N x N, and since the projection 7: A@ A — A @ A/(Da) is a model for i 
(see Theorem 8.18), a model for the diagram 


LrN,2) ——> LN x LN 


| | 


F(N,2) —_» NxN 


is given by the square 


((A@AX,D) @ (A® AX, D)) /(Da) —— (A® AX,D) @ (A@ AX,D) 


| | 


(A ® A)/(Da) < A@A 


where 7 is the map 
(A,d)® @a@a (A @ AX, D)® — (A,d)®*/(Da) @a@a (A @ AX)®. 
This shows that a model for the injection 
Api (L(N x N), Lrwn,2)) > Apt(L(N x N)) 


is given by the injection of Ker 7 by the map p,, which is the multiplication 
by Dg (see Subsection 8.1.4): 


MD, @ 1: (s-"A) @aga (A @ AX, D)@(A @ AX, D) 
> (A® A)awa(A @ AX,D)®. 


From the definition of ax, we deduce the following result. 


8.4. The Chas-Sullivan loop product on loop space homology 


Proposition 8.35 ([94]) The map an is the map induced in cohomology 
by Lp, @ 1. 


As we saw in Section 5.9, another convenient model for the free loop 
space is given by the Hochschild complex B(A) = (A ® T(sA), D). This 
entails the following version of Proposition 8.35. 


Proposition 8.36 ([94]) The map an is the map induced in cohomology by 
the following multiplication by Da: 


UD, ® 1: (s-"A) @aga (A @ T(sA))@ (A ® T(sA)) 
— (A @ T(sA)) @ (A ® T(sA)). 


We now give a model for the multiplication w: LN xnLN — LN. Recall 
that T(sA) is a differential coalgebra whose comultiplication is defined by 


q 
V(lail +++ lagl) = Yolail- ++ lai] ® (aipal +++ laql- 
i=0 


Then we see that 


1@V: B(A) > (A @ T(sA) ® T(sA), D) = A @4@a BA) @ B(A) 


is a morphism of differential A-modules. 


Proposition 8.37 The morphism H*(u;Q): H*(LN;Q) > H* (Law; Q) 
is the map induced in cohomology by the morphism 1 ® V. 


Proof The composition of loops w: Lawn) > LN is the pullback morphism 
in the diagram 


Lawn) > LN 


we alll 


N01] x NLO>1] NIO051] 


s 


ae a 


NxNxN - NxWN 
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with g(a, b,c) = (a,c), s(c,c’) = (c(0), c(1), c’(1)) and r(c) = (c(0), c(1)). 
The model for this diagram is 


a < 1@V (A) 
B(A, A, A) @ B(A, A, A) ° _ B(A,A, A) 
nN 
A A 
TS aon 
A®A@A A@A 


0 


where 2 = A @aga (B(A) ® B(A)), B(A, A, A) denotes the double bar con- 
struction (see Section 5.9), the map m denotes the standard multiplication, 


n 
A(alai| +++ |anla’) = ) > alai|--- lai) }1 @ I largal---lanla’, 

i=0 
and 6(a @ a’) = a®1@d’. The model for the composition of loops 
is thus obtained by taking the pushout map in this diagram: that is, the 
map 1@V. 


8.4.4 Hochschild cohomology and Cohen-Jones theorem 


Recall that the Hochschild cohomology of a graded differential algebra 
(A, d), HH*(A, A), is the homology of the complex Hom, (B(A), A). This 
homology is a graded algebra whose product « is defined for f,g € 
Hom(T(sA), A) = Hom, (B(A), A) by 


fee tied) Ss BEA @TGA) SS AeA A: 


Using the isomorphism 4: A > s~”AY, we obtain, by duality, a coprod- 
uct on the Hochschild homology of A, HH,(A). The coproduct has degree 
n and is the map induced in cohomology by the composition 


(A) = A @, BOA) “48! s-"AY @,4 BIA) 


= s-"Hom(T(sA), A) —$ s~” (Hom(T(sA), A) ® Hom(T(sA), A) ) 


@2 
= s~" (AY @ T(sA))® va s”(A @ T(sA))®? = s"B(A)®?. 
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We are now ready to prove the theorem of Cohen and Jones. 
Theorem 8.38 ([62], [191], [94]) The isomorphism 
H*(LN; Q) = HH,(A) 


is an isomorphism of coalgebras. By duality, the loop algebra H,(LN; Q) 
is isomorphic as an algebra to the Hochschild cohomology algebra 
HH* (A, A). 

Proof The theorem is a direct consequence of the commutativity of the 


following diagrams (the first one coming from Proposition 8.37 and the 
second one being a combination of Proposition 8.36 and Lemma 8.17). 


H*(LN;Q) Z H*(Laq;3Q) 
: | H*(19V) | : 
H*(B(A)) H*(A @4e2 B(A)®7) 


A*(y4@1) | = = | A*(va@1) 


H*(s-"AY @,4 B(A)) —— H*(s-"AY @4e2 B(A)®) 


s"H*(Laqy;Q) “N __.. H*(L(N x N;Q)) 


H*(s-"A @,2 B(A)®*) H*(A®? @ 42 B(A)®*) 


H*(s“"wa@l) | = = | H*(w4@l)® 
H*(m@1) 
H*(s-2"AY @4@2 B(A)®?) ——> H*((s-"AY)®? @ 4e2 B(A)®?) 


Since a quasi-isomorphism of differential graded algebras, gy: (A,d) > 
(B,d), induces an isomorphism of Hochschild algebras HH*(A,A) = 
HH*(B,B), we can choose A = C*(N;Q), A = Ap, (N) or A = (AV, 4d), 
where (AV, d) is the minimal model of N, in Theorem 8.38. We thus have 
the following isomorphisms of algebras: 


H,.(LN; R) = HH*(Apr(N), Apr(N)), 
H,.(LN; Q) = HH*((AV, d), (AV, d)). 
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8.4.5 The Chas-Sullivan loop product and closed geodesics 


Let (LN), denote the subspace of LN consisting of curves of length less 
than or equal to a. Following [110], we define the critical value cr(a) of a 
homology class a € H,(LN; Z) to be the number 


cr(#) = inf{a|o € Im(H,((LN),;Z) > H(LN;Z))}. 
Denoting the loop product by e, Goresky and Hingston prove the 


Theorem 8.39 ([110]) The critical value behaves well with respect to the 
loop product: 


cr(a e B) < cr(@) + cr(f). 
Moreover, we have the following nilpotency result. 


Theorem 8.40 ([110]) Ifall closed geodesics are nondegenerate, then every 
homology class a € H,(LN;Z) is level-nilpotent; that is, there is an integer 
r depending on a such that cr(e’a) < rcr(@). 


This level-nilpotency of the homology classes for the loop product begs 
the question of whether the classes are nilpotent in the usual sense. In order 
to investigate this question, we consider the transverse intersection of a 
homology class in LN with QN viewed as a submanifold of LN. This 
transverse intersection induces a morphism of algebras I: H,(LN;Q) > 
H,(QN; Q) [53] that can be computed in the following way. Denote by 
(AV, d) the minimal model for N, by (AV @ AsV, 5) the minimal model for 
LN, and by @: (AV,d) — (A,d) a finite dimensional model for M with 
A>” =O and A” = Qa. Then we have a quasi-isomorphism 


9 @ id: (AV @ ASV, 8) > (A@ ASV, 5) = (A, d) @ava) (AV @ ASV, 5). 
Now, the multiplication by w, a +> a - @, induces a map 
I*: H*(QN;Q) = AsV — H*(A ® AsV, 5) = H*(LN;Q). 
Lemma 8.41 ([93]) The map I* is dual to the intersection map I. 


This computation gives a nilpotence result analogous to the result above 
of Goresky and Hingston, Theorem 8.40. 


Theorem 8.42 ([93]) The image of the intersection map I: H,(LN;Q) > 
H,(QN;Q) is a finitely generated algebra, and its kernel is a nilpotent 
algebra. 
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Exercises for Chapter 8 


Exercise 8.1 Let G be a connected Lie group. Show that the loop algebra H,,.(LG; Q) 
is isomorphic to the tensor product H,(G;Q) ® H,(QG;Q), where H,.(G;Q) is 
equipped with the intersection product, and H,(QG; Q) has the Pontryagin product. 


Exercise 8.2 Use the Lambrechts—Stanley model B/(A, B) (see Definition 8.27) to 
obtain the rational homotopy type of the blow-up of a point in a manifold M. 


Exercise 8.3 A result of F. Peterson says that, in particular, if a real 2-dimensional 
manifold has torsionfree integral cohomology, then any complex 27-bundle is com- 
plex trivial if and only if its Chern classes vanish. (Note that we are not saying the 
bundle is complex parallelizable, for this is a restrictive concept requiring analyt- 
icity of sections.) Show that we can see the triviality of the tangent bundle of KT 
directly from the following. 


1. Consider the principal bundle T? — KT 4. T2. Show that T(T*) is trivial 
as a complex bundle because cj(T*) = x(T*) = 0 and the trivialization is 
accomplished by left translation on T?. Therefore, the induced action of T? on 
T(T?) = T* x Cis given by Ly(x,s) = (yx,s). 

2. Show that the bundle along the fibers is given by 


6 = KT x72 (T* x C) = (KT x2 T*) x C=KT XC. 


Hint: to see that KT x72 T* = KT is an equivariant homeomorphism, define 
the inverse maps: 4: KT x72 T* > KT, A([x,g]) = xg3 1: KT > KT x72 T?, 
T(x) = [x, e]. Hence, 6 is a trivial complex bundle. 

3. Now show that T(KT) = 6 @ p*(T(T*)) and therefore it is trivial. Because the 
tangent bundle is complex trivial, all Chern classes vanish. 


A Florilege of geometric 
applications 


This chapter is a survey on the types of models which arise when study- 
ing configuration spaces, smooth algebraic varieties, function (or mapping) 
spaces, and arrangements. We also give a brief introduction to two 
subjects, Gelfand—Fuchs cohomology and iterated integrals, which pro- 
vided unexpected connections between models and geometric analysis at 
the very dawn of rational homotopy theory. Here we explain the rele- 
vant models and then refer to the appropriate literature for details or 
proofs. 

Section 9.1 is a quick survey on the rational homotopy type of configu- 
ration spaces. When M is a manifold, the configuration space of k points 
in M is the space F(M,k) = {(x1,...,x~) € M* |x; # x; fori # j}. We 
recall, in particular, how to compute the Betti numbers and the ranks of the 
homotopy groups of F(M, k). The main problem centers around knowing if 
the rational homotopy type of F(M, k) depends only on the rational homo- 
topy type of M. By the work of Kriz and Totaro, this is true for complex 
projective varieties and, by the work of Lambrechts and Stanley, this is true 
when k = 2 and M is a 2-connected compact manifold. Further, we dis- 
cuss certain chain complexes giving the rational cohomology of unordered 
configuration spaces. 

Next, in Section 9.2, we consider arrangements of hyperplanes and affine 
subspaces and their accompanying models. The main problem here is to 
understand the topology of the complement of the arrangement. This is 
directly related to configuration spaces because the configuration space of 
k points in R? is the complement of the arrangement formed by the complex 
hyperplanes z; = z;. Here we describe the atomic model of Yuzvinsky and 
give concrete examples. 

We have seen in Theorem 4.43 that compact Kahler manifolds are formal 
spaces. We may then wonder if the minimal model of a smooth algebraic 
manifold also has some special properties. In Section 9.4, with this objective 
in mind, we first use the existence of a pure Hodge structure on the coho- 
mology of a compact Kahler manifold to give another proof of formality. 


9.1 Configuration spaces 


In [69], Deligne extended the notion of pure Hodge structure to that of 
mixed Hodge structure and proved that the cohomology of any complex 
algebraic manifold carries such a structure. Here, we discuss briefly the 
result of Morgan (see [201]) which says that the minimal model of a com- 
plex algebraic manifold also possesses such a structure. Some homotopy 
consequences are then given. 

Spaces of mappings, and, more generally, spaces of sections of fibra- 
tions are very useful in geometry. The free loop space is an example of a 
space of mappings, and the space of sections of the free loop space fibration 
p: LM > M isthe loop space on the topological monoid aut(M). By work 
of D. McDuff [187], the space of finite parts of M with labels in a space X 
can be identified with the space of sections of a sphere bundle over M. We 
explain these ideas in Subsection 9.5.1 and show how to compute the ratio- 
nal homotopy type of the space of sections of a given fibration. Finally, the 
Gelfand—Fuchs cohomology can be interpreted as the cohomology of the 
space of sections of a certain bundle. We then obtain explicit computations 
of the Gelfand—Fuchs cohomology in Subsection 9.5.4. 

K. Chen’s theory of iterated integrals is another geometric way to obtain 
rational homotopy information for manifolds. Since this theory has been 
used in many circumstances in geometry, we have included a presentation 
of the theory in Section 9.6. This gives us the opportunity to make precise 
the links with the Sullivan approach. 

Section 9.7 contains a list of cohomological conjectures that have 
appeared in different parts of the book and that we present here together 
with their interrelations. 


9.1 Configuration spaces 


Let M denote an m-dimensional manifold. The space of ordered configur- 
ations of k points in M is the space 

F(M, k) = { (x1,..-x4) € M*| x; # x; fori #j}. 
When two manifolds are homeomorphic, then their configuration spaces 
are also homeomorphic. The natural question is then: When M and N are 
homotopy equivalent, is it true that F(M, k) and F(N,k) are also homotopy 
equivalent? 

By Example 9.1 below, F(R”, 2) ~ S”~', so we see that the answer is no 
in general. Now, if M is compact and nonsimply connected, then the answer 
to this question is also no as shown by R. Longoni and P. Salvatore [176]. 
On the other hand, Levitt has proven that the answer is yes for compact 
2-connected manifolds when k = 2 [172], and M. Aouina and J. Klein have 
shown that the homotopy type of some suspension of F(M, k) depends only 
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on the homotopy type of M [13]. For general compact simply connected 
manifolds, the problem remains open. 

In this section, we will be concerned with the rational homotopy of con- 
figuration spaces. Of course, here we want to know if the rational homotopy 
type of F(M, k) depends only on the rational homotopy type of M. In Sub- 
section 8.1.5, we show by a theorem of Lambrechts and Stanley, that this is 
true for k = 2 when the manifold is 2-connected. We will also show how to 
get the rational homotopy groups and the rational Betti numbers of F(M, k) 
directly from a model of M. In case M is a complex projective manifold, 
a model for F(M, k) can be derived from a model for M. Now, in certain 
cases we can obtain homotopy equivalences of F(M,k) with well-known 
spaces. For instance, we have the following. 


Example 9.1 When M admits a multiplication, then the map (x,y) te 
(x,x~!y) induces a homeomorphism between F(M, 2) and M x M\{e}. For 
instance F(R”, 2) = R” x (R”\{0}) ~ S”—!. In the same way, F(S! x S!, 2) ~ 
Six S$! x (St vS}). 


Example 9.2. When M isa sphere S”, 7 > 2, then F(M, 2) ~ S” and F(M, 3) 
has the homotopy type of the tangent sphere bundle to $”. The map from 
the sphere bundle to F(M, 3) maps (x,v) to (x, —x, exp,(v)). 


9.1.1 The Fadell—Neuwirth fibrations 


Let M be a manifold, and let g1,...,qd, be distinct fixed points in M. 
For i < n, let Oj = {q1,...,q;}. Observe that the space M\Q; is an open 
manifold for i > 1, and we have a map 


m: F(M\Qn-1,k) > M\Qn-1 
sending a k-tuple onto its first component: w(x1,...,xg) = x1. Fadell and 
Neuwirth prove the following result that is basic in the theory. 


Theorem 9.3 ([83]) The projection x is a locally trivial fiber bundle with 
fiber F(M\O,,k — 1). Moreover, when n > 2, the fiber bundle admits a 
section. 


Clearly, the fiber over the basepoint g,, is F(M\O,,, R—-1). Also, the section 
is easy to construct. In M, we first choose an open n-dimensional disk D 
around qj, of radius 1 for some metric, and we suppose that D does not 
contain any of the points q2,...,¢n—1. We now choose k — 1 distinct points 
V1,--.>¥g_1 in D on a sphere of radius 1/2 around g;. We then define 
a section o of z by the following process. When x ¢ D, we put o(x) = 
(X,V1,--+5>¥b—1). When x € D, then we put o(x) = (x, |xly1,.--5 lxly~_1)> 
where we denote the distance between q, and x by |x|. 
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9.1.2 The rational homotopy of configuration spaces 


The homotopy type of the manifold M\Q, is easy to describe. First, since 
the group of homeomorphisms of M acts k-transitively (i.e. any two given 
sets of k distinct points can be mapped one onto another by a single 
homeomorphism), we can suppose that the k points belong to an open 
set homeomorphic to an m-dimensional open disk D. The space D minus 
the points has the homotopy type of a wedge of k spheres S”~!, one of 
them being the boundary of the disk. Therefore, if k > 2, the space M\O, 
has the homotopy type of the wedge of M\O, with a wedge of k — 1 copies 
of the sphere S”~!; 


M\Q, ~ M\Q1 V (Vp_1871). 


Proposition 9.4 ([90]) Ifthe cohomology algebra H* (M; Q) requires at least 
two generators, then we have an isomorphism 


1F(M, k) ® Q = Of} 1.(M\Q;) @ Q. 


Proof We have the following sequence of fibrations 


F(M\Q1,k — 1) F(M\Q2,k — 2) ae M\Qpz-1 
F(M,k) F(M\Q1,k — 1) vs F(M\Qpz_2,2) 
M M\Q, ve M\Qx_2 


All the fibrations except maybe the first one admit a section and so their 
long exact homotopy sequences split into short exact sequences. 

Recall from Theorem 3.3 that the Lie algebra ,,(Q(M\Q1)) @ Q admits 
a filtration such that the graded associated Lie algebra is the free product 
of 2,(QM) @ Q with a free Lie algebra on one generator. Hence, the cen- 
ter of 2,(Q(M\Q}1)) ® Q is zero. The same is also true for the center of 
7 (Q(M\QOj;)) @ Q for i => 2 since, by the above description of M\Qj;, we 
have 7,.(Q(M\Q;)) ® Q = (14(Q(M\O1)) ® Q) [|] L(x2,..., xj-1). There- 
fore, by induction on the sequence of fibrations above, we find that the 
center of ,(QF(M\Q1,k — 1)) ® Q is zero. 

Now, we know that the image of the connecting map in the exact rational 
homotopy sequence for a fibration QF > QE — QB is contained in the 
center of 7, (QF) ® Q, so the long exact homotopy sequence of the first 
fibration also splits into short exact sequences. This yields the result. 
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9.1.3. The configuration spaces F(R”, k) 


The Betti numbers of F(R”,k) can be derived from the Fadell-Neuwirth 
fibrations. Indeed, we have the 


Proposition 9.5 The integral homology groups of F(R"\OQm,k) are free 
abelian groups and we have isomorphisms of groups 


HyF(R"\ Om, k) = @F29 He (Vm4jS"") 
In particular, 
H,F(R",k) = H,F(R"\Q1,k — 1) = @F Hav 8"). 


Proof Suppose 1 > 2. We prove the result by induction on k. For k = 1, 
we have 


H,F(R"\Om, 1) = Hy(VnS""}). 


So suppose the result is true for R—1 points, and any m. Then, for degree rea- 
sons, the Serre spectral sequence of the Fadell-Neuwirth fibration collapses 
at the E?-level and we have isomorphisms 


HF(R"\ Qk) = He F(R"\Qm41,k — 1) @ Hs (R"\Qm) 
= eo) Ha (Vn 1475") ® HySigis 


BETH (Vit jS” 1) @ He (VS 1). 


The case m = 2 requires more care and is done in detail in [61]. 


The multiplicative structure of the cohomology of F(R”,k) has been 
described by F. Cohen in [61]. 


Theorem 9.6 Let aj be a sequence of variables of degree n — 1, for i,j = 
1,...,k. Then we have an isomorphism of algebras, 


H*(F(R",k); Z) = A(aj)/T, 


where I is the ideal generated by the relations aj; — (—1)"4ji, ai = 0 and the 
Arnold relations 


Ajj Aj 1 Aj Ari + AyjQij « 


This gives the complete rational homotopy type of the configuration 
spaces of points in R” because, by a result of Kontsevich, the spaces F(R”, k) 
are formal. 


Theorem 9.7 ([156, Theorem 2]) The spaces F(R",k) are formal. 
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The case n = 2 was proved previously by Arnold [42]. Indeed, F(R2, k) 
is the complement in C* of the union H of the hyperplanes Hj) = 
{ (Z1,.--5%2) 12 = z}. The projection 


Gi = zi — B: C*\Hy > C\{0} 


is a homotopy equivalence and this implies that H!(C*\H; R) is generated 
by the classes of the 1-forms 


i sez) ~ a 
Cj = Vi 


2niz) 2nigi 


A simple computation then shows that the Arnold relations (A) are satisfied: 
A: een + ere; + ejeg = 0. 
This defines, by restriction, a morphism of differential graded algebras 
(A(eii)/(A), 0) > Apr(F(C,k)), 


which is a quasi-isomorphism. This then proves the formality of F(R, k). 


9.1.4 The configuration spaces of a projective manifold 


Independently, and by using different methods, I. Kriz [160] and B. Totaro 
[254] gave a model for the configuration spaces F(M, k) when M is a com- 
plex projective manifold. In order to describe this model, first let pj: M* > 
M denote the projection on the i-th component and let pj: Mek + M2 
denote the projection on components i and j. Since M is a manifold, we 
can find a graded basis {aj,4;} of H*(M;Q) such that a; U a = Sia where 
w denotes a fundamental class and 4, is the Kronecker delta. The class 
Dm = >)(—1)'#ila; @ a, € H*(M x M;Q) is called the diagonal class and 
we set Dj = p;,(Dm) < H*(M; Q)®’. Then we have 

Theorem 9.8 Let M” be a complex projective manifold. Then a model for 
F(M,k) is given by the differential graded algebra 


(H*(M; Q® @ A(xij,i,f = 1,...2)/1, d), 
where |xj| = m—1, d(x;) = Dj and the ideal I is generated by the relations 
Xij = Xji> 
XijXjr FX jrXri HF XriXijs 


Dj (X) + xij = P(X) + Xi- 
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Note that, in this description, we recover the Arnold relations. Also note 
that the compatibility of the differential with the Arnold relations comes 
from Poincaré duality. Once again, we have a situation where we obtain a 
complete description of the rational homotopy type. 

Now suppose that M” is any compact, simply connected manifold and 
let (A, d) denote a Poincaré duality model for M with diagonal class D4 
(see Definition 8.16). Then we can form a new commutative differential 
graded algebra by replacing (H*(M; Q), 0) by (A, d) in the model of Kriz and 
Totaro. We let pj: A > A®* denote the injection pj(a) = 1@---@a®---@1 
with the element a in the ith position. In a similar way pj: A®* > A®* 
denotes the map that sends a @ b to the k-tuple x1 ® --- ® xp with x; = a, 
x; = b and the other x; equal to 1. We can then form the cochain algebra 


G(M,k) = (A®* @ A(xj, i,j =1,..-k)/1,D), 


where D(a) = d(a), |x| = m—1, D(x) = pi(Da) and the ideal I is 
generated by the relations 

xij = (-1)” xji, xi = 0, 

XiiXip TP XjrXyri + XypiXijs 

Pi(x) xij = Pj(X)Xiz- 
Conjecture 9.9 G(M,k) is a model for the configuration space F(M,k). 


The conjecture is true for complex projective manifolds. By a result of 
Lambrechts and Stanley, it is also true for 2-connected manifolds when 
k = 2 (Subsection 8.1.5). Some other results go in the direction of the 
conjecture; for instance the cohomology of G(M, k) is the right cohomology. 


Theorem 9.10 There is an isomorphism of graded vector spaces 
H*(G(M,k)) = H*(F(M,k);Q). 


This result is essentially the work of Bendersky and Gitler [24]. 
The present presentation comes from a re-writing due independently to 
B. Berceanu, M. Markl and S. Papadima [26] on one hand, and to Y. Félix 
and J.-C. Thomas [90] on the other. 

Note that the permutation group ¥, acts freely on F(M,k). The quo- 
tient C,(M) = F(M,k)/ Xz is called the space of unordered configurations 
of k points in M. This construction gives a lot of interesting spaces. For 
instance, when M is the space R*, then 21(C,(M)) is the braid group B, 
on k generators. Of course, even if M is simply connected, C,(M) is not 
simply connected, and so its minimal model gives less information than we 


9.1 Configuration spaces 


might hope. We can, however, compute the rational cohomology of C,(M) 
in case the dimension of M is odd. 


Theorem 9.11 ([31]) If dim M = m is odd, then 
H*(Cx(M); Q) = A*H*(M; Q). 


For instance, when M = S, a basis of the vector space of cohomology is 
given by eo in degree 0 and e3 in degree 3. The only words of length k in 
A(e€9, €3) are ek and et tes. Therefore for any k > 1, H*(C,(S*); Q) = A(z) 
with z in degree 3. In particular, C,(S3) x S?. 

Now let M be a compact simply connected m-dimensional manifold, with 
m even. Let V = H*(M;Q), W = s~”*+!H*(M;Q) and let Dy € V @ V be 
the diagonal class. We consider the differential graded algebra 


(A(V ® W),d), 
where d(V) = 0 and 
d(s-"*1g) =Dy-(1 @a)eV@V 


for s~"*1!q € W. In fact we need to write this last expression as an element 


of A*V. For that, if Dy = 0,(—1) la; @ a’, then we have 


dea) = ; (Deva A (ai, ») : 


where the - means the cohomology multiplication. Example 9.13 gives a 
concrete example of computation. 
The algebra A(V @ W) can also be equipped with a second gradation 


(AWV © W))p = Orpsqak WP W@AIV. 


Then d(A(V @ W))p C (A(V @ W)) 4. Therefore, the cohomology decom- 
poses as a direct sum H*(A(V @ W),d) = 9°, H,(A(V © W), d). We then 
have 


Theorem 9.12 ([91]) With the above notation, when m is even, there is an 
isomorphism of graded vector spaces 


AAW ® W), d) = H*(C,(M); Q). 
Example 9.13 To compute H*(C, (CP*); Q), we have to form the cdga 


(A (05 €25 €45 C65 X55 759,11), a) 
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where the subscripts indicate the degrees, and d(e;) = 0, d(x5) = enest+e2e4, 
d(x7) = e2@¢6 + (1/2)e%, d(x9) = e4e6, d(x11) = (1/2)ez. We define a 
second (lower) gradation by saying the x; are in degree 2 and the @; in 
degree 1. The differential preserves the gradation, and AR (A (i, ee 


H*(C,(CP*); Q). 


The multiplicative structure of H*(C,(M); Q) has been explained in [88]. 
As an illustration, we extract from [88] the rational cohomology algebra of 
C,(CP?): 


k=1,2 Ax /x3 |x| = 2; 
k=3 RO) /(OP 907) el S239 S 3s 
k>4 A(x, y)/x? b= 


9.2 Arrangements 


An arrangement A of linear subspaces in a complex vector space C” is 
simply a finite set of linear subspaces of C”. The associated intersection 
lattice L(A) is the poset of intersections among subspaces in A ordered 
with reversed inclusions: x < y if and only if y C x. For x,y € L(A), the 
meet x Ay is defined to be x Ay = N{z € L(A) |x Uy C z}, and the join is 
defined to be the intersection x Vy = xy. With these operations, L(A) is a 
lattice. If o is a collection of elements in A, we denote by vo, the join of all 
the elements in o. For x € L(A), the rank of x, rk(x), is the maximal length 
r of a sequence of the form C” < x1 < x2 <-+++ <x,;=x, with x; € L(A). 

When x < y and there is no z such that x < z < y, we write x < y. 
The lattice L(A) is said to be geometric if each time x < y, then, for each 
z, eitherx Vz <~ yVzorxVz=yvz. When a lattice is geometric, the 
following properties hold: 


1. If x < y, all the maximal sequences x < x1 <--+ < x, = y have the 
same length. 
2. For every x,y € L(A), we have rk(x) + rk(y) > rk(x Vy) +rk(x Ay). 


The arrangement A is said to be geometric if the lattice L(A) is geometric. 

The complement, M(A), of an arrangement A is the complement of the 
union of the elements of A; that is, M(A) = C” — Uye 4x. When A is an 
arrangement of codimension one subspaces, then the cohomology of M(A) 
is well known and the space is formal by a result of Brieskorn [42]. When all 
the subspaces x have codimension at least 2, then M(A) is simply connected 
and rational homotopy theory applies. 


9.2 Arrangements 


Example 9.14 Denote by A the arrangement of C*” formed by the sub- 
spaces Ay -{ ise ves Sin) [297-4 "297 = 0), Tor f= 157m Then the 
projection M(A) > []/_, C?\{0} is a homeomorphism and we obtain a 
homotopy equivalence M(A) ~ (S*)”. 


Example 9.15 Let A be an arrangement in C”, and consider the injection / 
of C” into C”*! as the hyperplane z,41 = 0. The image of A by the map j 
is an arrangement A’ in C”*! and we clearly have M(A’) ~ =7M(A). 


Example 9.16 Consider in C® the arrangement A = {H,, H2, H3, L} where 
Ay S44 Ci5.1355 26) (234 = Zo 0}, andi Leis as 5:26) ed es eh 
This arrangement is not geometric. The chain C® < Lis maximal, but taking 
intersections with H; produces the non-maximal chain H; < H; vL = 0 
(where, for instance, the subspace K = {(z1,...,26) |Z1 = 22 = 23 =O} € 
L(A) lies between 0 and H}). 


Let A be an arrangement of linear subspaces in C”. Since we are interested 
in the complement of the union of the elements of A, we suppose that A 
does not contain any two elements x, y such that x C y. This implies that 
the rank of any element x € A is 1. 

The relative atomic complex of A is the complex (D,d) defined by 
Yuzvinsky as follows [267]. The complex D is the Q-vector space gen- 
erated by all the subsets o = (x1,x2,...,x,) of A. We write |o| to denote 
the number of elements in o, and we choose an ordering on the elements 
of A, so that each sequence is always written following this ordering. The 
differential of o = (x1,x2,...,X,) is defined by 


d(a) = Y> (-1)/a\{xj}, 
jeJ(o) 


where J(o) = {7 € {1,...,k}| Vo = V(o\{x;})}. The degree of o is 
defined by 


dego = 2codim (vo) — |o|. 


Finally we can define a multiplication on D as follows. For two sequences 
o,T, take 


O-tT= (-18o Ut if codimvo+ codim vt = codim V(o UT) 
~ 10 otherwise. 


Here “codim” denotes the complex codimension and ¢(c,T) the sign of the 
permutation that must be applied to o Ur to put the elements in the chosen 
linear order. 
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With those choices, (D,d) is a cochain complex [267]. The following 
result, due to Yuzvinsky, gives the link between the geometry and the 
topology of an arrangement [267]. 


Theorem 9.17 The relative atomic model of Yuzvinsky is a model of the 
complement M(A). 
Example 9.18 Let’s describe the relative atomic model associated to the 


arrangement of Example 9.16. By definition we have 


d(L) = d(H) = d(H2) = d(H3) = d(H1, H2) = d(My, H3) 
= d(Ho, FY3) = 0, 


d(M1, Hz, H3) = d(L, M1) = d(L, H2) = d(L, H3) = 0 
d(L, Ay, Hz) = (L, Hz) re (L, 1), d(L, Ay, H3) = (L, H3) ™ (L, Hy), 
d(L, Aa, 3) = (L, 3) _ (L, Ap), 


d(L, Ay, Ho, H3) = —(M1, Ho, H3) + (L, H2, H3) — (L, Ai, 3) 
+ (L, Ay, A). 
The elements (H;) have degree 3 and generate, in cohomology, an exterior 


algebra A(H1, H2, H3). There are two other cohomology classes: [(L)] in 
degree 9, and [(L, H1)] in degree 10. We then consider the cdga 


(A(x1, x2, x3) ® Qy & Qz, 0), 


where xjy = xjz = yz = 2* = 0, |x;| = 3, ly| = 9 and |z| = 10. The 
morphism 9: (A(x1,x2,x3) ® Qy ® Qz,0) > (D,d) defined by y(xj) = 
(Hi), v(y) = (L) and g(z) = (L, HH), is then a quasi-isomorphism. This 
shows that M(A) has the rational homotopy type of (S* x S? x $3) VS? vs!°, 


For geometric arrangements, the following notion is important as we will 
see in Lemma 9.21. 


Definition 9.19 A sequence o = (x1,X2,...,Xp,) of elements of A is said to 
be independent if, for each k, vo > V(o\{xz)}. Note that subsequences of 
independent sequences are also independent. 


Lemma 9.20 If the lattice L(A) is geometric, then a sequence 0 = 
(x1,..-,Xp) is independent if and only if rko =k. 
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Proof Suppose o is independent. Then each subsequence of o is indepen- 
dent and we have a sequence of inequalities 


x1 <1 V X22 <X%1VX2VX3<-++< VO. 


Therefore rko > k.Ifrko > k, then this sequence is not maximal and there 
is another element y € A such that for some p 


(X1 Vis VXp) < (X11 V+ V Xp) VY < (41 V+ V Xp) V Xp - 
This will imply that 


tk (x1 V +++ V Xp V Xp41) > tk (x1 V-++ V xp) +2 (9.1) 


> rk (xy V +++ V xp) + 1k (p41), (9.2) 


in contradiction with the definition of a geometric lattice. 
Suppose now that rk o = k and consider the sequence 


Xr SXy VX SS VO;~5 


obtained from o by some permutation t of the set {1,2,...,k}. If all 
inequalities are strict for any t, then o is independent. Otherwise, some 
inequality is in fact an equality, and, since the rank of o is k, another part 
of the sequence extends to the form 


(Xr, Viet V Xz) < (Xr Vi V Xe) VV < (Xr Vi V Xr) V Xt ay 


As above, the existence of such a sequence is impossible for a geometric 
lattice. 


It follows directly from the definition of the differential that independent 
sequences are cocycles. The key point in the geometric case is the following 
result. 


Lemma 9.21 ([85]) If the lattice L(A) is geometric, then each cohomol- 
ogy class of (D,d) is represented by a linear combination of independent 
sequences. 


Of course, now we want to see what the salient properties of arrange- 
ments are with respect to rational homotopy theory. The first property is 
an analogue of Brieskorn’s result for geometric arrangements [42]. 


9.2.1 Formality of the complement of a geometric lattice 


Theorem 9.22 ([85]) Let A be a subspace arrangement. If L(A) is a 
geometric lattice, then the space M(A) is formal. 
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Proof Define a linear map y: D > H*(D, d) by 


[o] if o is independent, 
0 otherwise. 


We first prove that the map y is multiplicative. Now, by Lemma 9.20, 
if o is not independent, then o Ut is not independent and w(o) = W(o - 
t) = 0. We suppose therefore that o and t are independent. If o UT is 
not independent, we can suppose there is x € o such that vio Ut) = 
V(o\{x} Ur). In that case 


codim v (o Ut) = codim v (o\{x} UT) 
< codim v (o\{x}) + codim v t 
< codim V o + codim Vv t. 


Therefore, by definition of the product and of w, we have, (a Ut) = 0 and 
wo): W(t) = [o]-[t] = [o -t] = 0. Incase o, t and o Ut are independent, 
the result follows from the equality w(o) - W(t) = [o]-[t] = [o - tT] = 
yw(o-T). 

We now prove that w is a morphism of complexes: that is, w(do) = 0 
for every o. Write o = (x1,...,xX,) and o; = o\{x;}. When all the o; are 
dependent, y(o;) = 0 for all i, and the result is proved. When all the o; are 
such that Vo = Vo; are independent, we have 


wide) = (Dev) = para = [do] =0. 


1 


1 


These two cases are in fact the only possibilities. Suppose indeed that 
Vo = Vo; = Vo; and all the o; are independent. Then by Lemma 9.20, 
tko; = k — 1. Since rkoj = rko = rko; = k — 1, all the oj are also 
independent. 

By Lemma 9.21, w induces a surjective map in cohomology. The map 
Hw) is clearly injective and therefore w is a quasi-isomorphism. 


9.2.2 Rational hyperbolicity of the space M(.A) 


Let A = {x1,...,Xq} be a geometric arrangement of subspaces of codimen- 
sion at least two. When each subspace is transversal to any intersection 
of the other ones in A, then the complement is a product of odd dimen- 
sional spheres. In fact, by a result of G. Debongnie [68], this is the only 
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case where M(A) satisfies Poincaré duality. More precisely, Debongnie’s 
theorem states: 


Theorem 9.23 ([68]) Let A bea geometric arrangement. Then the following 
conditions are equivalent: 


1. The rational cohomology of M(A) satisfies Poincaré duality. 
2. M(A) is a rationally elliptic space. 

3. codim(Nxe4x) = Vo ye4 codim(x). 

4. M(A) is a product of odd dimensional spheres. 


Remark 9.24 The assertion (3) => (4) is easy to understand. Suppose 
(3) is verified. Let x1,...,x, be the subspaces in A. Then the quotient 
map p: C” > C"”/(Ax;) induces a homotopy equivalence C”\(Ux;) > 
(C”/(Ax;))\ U (xj/ M xj)). Hence we can suppose Nx; = {0}. Write x; = 
Ker(g;: C” > C”). The map 


r 
@ = (P15 G25. -+5 07): C* > [] C% 
i=1 


is a homeomorphism which induces a homotopy equivalence 


C"\ Ux; > J [(C*\(0p. 


i=1 


Since we also have a homotopy equivalence []j_,(S*”'~') = 
T]j-1(C”\{0}), the space M(A) has the homotopy type of a product of 
odd dimensional spheres. 


9.3 Toric topology 


Recently, ideas and tools from rational homotopy theory have proved to 
be important in the study of toric spaces. Let’s now briefly discuss these 
notions. Denote C* = C — {0}. A toric variety is a normal algebraic variety 
M containing the algebraic torus (C*)” as a Zariski open subset in such a 
way that the natural action of (C*)” on itself extends to an action on M. A 
fundamental example is given by the so-called moment-angle complex Zx 
defined for any simplicial complex K in [45]. When K has m vertices, Zx is 
the complex U,D, C (D*)”, where 


Do = {(21,---5%m) € (D?)™ | |z;| = 1ifigo}. 


Clearly, each Zx is a toric variety. In the sequel, we will only consider 
moment-angle complexes. The Davis—Januszkiewicz space associated to K, 
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DJ(K) is defined by the Borel construction 
Dj(R) = Zee ET": 


For any coefficient ring R, the cohomology ring H*(DJ(K);R) is iso- 
morphic to the Stanley—Reisner algebra R(K) [45]. Recall that R(K) = 
R[x1,.--,;Xm]/Ik where |x;| = 2 and the ideal Ix is generated by the square 
free monomials x;, ...x;, with o = {i1,...,i,} ¢ K. The space D](K) can be 
shown to be homotopy equivalent to the subspace Usex(BT)° of (BT), 
with (BT)° ~ (BT)*™, see [45]. We then have the following formality 
result due to Notbohm and Ray. 


Theorem 9.25 ([212]) The space DJ(K) is rationally formal. 


Indeed, this formality result is valid for any ring R. As a corollary, 
a model for DJ(K) is given by (Q(K),0) and a model for the moment- 
angle complex Zx is given by (Q(K) @ A(™1,...,Um), 4) with d(uj) = xj. 
However, the spaces Zx are not always formal as shown by examples of 
Denham and Suciu [72]. The spaces Zx are also related to spaces of arrange- 
ments. Let K be a simplicial complex on the set 1,...,7. We associate to 
it the complex coordinate arrangement Ax = {Lo|o ¢ K}, where, for 
OAs caste} 


Lig = ise Gn) = Co leh. = eS Se SO 


Then, we have 


Theorem 9.26 ([45]) The spaces M(Ax) = C”\ Ug Lg and Zx have the 
same homotopy type. 


9.4 Complex smooth algebraic varieties 


In [201], John Morgan studied models of smooth complex algebraic 
varieties. A key to his approach is the notion of pure Hodge structure. 


Definition 9.27 Let V be a Q-vector space. A pure Hodge structure of 
weight n on V is a finite bigradation on V’ = V @QC, 


ve = BptganV"4, 
such that VP:4 = VU, 


Remark 9.28 The existence of a pure Hodge structure of weight 1 on V is 
equivalent to the existence of a decreasing filtration F* on V° such that 


Vo = FV) 5 FI(V) 3... D F*(VS) D FV) = {0} 
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and V6 = FP(V°) @ Ft !-p(V°), for any p. The correspondence goes as 
follows. 


¢ If F* is given, one sets V9.7 = FP 4 F4, 
° If the bigradation is given, we set F?(V°) = @psp Ve 


For instance, if M is a connected compact Kahler manifold M, the fact that 
the different Laplace operators Ag, Aj, Az coincide implies the existence 
of a pure Hodge structure of weight k on H*(M; Q), see [71, Section 5]. 


Theorem 9.29 Let M be a compact connected Kahler manifold. Then the 
complex minimal model (AV,d) of M admits a bigradation such that the 
following properties hold. 


1. Let Vz be the subspace of elements of degree k in V. There is a decom- 
position of Vp into Vp = Cy ® Ng, with dic, = 0, d injective on Nz 
and 


i,j i,j 
Cy = BipjaeCy and Nz = ®j4j>e+1N,- 


2. The bigradation is extended multiplicatively to (\V,d) and d(A Vy C 
(AV). 

3. The quasi-isomorphism p: (AV, d) > (A°(M), d) is compatible with the 
bigradation A°(M) = ®p,gA?4. 

4. The bigradation induced on the cohomology of (AV, d) gives the pure 
Hodge structures of H(M;C). 


The proof is modelled along the steps of construction of a minimal model 
and uses an argument involving the pure Hodge structure on H*(M; C). We 
refer the reader to [71, page 271] for more details. As a consequence, this 
result gives a short proof of the formality of M. 


Corollary 9.30 A compact connected Kabler manifold M is formal. 


Proof Let p: (AV,d) — (A‘(M),d) be the model of M described above. 
We define C; to be the subset of V; consisting of the elements of degree i 
and bidegree (r,s) with r+ s =i. We denote by N; a complement of C; in 
V;. The elements of N; are of degree i and of bidegree (r,s) with r+ s > i. 
Observe that the elements of C; are cocycles and that the differential d is 
injective on Nj. 

Denote by I the ideal of AV generated by @,Nj. If z is a cocycle of 
degree j in I’, the class [z] is of degree j and bidegree (t, u) with t + u > j. 
Since H/(AV,d) = H/(M;C) has a pure Hodge structure of weight j, we 
have [z] = 0 and the ideal I is acyclic. The conclusion is now a direct 
consequence of Exercise 2.3. 
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So, we have a bigradation on the minimal model of a compact Kahler 
manifold which induces the pure Hodge structures on the cohomology. 
In order to extend this structure to minimal models of smooth algebraic 
varieties, we have to replace the notion of pure Hodge structure with that 
of mixed Hodge structure. The next remark gives the flavor of what a mixed 
Hodge structure is. 


Remark 9.31 Consider two smooth projective algebraic varieties X; and 
X such that X1M X2 is also a smooth projective algebraic variety. If we 
want to study X = X1 UX, the first elementary tool is the Mayer-Vietoris 
exact sequence which includes, for instance with k > 1, 


3 ” 
+> HON (X19 Xz) —>H*(X) > H*(X1) © 8X) — 
In H*(X), two types of pure Hodge structures are interfering: 


1. a structure of weight k — 1 coming from H®-1(X1N X)); 
2. a structure of weight k coming from H¥(X1) ® H¥(X2). 


To separate them, we introduce a filtration W, on H*(X) defined by: 


1. Wr_2 = 0; 
2. Wr_-1 =Im 63 
3. W, = HA(X). 


On the associated graded vector spaces, Gr,_jH*(X) = Imé and 
Gr,H*(X) = H*(X)/Kery, we get pure Hodge structures of respective 
weights R—1 and k. More generally, the definition of mixed Hodge structure 
goes as follows. 


Definition 9.32 Let V be a Q-vector space. A mixed Hodge structure on V 
consists of two filtrations (W., F*) such that: 


1. W, is an increasing filtration on V, called the weight filtration; 

2. F* is a decreasing filtration on V° = V @C, called the Hodge filtration; 

3. the filtration F* induces a pure Hodge structure of weight k on each of 
the Gry’ (V) = We/ Wet. 


In [69], [70], Deligne constructed a mixed Hodge structure on the coho- 
mology of any complex algebraic variety. Morgan adapted the notion of 
mixed Hodge structure to the context of differential algebras and defined 
the notion of mixed Hodge diagrams, see [201, Definition 3.5]. In partic- 
ular, any complex smooth algebraic variety gives rise to a mixed Hodge 
diagram and its model has a bigradation. 
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Theorem 9.33 If M is the minimal model of a simply connected, smooth 
complex algebraic variety, then 


1. we can write M = ®o<r,sM" with M°® = C, MMi" oC Mitbst# 
and dM"™ cM"; 

2. the minimal model M admits a mixed Hodge structure and the induced 
mixed Hodge structure on its cohomology coincides with the mixed 
Hodge structure on the cohomology of the variety. 


From this, Morgan deduces the following properties. 


¢ The homotopy groups 7, (X)@ Q of a simply connected, smooth complex 
algebraic variety are endowed with a mixed Hodge structure coming from 
the mixed Hodge structure of the variety’s minimal model. (For the non- 
simply connected case, we send the reader to [202, Theorem 9.2].) 

¢ Not all finite, simply connected CW-complexes are homotopy equivalent 
to smooth complex algebraic varieties since there exist minimal models 
of finite, simply connected CW-complexes that cannot have bigradations 
(see [201, page 196]). 


Concerning, the existence of mixed Hodge structures on the homotopy 
groups, a different approach was used by R. Hain. In short, he proved that 
if A is a connected multiplicative mixed Hodge complex, then the Bar con- 
struction on A is a mixed Hodge complex. This structure induces a mixed 
Hodge structure on the indecomposables that correspond to homotopy 
groups. The details are in [128]. 
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9.5.1 The Haefliger model for spaces of sections 
Let 


Po Ea B 


Oo 


be a fibration with section o where B and F are simply connected and B is 
finite dimensional. Then the space '(p) of sections of p that are homotopic 
to o is a nilpotent space [203], and a model for '(p) has been constructed 
by Haefliger [126]. Our goal here is to describe this model. The construction 
starts with a relative minimal model of p 


(AV,d) > (AV @ AW,D) > (AW,D). (9.3) 
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We first show that we can always modify this model to obtain a relative 
minimal model such that a model for the section o is the map p: (AV ® 
AW,D) > (AV, d) that is the identity on V and maps W to 0. 

Since p admits a section, there is a map of cdga’s p: (AV ® AW, D) > 
(AV, d) that is the identity on V. We now change generators by replacing 
each w € W by w— p(w) and this gives an automorphism of (AV @AW, D) 
that we use to modify the differential D. Clearly, we now have p(W) = 0. 
Also, because we have modified the generators w by elements of AV, we 
see that the differential in the fiber, D, remains unchanged. 

We now choose a connected and finite dimensional model (A,d) for 
(AV, d), 


(AV, d) —> (A, d), 


and we tensor the models in (9.3) with (A, d) over (AV, d) to obtain a new 
relative model for the fibration, 


(A, d) > (A@AW,D) > (AW,D). 


Let AY = Hom(A, Q) be the dual of A. Now denote a graded basis for A 
by (a;) and the dual basis of AY by (a‘). The duality <, > between A and 
AY means that (a;,a;) = 1 if i = j and 0 otherwise. We give a’ the degree 
|a’,| = —lajl. 

Since A is finite dimensional, we can consider the morphism of commu- 
tative algebras, 


bw: A@AW +> A®A(AY @W), 
defined by 


Owa)=4, byw) =) 4, @w). 


Haefliger proves the existence of a unique differential D on A(AY ® W) 
such that Ow: (A @ AW, D) => (A,d) ®@ (A(AY ® W), D) is a morphism of 
cdga’s. 

Let O(D) be the linear part of the differential D in (A(AY ® W),D). 
Denote by I the graded differential ideal of \((AY @ W) generated by (AY @ 
W)=° and O(D)(AY ® W)°, and form the quotient cochain algebra Mr = 
(A(AY @ W)/I, D). The combination of @w and the quotient map (A(AY @ 
W),D) — Mr gives a map of cdga’s 


y: (A@AW,D) > (A,d) @ Mr. 


We can now state Haefliger’s theorem [126]. 
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Theorem 9.34 Let ev: [(p) x B > E denote the evaluation map given by 
(s, b)  s(b). Then the morphism o is a model for ev. In particular Mr is 
a Sullivan model for the space of sections '(p) homotopic to o. 


Notice that the space of functions from X into Y may be identified with 
the space of sections of the trivial bundle X x Y + X. Therefore, the process 
above furnishes us with a model for function spaces. We give more details 
on this construction below. 


Example 9.35 A model for the space of free maps, Map(S", X), can be 
obtained from the Haefliger model. First of all, a finite dimensional model 
for S” is given by the exterior algebra (Aa, 0) if 2 is odd and ((Aa)/a*, 0) if 
n is even. We denote this cdga by E(a). Let (AW, d) be the minimal model 
for X. A model for the evaluation map S” x Map(S”, X) > S” x X is then 
given by 


gy: E(a) ® (AW, d) > E(a) @ (ACW @s"W),D), 


where we have written s”W for a’ @ W. By definition, we have g(x) = 
x +a-s"x for any x € W. Extend s” to AW as a derivation of degree 
—n. Then we have for any element a € AW, g(a) = a+a-s"(a). The 
compatibility of y with the differentials then gives, for each element x € W, 


dx + as" (dx) = o(dx) = De(x) = D(x + as"x) = dx + (-1)"aD(s"x). 


Therefore D(s"x) = (—1)"s"(dx). In the case n = 1, we therefore recover 
the model of the free loop space obtained in Theorem 5.11. 


Using the Haefliger model, we can obtain information about the ratio- 
nal homotopy groups and rational cohomology of I'(p) when B is 
n-dimensional and F is (7 + 1)-connected. 


Proposition 9.36 Let F > E 2 Bbea nilpotent fibration and suppose 
that B is n-dimensional and F is (n+ 1)-connected. Then the space V(p) is 
simply connected and we have an isomorphism of graded Lie algebras, 


Tq(QV(p)) @ Q = Gs0Hom(H, (B; Q), 744+r(2F) @ Q). 


The Lie bracket on the right-hand side is obtained by taking the diagonal 
in homology followed by the bracket in m,(QF) ® Q: 


f.glx) = dof i. g(x, 
iy 
if the diagonal is given by A(x) = )); ; xi ® xj. 
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In particular, as a graded vector space, we have 


tq(T(p)) @ Q = O50" (B; Q) @ mq4r(F) @Q. 


Denote by Map(X, Y, f) the component of the mapping space Map(X, Y) 
consisting of the maps homotopic to f: X — Y. The rational homotopy 
groups of Map(X, Y,f) have been computed independently by G. Lupton 
and S. Smith [177], U. Buijs and A. Murillo [46] and J. Block and 
A. Lazarev [30]. Denote by g: (AV, d) — (A, d) a model of f with (AV, d) 
a Sullivan model for Y. A linear map g: A V — A of degree q is a 
y-derivation if g(xy) = g(x)o(y) + (—1)7*!g(x)g(y). Together with the 
differential D defined by D(g) = dg — (—1)!8! gd, the g-derivations form a 
complex Der((AV, d), (A, d), ¢). 


Proposition 9.37 Suppose X and Y are simply connected. Then there is an 
isomorphism of graded vector spaces, 


H_qDer((AV, d), (A, d), @) —> tq Map(X, Y,f) ® Q. 


When Y is rationally hyperbolic and X is finite, the space of maps from 
X into Y has infinite Lusternik—-Schnirelmann category and its cohomology 
is usually very large. For instance M. Vigué-Poirrier proved the following 
exponential growth law for the Betti numbers of particular mapping spaces. 


Theorem 9.38 ([260]) Let X™ be the space of maps from a compact con- 
nected manifold M into a space X that has the rational homotopy type of a 
wedge of simply connected spheres. Then the Betti numbers of X™ exhibit 
exponential growth; that is, there is an A > 1, such that for k large enough, 
yk yp dim Hi(X™; Q > Ak. 


The free loop space on a manifold M is a very important object in geom- 
etry. We have seen its importance for geodesics. It is also important, for 
instance, for spaces of immersions. Denote by Imm(S!, M) the space of 
immersions of S! into a manifold M. There is a map from Imm(S!, M) to 
the free loop space L(SM) of M’s tangent sphere bundle SM which asso- 
ciates to an immersion the loop of unit tangent vectors. The Hirsch-Smale 
theorem (see for instance Smale [239]) says that, for smooth manifolds P 
and O, Imm(P, O) has the weak homotopy type of the space of bundle maps 
from TP to TO that are linear and injective on the fibers. Since the tangent 
bundle of S! is trivial, the space of bundle maps from TS! to TM has the 
homotopy type of the free loop space on M. Hence, after re-parametrizing 
to have unit speed curves, Imm(S!, M) is weakly equivalent to L(SM). 
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9.5.2. The Bousfield—Peterson—Smith model 


The space Map(X, Y) is in general not path connected. In [39], A. K. 
Bousfield, C. Peterson and L. Smith constructed a cdga that is a model 
for Map(X, Y) in the sense that its geometric realization has the rational 
homotopy type of Map(X, Y). This approach has been developed by E. 
Brown and R. Szczarba in [43]. 

In fact, if Y is nilpotent of finite type and X is of finite type with finite coho- 
mology, then the component Map(X, Y, f) of the mapping space Map(X, Y) 
containing f: X — Y isa nilpotent space of finite type. Therefore, it has a 
minimal model, and we describe this model now. 

The functor Map(X, —) is the right adjoint to the product functor X x —: 


Map(X x Z, Y) = Map(Z, Map(X, Y)). 


The correspondence associates toa map g: Z — Map(X, Y) the mapg: Xx 
Z — Y obtained as the composition ev o (1 x g), 


Ixg ev 
X x Z ——> X x Map(x, Y) —> Y. 


Here ev denotes the evaluation map X x Map(X, Y) > Y. 

Let CDGA be the category of cdga’s over Q. If A = (A, d) isa fixed cdga 
of finite type, we consider the tensor product functor A ® —: (B,d) b& 
(A, d) ® (B,d) of CDGA into itself. Since the category CDGA modelizes 
topology in a contravariant way, a good model for the function space is 
given by a left adjoint to the tensor product. Functors of this type were 
first systematically studied by Jean Lannes. Their utilization for models of 
mapping spaces is due to A.K. Bousfield, C. Peterson and L. Smith [39] (see 
also [232] for a coalgebra version). 


Proposition 9.39 Let A = (A, d) be a fixed cdga of finite type. The tensor 
product functor A@—: (B,d) +> (A, d)®(B, d) of CDGA into itself admits 
a left adjoint functor A. 


Proof Let (AV,d) be a minimal algebra. We consider, as in the Haefliger 
model, the morphism of commutative algebras 


6: AV>A@AAY @V). 


There is then a differential D on A(AY @ V) such that 6: (AV, d) > (A, d)® 
(A(AY ® V), D) is a morphism of cdga’s. We define 


A(AV, d) = (A(AY @ V),D), 


and note that this construction extends to any cdga (B, d), making A into 
a functor A: CDGA > CDGA (see [39] for details). 
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The adjunction process works as follows. Let g: (AV,d) > (A,d) ® 
(B, d) be a map of cdga’s and write y(v) = )°; 4; ® g;(v). We associate to 
gy the map 


@: (A(AY @ V), D) — (B,d) 


defined by O(a, ® v) = g;(v). 


Now we describe the process that gives the model of a connected compo- 
nent of function spaces. We first define the maximal connected component 
of an augmented cdga. Let (A, d) be a cdga and let e: (A, d) > Q bea mor- 
phism. We consider the ideal I generated by A<° @ (A°N Ker(e)) @ d(APN 
Ker(e)). The quotient cdga (A,d)~¢ = (A/I,d) is called the maximal con- 
nected component (A, d) with respect to ¢. This is the maximal connected 
quotient through which e factors 


(A,d) —~ (A, d)« 


‘ | i 
fs rs 
Q 
Now consider the component Map(X, Y,f) of Map(X, Y) consisting of 


the maps homotopic to f. Denote by g: (AV, d) > (A, d) a model of f. The 
injection of the basepoint {f} into Map(X, Y, f) induces the augmentation 


e: A(AV,d) = (A(AY @ V),D) > Q, e(a, @v) = (a’, pv)). 


Theorem 9.40 ([39], [43]) With the above notation, A(AV, d)z is a model 
of the connected component of f in Map(X, Y). 


The proof is very short since it is a direct consequence of the next result 
(implied by the existence of A). 


Lemma 9.41 Let Ap,: S — CDGA and || — ||: CDGA — S denote the 
Sullivan functor and its adjoint, spatial realization, (between CDGA and 
the category of simplicial sets) respectively. If A = (A,d) and B = (B,d) 
are two cdga’s with A non-negative of finite type, then Homg((|A\|, ||B|l) 
has the same homotopy type as || A(B)|I. 


Proof Let X e€ S. The claim follows directly from this sequence of 
isomorphisms: 


[X, Homs (|All, |BID1s = [IlAll x X, IBllls 
= [B, Api (All x X)]opca 
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= [B, Apr (All) @ APL) cpca 
= [B,A® Api(X)]cpca 


= |x I4@ol] 


Now suppose X and Y are pointed spaces and that f preserves the base 
points. We can then consider the space of pointed maps Map,.(X, Y,f) and 
we have 


Proposition 9.42 ([43]) A model for Map,.(X, Y,f) is given by the maximal 
connected component (A((AT)Y @ V), D)e. 


Example 9.43 (The models of Map(CP?, S°) and Map, (CP*, $%)) 

By taking a trivial bundle and using the formula following Proposition 9.36, 
we see that the mapping space Map(CP”, S°) is simply connected. There- 
fore, we do not need to refer to a base point. As a finite dimensional 
model of CP*, we take A = (A,0) = (A(x2)/(23), 0). We follow the pro- 
cedure described in Example 9.35 and get as model for the mapping space 
Map(CP’, S°) the cdga 


(A(U6, 44, 42,011, V9, V7), D), 


where indices indicate degrees and the differential is given by D(uw2) = 
D(u4) = Dug) = 0, Dvy1) = ug, D(vg) = 2ugug and D(v7) = uj +2uzU¢. 
Moreover, a model for the pointed mapping space is given by the cdga 


(A(u4, 42,09, 07),D), D(u2) = D(ua) = 0, D(v9) = 0, D(v7) = 115. 


Therefore, the mapping space Map, (CP7, S®) has the rational homotopy 
type of S*+ x S? x CP™. 


Remark 9.44 Let Map, (X, Y,*) be the connected component of the trivial 
map in the mapping space of based maps. The existence of an H-space 
structure on this space is studied in [89], [158]. Evidently, such a structure 
exists if X is a co-H space or Y an H-space. These situations appear as 
particular cases of a sufficient condition involving the LS-category of X and 
the differential of the minimal model of Y, see [89, Theorem 2]. The main 
tool in the proof is Haefliger’s model described above. 


9.5.3. Configuration spaces and spaces of sections 


Let M be a compact m-dimensional manifold and let (X,«) be a pointed 
space. The space C(M, X) of finite configurations in M with labels in X is 
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the quotient of the disjoint union uy, F(M, k) xy, X k by the relation 


Mise sis ste = Giese hy Se 


Here, =, is the symmetric group acting by permutation on the two factors. 
A point in C(M, X) can be described in a unique way as a finite set of points 
in M, without ordering, with a label in X\{} attached to each point. For 
instance, when X = S°, then C(M, X) = Ue, Ce(M) is the space of finite 
unordered configurations in M. 

Now let TM denote the fiberwise compactification of the tangent bundle 
to M. This gives a sphere bundle 


Ss” +TM—>M, 


with a natural section obtained by choosing, for each point u in M, the 
point at infinity in T;,M. We now take the fiberwise smash product of this 
bundle with the trivial bundle M x X — M and get a new fiber bundle 


YM,X 


”"X—+>T(M, X)——M. 


The fiber over a point u is the quotient of (T,,M x X) LI {oo} by the relation 
(v,x) ~ oo if either ||v|| > 1 or else x = *. We denote by ['(M, X) the space 
of sections of yy,x. 

To each element (u,x) = (41,...,Mp,X1,---,Xg) in C(M, X) we want 
to associate a section o(,x) in '(M, X). In order to do this, suppose M is 
equipped with a metric such that each point is the center of a geodesic disk 
of radius 1. Then let 27 denote the maximal distance between two different 
uj, and let d = min(r, 1). Let D1,..., Dz be the geodesic disks of radius d 
centered at 1,...,uz. Outside of the disks D; we put o(,x)(y) = co. When 
y € D,, we choose the unique unit speed geodesic g(t) such that g(0) = u, 
and g(to) = y for some to < d, and we define o(,x)(y) = (4 g' (to), x). This 
defines a continuous map 


o: C(M,X) > P(M,X). 
Theorem 9.45 ([187]) The map o is a weak homotopy equivalence. 
Remark 9.46 From an explicit model for T'(M, $4), it is proved in [94] that 
the rational Betti numbers of the configuration space C,(M) of k unordered 


points in an even dimensional orientable closed manifold M depend only 
on the rational cohomology algebra of M. 
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9.5.4 Gelfand—Fuchs cohomology 


Let M be a compact smooth m-dimensional manifold with Ly the Lie alge- 
bra of smooth vector fields on M. Let C*(Lyy) denote the differential graded 
algebra of continuous multilinear forms on Ly with coefficients in R. 


Definition 9.47 The Gelfand—Fuchs cohomology of the manifold M is the 
cohomology of C*(Ly). 


Now consider the principal U(m)-bundle 
Ucn) > EU(m)@” —> BU)?” 


that is the restriction of the universal principal U(@m)-bundle U(@m) > 
EU(m) > BU(m) to the 2m-skeleton of BU(m). Observe that EU(m)?™ is 
not the 2m-skeleton of EU(m), but EU(m)?” is a free U(m)-space and the 
associated fiber bundle (i.e. the Borel construction) over BU(m) is 


Ym: EU(m)@” —> EU(m) xugny) EU) e™ Bs BU(m). 


Clearly f has the homotopy type of the inclusion BU(m)?” — BU(m). 
Let TM be the tangent bundle of M and denote by T°M its complex- 


ification. The complex vector bundle T°M — M is classified by a map 
g: M > BU(m). We denote by y,, the pullback of 7,, along g, 


7 
EU(m) 2”) —+E—=M. 


Solving a conjecture of Bott, Haefliger proved the following result. 


Theorem 9.48 ([125]) The cochain algebra C*(L») is a model for the space 
of continuous sections of yn. 


Thus, the cohomology of the space of sections of y, is isomorphic to 
the Gelfand—Fuchs cohomology. Observe now that the rational homotopy 
class of the map g is completely determined by what it does in cohomology 
since BU(m) ~@ [Jj K(Q, 21). We have 


H*(g; Q): H*(BU(m); Q) = Qlc1,..-5¢m] > H*(M;Q), — leil = 22. 


By the properties of complex bundles, H*(g;Q)(c2j41) = 0 and 
H*(g;Q)(c2;) = pi, the ith Pontryagin class. Therefore, if the Pontryagin 
classes vanish, g is homotopically trivial, E = M x EU(m)?”, and the 
space of sections of y,, is identified with the space of maps from M into 
EU(m)@™). 

In the case M = R”, the fiber bundle yy, is trivial, so H*(EU(m)?”; Q) 
is the cohomology of the Lie algebra 2,,. of smooth vector fields on R”. 
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A model for EU(m)?%”) is easy to describe. Recall that a model for the 
universal U(m)-bundle is given by 


(ACEI, + +5 Cm) 0) > (A(E1,-- +5 my 1, .-- Pm), d) > (Ai, .--5 4m), 9), 


with |c;| = 2i and d(h;) = c;. Let I denote the ideal of A(c1,..., Gm) gener- 
ated by the elements of degree > 2m. Then (A(c1,..., ¢m)/I, 0) is a model 
for BU(m)2”™, and we have the next result. 


Proposition 9.49 The cdga 
(A(C1,-- +5 €m)/T@ AA1,.- +5 4m) 4) = (A(G)/T, 9) @acqy (ACG, Aj), 2) 


is a model for EU(m)?”. 


The cohomology of this algebra is well known and a basis for it has been 
described by Vey [106]. It follows also from [106] that EU(m)?” has the 
rational homotopy type of a wedge of spheres. For instance EU(1)?) has 
the rational homotopy type of S* and EU(2)™ has the rational homotopy 
type of Sv S v S’7 v S8 v S8. From Theorem 9.38, we then deduce 


Theorem 9.50 ([260]) Let M be a compact connected nilpotent manifold of 
dimension m > 2, whose Pontryagin classes are zero. Then there is A> 1 
such that for k large enough, we dim H'(C*(Ly)) > A&. 


9.6 Iterated integrals 


While all of this section can be written in the framework of simplicial sets 
(see [59], [127] or [248]), for the sake of simplicity, we will stay within the 
world of manifolds to describe the various ideas introduced by K.T. Chen. 


9.6.1 Definition of iterated integrals 


Let M be a smooth manifold. Throughout this book, we have been moti- 
vated by the same recurrent theme: find homotopical information about 
a smooth manifold M from its algebra of differential forms. One of the 
simplest and well-known ways of doing this relies on differential 1-forms. 


Ifwe Abp(M) is closed, the map a € M1, i w respects homotopy 


classes of smooth loops. In a series of papers, K.T. Chen extended this fact 
to p-forms and to spaces more general than manifolds, called differential 
spaces. Since we will be interested only in path spaces on manifolds, we will 
not use this more general notion. The paper [59] gives a general overview 
of his theory. 


9.6 Iterated integrals 


The first objects introduced by Chen that we encounter are the iterated 
integrals. To introduce them, let’s begin with a very particular situation. 
Let w; and w2 be two 1-forms on a smooth manifold M. If a: [0,1] ~ M 
is a piecewise smooth path on M, for 0 < t1 < tz < 1, we define 


1 to 
( [ oven) -| (/ or(aity)) dats)) w2(a(t2)) da(t2), 


t t 
where f° wx(a(ts)) dais) = [ ovate (Se) dt). 
0 0 ty 


This association is denoted by / @q@ and called an iterated integral. In 


the particular case above, this is a function on the space P..(M) of (free) 
piecewise smooth paths on M. Note that P._,. (M) has the homotopy type of 
the space M!!] of free paths, thus the homotopy type of M. We can also 
see another way to define this function. It is more sophisticated, but it will 
lead us to the general case. Let 


A® = {(t1,t2,...,t%) |0<t1 <b <...%< 1} 


be the euclidian simplex and let p;: Ak — [0,1] be the canonical projection 
fori =1,...,k. We denote by @; the 1-form on A? which is the pullback 
of a; along a o p;. We have 


([ even) =) @1 A @?. 
a A2 


This iterated integral is nothing more than an integral on A? and the 
qualification iterated comes from the manner in which we compute the 
integral. 

In the framework we are going to describe, iterated integrals are not only 
functions on P....(M), but more generally forms on ee (M). Since P,...(M) 
is not a classical smooth manifold, we first have to give a meaning to this 
notion and that is where Chen’s notion of differentiable space comes in. 
As we mentioned above, our situation is sufficiently simple that we can 
avoid the introduction of this notion. Recall that a form on a manifold is 
defined by its trace on any trivializing open set, so the next definitions come 
naturally. 


Definition 9.51 Let M and N be two smooth manifolds. 

A smooth map a: N — P...(M) is a continuous map such that there 
exists a partition of [0,1],0 = to < ty < ... < t; = 1, for which the 
restrictions a3: N x [tj,ti41] > M of the adjoint map are smooth. The 
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charts of P,.(M) are the smooth maps a where N is an open subset U of 
an R”. 


Definition 9.52 Let M be a smooth manifold. A_ differential 
p-form on Pree(M) is a correspondence which associates to any chart 


(a: U>P 


free 


(M)) an element Wy € Atp(U), such that Wao = ®* (Wy) for 


any smooth map ®: U' > U. We let ADR (P. 
differential p-forms on M and take 


(M)) denote the space of 


ree 


ADR(Phee(M)) = BD Adg (Pree (M))- 
p20 


Observe that Apr(P.,.(M)) has a cdga structure with respect to the 
obvious differential and the product of forms. Now, we are ready for the 
definition of iterated integrals as forms on P, ,. (M). 


Definition 9.53 Let @1,...,@, be forms on a smooth manifold M with 
@j € A#(M). The iterated integral i 1... Op is a ((qi +--+ Gp) —k)-form 


on P,,,.(M) defined as follows. 
Leta: U > P., (M) be a chart with adjoint a;: U x [0,1] > M. 
Decompose the differential form as (a@;) on U x [0,1] into 


free 


oe (aj)(x, t) = dt A w)(x,t) + w/ (x,t), 


where w, and w/ do not contain the factor dt, and set 


(f or...) = force) ne Ae) dts. dy 


Observe that the form a; is the interior product of the form a; (@)) with 
0 - 
the vector field oF Let @j, be the pullback of the form @; along the compo- 


iduxpi Oty 
U x [0, 1] ~+M. The iterated integral can also 


(f or---2) -¢ Ma A+++ A Oks 
a Ak 


where § is the integral along the fiber in the trivial bundle U x A* > U. 


sition U x Ak 
be expressed as: 


9.6 Iterated integrals 


9.6.2 The cdga of iterated integrals 


Let Chen P...(M) be the sub-vector space of forms on P....(M) generated by 
the 


74 (wo) A i: @1... Op ATT (Wpy1)5 


where 


¢ w; € Apr(M), fori =0,...,k +1; 
¢ | w1...@, is the iterated integral of Definition 9.53; 


° 0, 11: P...(M) — M are the evaluations a +> a(0), a + a(1) 
respectively. 


Theorem 9.54 The complex Chen Pree(M) is a differential graded subalge- 
bra of Apr(P, (M)). 


ree 


This comes from Lemma 9.56 and Lemma 9.58 below which show the 
stability of Chen P...(M) under the differential and the product of forms. 
Before stating these lemmas, we mention an alternative presentation of the 
elements of Chen P..(M). 


Remark 9.55 The forms 79 (@o) A for... OR A 1t (Mp41) on F,,,.(M) can 
also be presented as integrals along a fiber, see [105] or [191]. In the 
diagram, 


Prrce(M) x A® 


| 


ae (M) 


Mk+2 


the map €v, is the evaluation defined by 
EVE (T, (£1,---5¢R)) = (TO), Ti), Tg), F(1)). 


Let (@{)o<j<g41 be (k + 2) forms on M and note that 
$ Koo A+++ A @k41) = 15 (@0) A i 1... OR A Tt (WK41)5 


where § is the integral along the fiber in the trivial bundle p. 
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Lemma 9.56 (Coboundary of an iterated integral; [59]) 
Let a; € Age (M) fori=1,...,k. The following formula holds: 


k 
d fw ee Peper fay adhe vip 
i= 1 


k-1 
— Vena tae if 1... (Wj A @j41) ... Op — 19 (@1) A if W2...Wp 
1 


+ (<1) tet 4-1 kt / 1... Wp_1 A I} (Wp). 


Proof First, let’s consider this formula (up to sign) and explain the origin of 
the terms contained in it. Recall that there is a Stokes theorem for integration 
along a fiber (see [112, page 311]): 


d o= dw +f Oo. 
Ak Ak aaAk 


Let’s understand the last term in the particular case of A*. The boundary 
dA? of A? = {(t1,f2) | 0 < ty < ft < 1} has three faces: 


* the face t; = 0 which gives the term 279 (@1) A [25 

¢ the face t2 = 1 which gives the term fw A 2 (@2); 

* the face t) = tz which gives the term [ w1 A 2. (Recall that the pull back 
of two forms on M along the diagonal M — M x M is the wedge product 
of the two forms, [112, page 209].) 


Now, let’s explain the signs that appear in the expression of the coboundary. 
Consider the case of the iterated integral of one form w € Apr(M). Let 
a: U > P.__(M) be achart. As in Definition 9.53, we decompose a; (@) as 


free 


a3 (@)(x,t) = dt A o' (x,t) + w(x, t) and observe that 


dw" 0a" 
Ul 
a; (dw) = —dt A da’ + dt A es , dx; \ ie 


This gives: 


0 
es (4 [«) + 0" (x, 1) — 0” (x, 0) 


d[ 0) + 17 (w)(a@) — 115 (@) (a). 
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The general formula follows by induction (see [59, Proposition 1.5.2]). 


It is time to recall certain conventions and definitions concerning permu- 
tation of graded objects. First, let A be the free commutative graded algebra 
generated by elements (@;)1<j<y of respective degree qj. For any permuta- 
tion o of the set {1,2,...,}, we denote by +,,(q,) the element of {—1, 1} 
such that 


O1{ A+++ AN On = to,(q;) @o(1) \ +++ A Mon): 


Definition 9.57 Let k and | be non-negative integers. A shuffle of type (k, 1) 
is a permutation o of the set 11,25 weg RH I} such that: 


e oO) ess 2g 
and 
oS (k+1) <0 4k +2) <--- <a (R+D. 
We denote by Sh(k,1) the set of shuffles of type (k,l). 


Lemma 9.58 (Product of iterated integrals; [59]) Let a; € AZ (M) for 
i=1,...,k+1. The following product formula holds: 


fo ..- Op A ‘i Oki1---ORt] = ye to,(q;) / Wo (1)Mo (2) ++» Mo(k+l): 
oe Sh(k,l) 


Proof The two terms on the left-hand side correspond to integration over 
A* and A! respectively. The right side is an integration over A**!, The result 
comes from the classical triangulation of a product of two simplices: 


Ak x Al = U \Criisenttn ill Si Sty = 1 
ae Sh(k,l) 


O24 nt Six Sipe 1}: 


9.6.3 Iterated integrals and the double bar construction 


We now want to compare the double bar construction of Subsection 5.9 
with the complex of iterated integrals ChenP...(M). Let M be a con- 
nected manifold with basepoint * ¢€ M. We denote by (A,d) (or A if 
there is no ambiguity) the differential algebra Apr(M) and define an 
augmentation e: A > R by f © f(*) if f € A® and e(w) = 0 if 
w € A>®, 
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First recall that B(A, A, A) = (A @ (sA @--: @sA) @ A, D) with (sa) = 


A‘*" and the differential D as in Definition 5.51. Consider the map: 


v 
B(A,A, A) >Apr(F,,,. (M)) 


wo @ [w1|..-|@g] @ Wp, 4-175 (0) A far...ORA 77 (Mp+1) 


Lemma 9.56 shows that y is compatible with the differentials. 

In the case A = Apr(M), the bar construction on the left-hand side can 
have elements of negative degree. The classical procedure for avoiding this 
is to replace A by an equivalent augmented complex without elements of 
degree 0 in the augmentation ideal. Chen uses a normalization of the bar 
construction that we present now (see [58, page 22] or [105, page 353] for 
details). 

If f E A, set Si(f)[o| ee lwp] = [wo| eed |aj_1|flajl eax lwp]. Define 
Degen(A) as the subspace of B(A,A,A) generated by the S;(f) and the 
[D, S;(f)]. Chen proves: 


Proposition 9.59 Let A = Apr(M). The space Degen(A) is stable under 
the differential D and is acyclic if M is connected. Thus, the quo- 
tient N(A,A,A) = B(A,A,A)/Degen(A) has the same cohomology as 
B(A,A, A). 


Moreover, since Apr(FP,.,,.(M)) has no elements of negative degree, the 
map above induces a map (which we still denote by) w: N(A, A, A) > 
Apr(P,,,,(M)). Finally observe that B(A, A, A) = N(A, A, A) if A’ = 0. 

We would also like to consider the other bar constructions presented in 
Subsection 5.9 and to relate them to certain complexes of iterated integrals. 
For this, we introduce: 


¢ the subspace P, ,(M) of P....(M) consisting of the paths with origin * € M; 
¢ the subspace - _(M) of Pp. .(M) consisting of the based loops on (M, *); 
e the cdga’s Apr, (M)) and Apr(P,,,(M)) as in Definition 9.52. 


Observe that 


° P_..(M) is of the homotopy type of M!1), therefore of M; 
° oa “(M) i is of the homotopy type of P(M), ehetefores is contractible; 
° P. ,(M) is of the homotopy type of the loop space Q(M). 


For the proof of the next result, we refer the reader to the paper of Chen 
[59] (see also [105] with a slightly different sign convention). 


9.6 Iterated integrals 
Theorem 9.60 (Chen, [59]) Let M be a simply connected manifold and 
A = Apr(M). The following maps of complexes are quasi-isomorphisms: 


t, W: N(A,A, A) fF Apr(P,,,,(M)), 
wo © [a4|... |@p] ® gy > 15 (wo) A f oy... Og A WF (@g41)3 


2. yw: N(A,A,R) > Apr(P,,(M)), 
wo ® [@1|...|@p] 79 (@0) A foi eo) 


3: y: N(R, A, R) =? Apr(P..,, (M)), 
[wi]... lap] > far... ag. 
As a consequence, the images of these maps give the cohomology of 


the corresponding spaces. In particular, recalling from Section 5.9 that 
B(A, A, A) is quasi-isomorphic to A, we have 


Corollary 9.61 If M is a simply connected manifold, then the two cdga’s, 
Apr(P,,,(M)) and Chen Prree(M); have the same minimal model as M. 


Let’s focus on the last item of Theorem 9.60 which gives a model for 
the loop space Q(M). Let Chen P_,(M) be the subspace of Apr(P.,(M)) 
generated by the iterated integrals [a1 ...@z, where a; € Apr(M). 


Remark 9.62 This complex can also be expressed using a presentation 
similar to Remark 9.55. In the diagram 


ev, 
P_.(M) x A* 


: 


P.,,(M) 


Mk 


the map p is the canonical projection and ev, is the evaluation defined by 
eva (T, (t1,.--5p)) = (t(h1),..-, T(tg)). Definition 9.53 coincides with: 


for on= fever row) 


where § is the integral along the fiber in the trivial bundle p. 


Finally, observe that in P, ,(M) the maps 79 o@ and 77; ow are constant, so 
that 79 (@) = m7 (@) = 0 for any w € A=!(M). This presentation is nothing 
other than Remark 9.55 restricted to P,,(M). 


In [59, Theorem 4.1.1], Chen proves that [@1|... lag] > fa@1...ax 
induces an isomorphism of Hopf algebras between N(R,A,R) and 
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Chen P,,(M). The product is the shuffle product of Lemma 9.58 and the 
diagonal is given by: 


k 
a( foro) = fore fois. 
i=0 


This and Theorem 5.52 directly imply the next statement. 


Corollary 9.63 (59]) Let M bea simply connected manifold with loop space 
Q(M). The map [a1|...|@r] > f @1...@, induces an isomorphism of Hopf 
algebras between N(R, A, R) and Chen P,,,(M). This gives an isomorphism 
of Hopf algebras between the cohomology of the loop space Q(M) and the 
cohomology of the complex of iterated integrals: 


H*(Q(M);R) = H* (Chen P,,(M)). 


9.6.4 Iterated integrals, the Hochschild complex and the free 
loop space 


We would like now to study the cohomology of the free loop space with 
iterated integrals. Denote by P.... loop M1) the subspace of P._.. (M) consisting 
of the free loops on M. Observe that P, 
the free loop space LM. Let Chen P, 


ree loop 
on P (M) generated by the 


free loop 


»(M) has the homotopy type of 


ree loo, 


(M) denote the subspace of forms 


ni(oo) A f or ..0y 


We leave to the reader the descriptions of these forms as integrals along a 
fiber as in Remarks 9.55 and 9.62. As a complement to Section 5.9, note 
that the shuffle product on B(A pr(M)) gives a cohomology algebra isomor- 
phism with H*(LM; R). As in Subsection 9.6.3, we observe that B(Apr(M)) 
has elements of negative degree. We kill them by quotienting by a differential 
ideal Degen(A) which is acyclic when M is connected. 


Theorem 9.64 (59, Theorem 4.2.1], [105, Proposition 4.1]) Let M be a 
simply connected manifold. The map 


B(Apr(M)) : ADR (Pre oop MD) 


wo ® [@1| .. . |@e]-_ +75 @0 A fo... @p 


induces an isomorphism of algebras between B(Apr(M)) and Chen aS ‘ahs 
(M). Therefore, there is an isomorphism of algebras, 


H* (chen P, 


‘ree loop 


(M)) ~ H*(LM;R). 


9.6 Iterated integrals 


Table 9.1 Chen’s iterated integrals. 


Iterated integrals Bar constructions Spaces 
Chen P.,. (M) B(A, A, A) M01) 
Chen P, ,(M) B(A, A, R) P(M) 
Chen P, , (M) B(R, A,R) Q(M) 

Chen Fede loop (M) B(A) LM 


Table 9.1 gives a summary of the correspondences between the vari- 
ous complexes of iterated integrals, bar constructions and particular path 
spaces. 


9.6.5 Formal homology connection and holonomy 


In this paragraph, we replace Chen P,,(M) by a differential algebra, free as 
an algebra, whose homology is isomorphic to the Pontryagin algebra of the 
loop space, 2(M), of a simply connected manifold M with finite Betti num- 
bers. Denote by V the subspace s~'H,(M;R); that is, V, = Hy+1(M;R) 
for all > 1 and Vo = 0. The free graded Lie algebra on V, denoted by 
L(V), is a sub-vector space of the free tensor algebra T(V), and if T(V) 
is endowed with the Lie algebra structure coming from the commutator 
bracket, then L(V) is the sub-Lie algebra generated by V, see [87, Page 
289]. A Lie derivation on L(V) is a map 0: L(V), — L(V),_1 such that 
atl, l’] = fal, //] + (—1)""[, al] for all homogeneous elements / and /' of 
L(V). Finally, we introduce the completion of the tensor product as: 


Apr(M)@L(V) = QI [45g M) @ L(V)p). 
n p 


This is the set of all formal sums )°; @; ® J; such that, for each integer 1, 
there are only a finite number of terms @; ® /; such that |a;| + |J;| = 7. 

Recall that Apr(M)® L(V) is a graded Lie algebra with a bracket defined 
on homogeneous elements by [a @ b, a’ @ b’] = (—1)!| laa’ @ [b, b’]. The 
map d is extended to the tensor product by setting d(a ® b) = da ® b on 
homogeneous elements. Similarly, if 0 is a Lie derivation on L(V), we define 
d(a ® b) = (-1)'"la @ ab. 


Definition 9.65 Let M be a compact simply connected manifold. Set V = 
s~'H,.(M; R) and fix a homogeneous basis (X;)jct of V. A formal homology 
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connection is a pair (w,0) with 


w= Soo @X; + > Wj1i2 @Xi, Xi. + °° 
I (41,12) €IT xI 


€ Apr(M)@ L(V) C Apr(M)® T(V) 
and 0 a Lie derivation on L(V) such that: 


© the w; are closed elements of Apr(M); 

© the family ([@;])ier € H*(M;R) is the dual basis of (sX;j)ier; 

* w is of degree —1, which means |wj,..i,| = 1+ Yj=1 1%, | — 1); 

¢ dand OA satisfy the Maurer—Cartan equation dw = dw + slw, w). 


We give below an equivalent definition in the context of maps instead of 
tensor products. First, let’s consider an easy example. 


Example 9.66 Consider the space CP(2) with its real cohomology denoted 
by H* and real homology denoted by H,.. We choose a basis X; € Vi = 
s-!H>, Xo € V3 = s~!H4. Let w be the Kahler form in Adp(CP(2)), and let 
([w], [7]) be a dual basis of (X1,X2). We set 9X1 = 0, 9X3 = 51X1, X1] 
and extend it to L(X1, Xz) asa Lie derivation. An easy computation shows 
that w = wX1 + w*X) is a formal homology connection on CP(2). 


Remark 9.67 A formal homology connection can be viewed as a differential 
form with values in a Lie algebra, the free Lie algebra L(V). If we consider 
the classical case of a form w € A!(M;g) where g is the Lie algebra associ- 
ated to a Lie group G, then we see that w can be extended to a morphism of 
graded algebras w’: C*(g) — Apr(M) where C*(g) is the classical cochain 
algebra on g. This map w’ is compatible with the differentials if and only 
if dw — slo, w] = 0. The analogue of the classical situation exists for the 
formal homology connection of Chen as shown by the next result. 


Theorem 9.68 Let (w, 0) bea formal homology connection ona simply con- 
nected compact manifold M. We choose a basis (x) of L(V) and decompose 
@ as o = Yo] @ xj € ADR(M)® L(V). Let 


&,: C*(L(V), 3) > Apr(M) 


be defined by ®,(w) = ey +a] (w, xy), where C*(L(V), 9) = (AW, d) is 
the cochain algebra introduced in Subsection 2.6.2, w € W and (, ) is the 
duality between W*t! and L(V).. Then the following are true: 

1. 07 =0; 

2. ®, is compatible with the differentials; 

3. ®, induces an isomorphism in cohomology. 


9.6 Iterated integrals 


For the proof, we refer the reader to [59] or [248, Theorem IV. 2.(1)] and 
observe, as a direct consequence, that a formal homology connection gives 
a Sullivan model. 


Corollary 9.69 Let (w,0) be a formal homology connection on a simply 
connected compact manifold M. The map ®, defined in the statement of 
Theorem 9.68 is a Sullivan model of M. 


We have not introduced differential Lie algebra models here, yet we note 
that Theorem 9.68 contains within it the fact that (L(V), 0) is such a model. 
In fact, if we let (T(V), 0) denote the associative tensor algebra obtained 
as the enveloping algebra of (L(V), 0), then we can use a holonomy map 
©: C,(Q(M)) + (T(V), 9) constructed by Chen to give an isomorphism 
of algebras between the Pontryagin algebra H,.(Q(M); IR) and H,(T(V), 9), 
see [59, Section 3.4] or [248, Proposition IV.3.(1)] for a different approach 
to the construction of the map 0. 


9.6.6 A topological application 


In Subsection 4.6.5, we considered the question of which symplectic man- 
ifolds are nilpotent spaces (and thus are amenable to minimal model tech- 
niques, see Proposition 4.100). Iterated integrals can be used to approach 
this question (but not answer it completely yet). We will only state the result 
and refer the reader to the original paper of Chen [57]. 


Theorem 9.70 Let M” be a connected manifold and suppose 04,...,@m 
are closed 1-forms on M which satisfy the following conditions: 


* 0; Ko; = 0 orig = 1,250 
¢ the cohomology classes [@,],...,[@m] are linearly independent. 


Then 11(M) contains a free subgroup G of rank m. Moreover, if w is a 
closed q-form on M such that 


* a, \@=0 fori=1,...,m; 
¢ for some a € 14(M), the integral [, w # 0; 


then {B - a}pec is a basis of a free abelian subgroup of mq(M). 


This result allows us to see the action of 21(M) on z4(M) in terms of 
differential forms. Indeed, we can also see Proposition 4.100 from this 
viewpoint. Can we use Theorem 9.70 or an extension of it to understand 
nilpotency in the context of symplectic manifolds? 


9: AFlorilége of geometric applications 


9.7 Cohomological conjectures 


Throughout the book we have indicated a series of conjectures related to 
geometrical problems. Our purpose in this section is to recall them in a 
more general setting. 


9.7.1. The toral rank conjecture 


The toral rank conjecture states that if a torus T’ acts almost freely on 
a compact manifold M, then dim H*(M; Q) > 2". With the help of Borel 
fibrations, it can be reformulated in terms of fibrations in the following 
form: 


Conjecture 9.71 If F > E — B is a quasi-nilpotent fibration (e.g. if 
m1(B) = 0) where F is a torus T’ and the cohomology of B is finite 
dimensional, then dim H*(E; Q) > 2". 


This leads to the more general 


Problem 9.72 Let F > E > B be a quasi-nilpotent fibration, where F is a 
rationally elliptic space and the cohomology of B is finite dimensional. Is it 
true that dim H*(E; Q) > dim H*(F; Q)? 


9.7.2 The Halperin conjecture 


The Halperin conjecture is also related to fibrations. Let’s recall it and note 
the strong relation with the conjecture above, see also Section 4.2. 


Conjecture 9.73 If F > E > B is a quasi-nilpotent fibration, where F is 
a rationally elliptic space with x(F) > 0, then the Serre spectral sequence 
degenerates at the Ey term: that is, there is an isomorphism of H*(B;Q)- 
modules, H*(E;Q) = H*(F;Q) ® H*(B; Q). 


A positive answer to the Halperin conjecture would give a positive answer 
to Open Problem 9.72 in the case x(F) > 0. 

There are equivalent forms of the Halperin Conjecture: Let X be an elliptic 
space with x(X) > 0. Then the following conditions are equivalent (see 
Proposition 4.40): 


1. The Halperin conjecture is true for X. 

2. H*(X;Q) has no non-zero derivation of negative degree. 

3. The space of self-homotopy equivalences of X, aut X, has the rational 
homotopy type of a product of odd dimensional spheres. 


9.7. Cohomological conjectures 


The relation between the second and the third characterization fol- 
lows from the following fact. The commutator of two homotopy self- 
equivalences gives to z,(aut X) @ Q the structure of a graded Lie algebra, 
and there is a morphism of graded Lie algebras zg(autX) ® Q > 
Der H~2(X; Q) that is surjective when X is formal. 

The derivation viewpoint has a geometric meaning. As we saw in 
Chapter 6, Belegradek and Kapovitch proved that when M is a compact 
manifold and H*(M; Q) has no nonzero negative degree derivation, then, 
for every torus T and every vector bundle € over C x T with secre) > 0, 
there is a finite covering p: T — T such that (p* x id)(€) = &c x T where 
€c is a vector bundle over C. Since bundles do not generally have this prop- 
erty, this then gives an obstruction to positive sectional curvature on total 
spaces of bundles. In fact, however, Corollary 6.41 is true even when only 
the cohomology derivations which descend from derivations of the mini- 
mal model vanish. The question is, how can these be recognized? Let Mc 
denote the minimal model of C. There is an obvious graded Lie algebra 
homomorphism 


p: H*(Der(Mc)) > Der(H*(C)), 


but knowledge of Im(p) is scant. Of course, if C is formal, then p is 
surjective, but otherwise, we know little. 


Problem 9.74 Determine Im(p) for various classes of spaces C. In particu- 
lar, determine when Im(p) = 0. 


Denote by Baut,(C) the classifying space for the monoid of self- 
equivalences that are homotopic to identity. This space classifies fibrations 
with simply-connected bases and fibers of the homotopy type of C. The 
differential graded Lie algebra (Der(Mc),dc) is a Lie algebra model 
for Baut;(C). This provides an interesting connection between curvature 
properties and abstract homotopy theory. 

Furthermore, while it was proved in [237] that homogeneous spaces of 
maximal rank have no negative degree cohomology derivations (and so 
satisfy the Halperin Conjecture), the following is as yet unknown. 


Problem 9.75 Show that a biquotient G//H has no negative degree 
cohomology derivations if rk(G) = rk(A). 

9.7.3 The Bott conjecture 

Recall from Section 6.4 that we have the following conjecture of Bott. 


Conjecture 9.76 If M is a closed manifold with secy > 0, then M is 
rationally elliptic. 
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Of course, the power of the conjecture (if true) is in the contrapositive 
statement. Since most manifolds are rationally hyperbolic, this would say 
that most manifolds cannot carry metrics of non-negative sectional cur- 
vature. Also, consider Bott’s conjecture in relation to Open Problem 9.72 
above. 


Problem 9.77 Let F > E -— B be a quasi-nilpotent fibration, where F 
has secp > 0 and the cohomology of B is finite dimensional. Is it true that 
dim H*(E; Q) > dim H*(F; Q)? 


Conjecture 9.76 is related to many others as we noted in Section 6.4. 
At the present time, there seems to be no good approach. Even the results 
of Chapter 6 lack a certain coherence, at least in terms of their relations to 
minimal models and the viewpoint of rational homotopy theory. Of course, 
there is also Paternain’s result saying that certain geodesic flows only occur 
on rationally elliptic manifolds. So we might fairly pose the 


Problem 9.78 Make the connection between geometric constraints on 
manifolds and algebraic constraints on minimal models systematic. 


The reader may well ask what our precise meaning is here. Evidently, 
that is part of the problem. 


9.7.4 The Gromov conjecture on LM 


Let M be a rationally hyperbolic manifold. Gromov conjectured that the 
cohomology of the free loop space LM = M®" has exponential growth. On 
the other hand, Vigué-Poirrier proved that the Betti numbers of the function 
space from a compact manifold into a wedge of (at least two) spheres has 
exponential growth. She conjectured [260] that, for any fibration p: F > 
E — B, where F has the rational homotopy type of a wedge of spheres, 
the cohomology of the space of sections of p has exponential growth. Both 
conjectures merge into a common problem concerning the homology of 
function spaces. We can state this as 


Problem 9.79 Let F > E — B be a quasi-nilpotent fibration where F is 
rationally hyperbolic and B is a compact manifold. We suppose moreover 
dim B = 1 and F is (n + 1)-connected. Do the Betti numbers of the space 
of sections have exponential growth? 


9.7.5 The Lalonde—McDuff question 
F. Lalonde and D. McDuff have asked the following 


Question 9.80 (Lalonde—McDuff question) Is every Hamiltonian bundle 
TNCZ? 


9.7. Cohomological conjectures 


Recall that this says that if F + E > Bisa symplectic fiber bundle where 
the structure group of the bundle reduces to the Hamiltonian diffeomor- 
phisms, then the fibration is TNCZ. Of course, we know that all bundles 
are TNCZ when the fibers are simply connected Kalher manifolds or max- 
imal rank homogeneous spaces. We have also seen in Theorem 7.75 that 
the Lalonde-McDuff question is answered affirmatively for nilmanifolds. 


Problem 9.81 Use models to examine the Lalonde-McDuff question in 
other cases of interest. 


Appendix A 
De Rham forms 


In this appendix we give basic definitions and results about differential (also 
known as de Rham) forms. General references for the whole appendix are 
[107], [112] and [262]. 


A.1_ Differential forms 


We shall begin by considering Euclidean space R”. Of course, R” is a smooth 
manifold with the topology naturally given by the standard vector space dot 
product structure. We can define vector fields on R” by choosing a vector 
space basis {e1,..., én} and defining the vector field F; by Ej(x1,...,%n) = @ 
at the point (x1,...,X%n) € IR”. In other words, E; is simply e; placed at 
every point of R”. That such a definition gives a smooth vector field is 
due to the fact that the coordinates are global. Any vector field on R”, 
V: R” — R” x R”, now has the form V(x1,...,Xn) = (*1,---5Xn, V) with 


n 
V(x1,..-5Xn) = Yam, ategep)ery 
j=l 


where the coefficients a; are now smooth functions on R”. It is apparent 
that we are thinking of IR” x R” here as pairs (x,vx), where vx is an n- 
vector starting from x. This is the first instance of what is called the tangent 
bundle of a manifold. Here, it is very simple because the topology of R” is 
simple, but it can be more complicated as we shall see. In order to be able 
to understand these more complicated situations, let’s look a little more 
closely at the R” case now. 

Let x € R”. Consider a smooth curve B: (—e, €) — R” defined on a small 
interval (which for convenience we take to be (—e,¢€)) with B(0) = x. Of 
course, we now have z functions f;: (—¢€,€) — R defined as the coordinate 
functions of B, 


B(t) = (B12)... Bn(t)). 
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The tangent vector of 6 at 0 is then computed coordinatewise, 


B'(0) = (8, (0), .--,B,(0)), 


and we define the collection of all vectors arising as tangent vectors to curves 
through x to be the tangent space, T,,(IR”), to R” at x. It is clear that each 
vector through x is the tangent vector to a curve, and therefore T,.(R”) 
identifies to the vector space of vectors at x. The tangent bundle of R” is 
defined to be 


TR”) = {(x, vx) | x € R” and v, € T,(R”)}. 


If f: R” > R& is a smooth map, then it induces a map Df: T(R”) > 
T(R®) of tangent bundles which is a linear map on the tangent space at 
each point. For f(x) = y, the map Df is defined as follows. Let (x, vx) € 
T(R”) and suppose £ is a curve in R” that defines v, as above. Then the 
composition a = f o B is a smooth curve in R& with a(0) = fo B(O) = 
f(x) = y. We then define Df (x, vx) = (y,a’(0)). Note that, in IR”, we can 
always choose A(t) = x + tv,, the line through x in the v,-direction. If we 
are only interested in the map Df restricted to a particular tangent space 
T(IR”), then we denote this linear map by D,,f. The vector a’ (0) is given by 


d(f(Bt))|  _ d(f(x+tvy) 
da dt ig 


a’ (0) = 


where we have taken the straight line through x as B. This is exactly the 
definition of the usual directional derivative of vector calculus. Therefore, 
the map Df is just a generalization of that. Indeed, by looking at the coor- 
dinate functions a; of a, we see that Df is just the vector consisting of the 
directional derivatives of the a;. 

The directional derivative also allows us to transform functions into new 
functions. Namely, if V is a vector field andf: R” + Risasmooth function, 
then the smooth function Vf is defined by 


d(f(x + t Vx) 


Vf (x) = =F 


’ 


t=0 


the usual directional derivative in R” in the direction of Vx, (the value of V 
at x). If V = E;, then it is easy to see that Vf = df /0x;, the usual partial 
derivative in the jth coordinate direction. 

Now consider the dual space R”* with dual basis {de,,..., de,}; that is, 


0 ifiXzj 


dei(e)) = f ae 
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We can also take the exterior algebra on this basis, A(7) = A(de1,..., den). 
This is the free graded algebra satisfying the anti-commutativity condition 
aNb=-—b~aa. Note that this means that de; A de; = 0 for alli=1,...,7. 
An element ¢ of degree p has the form 


d= ae de;, Arte A de;, 


where the sum is over all (7) choices of p de;’s among the 1 de;’s available 
and the aj,...;,’8 are constant. Note that, by the anti-commutativity property 
of the exterior algebra, we can always order the i; so that ij < iz <... < ip. 
The algebra A(#) appears to be the dual of the exterior algebra A(R”). 
Note that in order to apply an element of the exterior algebra to vectors, 
we need to have a definition that takes account of the anti-commutativity of 
the exterior algebra. For instance, if we simply said that de, A de2(v, w) = 
de1(v) - dex(w), then we would not have de, A dey = —dez A dey. Just 
substitute e; for v and e2 for wand get 1 and 0 for the respective calculations. 
So, the application of an exterior algebra element de;, A... dej, to vectors 
V1,...,Up is defined by 


dej, \...A dej,(V1,--.5Up) = J) (—1)8" dei, (Vea) ++ dei, Vorpy)s 
oEXp 


where the sum is over all permutations o in the permutation group Xp. This 
definition is compatible with anti-commutativity and will provide a global 
wedge product below. In fact, we can define 1-forms dE; dual to the vector 
fields E; by requiring 


dEME)Gr1,...9,) = 40 MEFS 
1 ifi=j. 

Note that, at any point (x1,...,X7) € IR”, we have Ej(x1,...,xn) = e; for 
each i = 1,...,”. So E; and 1-forms dE; are defined globally and evaluate 
to the corresponding dual vector space basis elements at every point in R”. 
Because of the obvious identifications, we may sometimes use the notation 
de; for global forms. 

Just as for vector fields, we define a p-differential form a: R” > R” x 
AP (R”) by a(x4,..-5Xn) = (X1,--+5Xn,@) with 


(X15... +5 Xn) 
Bos eats one Xn) GEE (xis as Xn) Ave eos dEj, (x1, ees >Xn) 


= baer ecn wroaig yp) de;, Arte A dei, 
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where the sum is taken over all multi-indices of length p and the qj,...;, are 
smooth functions on R”. 

From now on, we will simply denote a form @ by its second coordinate, 
@. A 1-form a = )° a; dE; may be applied to a vector field V = }° c;E; to 
produce a smooth function on R” as follows: 


a(V)(x1, tee »Xn) = a(x4, tee »Xn)(Vix1, tee 3Xn)) 
= (Seasons PACs ree 
i=1 j=l 
— So ag (x1; sae >Xn) 7 Ce(x15 coe »Xn)s 
k=1 


using the duality between de; and @;. 
More generally a p-form a = >) dj,...;, dEi, \-++ \ dE;, acts on a p-tuple 
of vector fields V1,..., Vp as follows: 


(V1, V2,-- +5 Vp) Qe) = Yi, rig 0) (dei, A «++ A dein )((Vi)zs +5 (Vp)x)- 


Moreover, if f: R” — R is a smooth function, then we may define a 
1-form df by df(V)(x) = Vf (x) for all vector fields V. This is our first 
example of what will be called exterior differentiation. 

The vector space formed by the forms is equipped with a multiplication, 
called the wedge product. Let a = )/ a; dE;, \--- \ dE;, be a p-form and 
B = >) b;dE;, \---\dE;, be a q-form. The wedge product @  f is defined 
to be the (p + q)-form 


Iq °* 


a A B =) ° ajbjdEj, A+++ A dEj, \ dEj, A+++ A dE; 
iy 


If Y1,..., Yp4q are vector fields, we have, 


(a A BY, re) Yp+q) 
= DS CDP O ae ayy..-s Yow) “BMe@ttys ++. Yoota)): 


o€ Uptq 


Here, the sum is over all permutations o in the permutation group Xp+q- 
It is also possible to integrate m forms (as the notation de; suggests). If a 
form has the expression a = adE; A... A dE,, then its integral over some 
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region W C R’” is defined to be 


/ wo ff ons fates... 80) dE 015 2530) Ao AdEMGL, 9) 
Ww 

=f fo fae. der a... aden 

=f fv fees. der i 


where we have used the more familiar integral notation using coordinates. 
Note that, since dE; A dE; = —dE; \ dEj, the integral is a signed integral 
depending on the order in which integrals are taken. The R”-form w = 
dE, A...AdEy is called a volume form on R” because if we take its integral 
over any particular region W, we obtain the signed volume of W. 

If f: R& — R” is a smooth function and £ is a p-form on R”, then a 
new p-form f*B on R& is defined by “pulling back” f: namely, if B = 
y BidE;, Sue dEi,, then 


f*B =) (Biof) df, A... dfiy s 


with df, = >> slic dary. If Vi,...,Vp are vector fields, then f*6(V1,..., 
Vp) (x) = B(Dfx(V1)x)5---5Dfc((Vp)x)), where Df, is the derivative map 
of f on tangent vectors. This now leads us to a more general situation. 

If M” is a smooth m-manifold, then M is covered by charts (i.e. homeo- 
morphisms onto open sets) v;: U; — R” such that the transition functions 
! (restricted to the appropriate images) are smooth func- 
tions from R” to itself. The charts, in effect, parametrize M allowing 
calculations to be done in euclidean space. For instance, tangent spaces 
are defined using our definition in R”. If 8B: (—e,¢) > M is a curve with 
B(O) = x € U, Cc M, then a = v, B: (—e,€) — R” is a smooth curve 
with a tangent vector a@’(0) at v(x). We then say that T,.M consists of all 
such vectors. (If M is embedded in some large RN, then we can visualize the 
tangent space just as we do for surfaces embedded in R*.) We then define 
the tangent bundle to M to be 


Vry = Vrby 


T™ = {(x,vx) |x € M and vx, € T,M}, 


where T,,M is the tangent space to M at x. Local coordinates provide a 
basis for T,M, {e1,..., en}, and we may write vy, = )-aje; as for R”. Of 
course, in the particular chart, the coefficients a; are functions, changing 
as x changes. There is a projection p: TM —> M given by p(x, vx) = x. 
A vector field V on M is then a smooth mapping V: M — TM such that 
p V(x) = x for all x € M. It should be mentioned, however, that it is zot in 
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general the case that the tangent bundle of M is a product M x R” as was 
true for R”, because otherwise each manifold would support vector fields 
that never vanish, which is not the case for instance for $*. When the vector 
field is restricted to a chart U;, then we can write the tangent bundle over 
U, as such a product. 

Charts also tell us whether M has consistent orientations of tangent spaces 
as we move around the manifold. Each transition function v,, is a map- 
ping from an open set in R” to another open set in R”. Therefore, if we 
consider the linear map on tangent spaces D,v,,: T;,R” — T,yR” (where 
y = Vry(x)), then we may take det(D,v;,). Since det(Dxv;,) is always dif- 
ferent from 0, its sign is the same on any connected domain of the transition 
map, so the question of consistent orientation reduces to looking at all pos- 
sible overlaps of charts on the manifold. If charts can be chosen covering M 
so that det(Dxvz,) > 0 for all choices of t and y, then M is orientable. For 
example, spheres, tori, odd-dimensional real projective spaces and complex 
projective spaces are orientable. The Klein bottle and even-dimensional real 
projective spaces are nonorientable. We have the following useful result. 


Proposition A.1 Every simply connected manifold is orientable. 


We may view forms by their images in the different charts. A p-form on M 
can be seen as a collection of p-forms on the open images of all charts in R” 
obeying a compatibility relation. Namely, for a p-form on M, a = {ar}r, we 
must have v7,,@, = ay. With this definition, we now can treat forms locally 
by fixing a chart (i.e. a coordinate system) and writing the local expression 
for the form as above for R”. With this in mind, note that we now can define 
a wedge product of forms on M simply by taking wedge products in the 
images of charts in R” and then forming the collection: that is, if a = {a;}, 
and 6 = {B;}z, then a A B = {a A Br}. 

A volume form on M” is an n-form @ that is non-zero at every point. 
It is not true that every manifold has a volume form. For example, for 
surfaces embedded in R*, the existence of a volume form is equivalent to 
the existence of a nonvanishing normal vector field over the whole surface. 
As the example of the Mobius strip shows, such vector fields sometimes are 
forced to be zero at points on the surface. The Mobius strip is nonorientable 
and this is in fact the criterion for nonexistence of a volume form. 


Proposition A.2 A compact manifold M has a volume form if and only if 
it is orientable. 


In particular, by Proposition A.1, every compact simply connected manifold 
has a volume form. 

Note that a vector field on M also has a local expression in terms of 
chosen coordinates, so all local computations may be carried out as in R”. 
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The cotangent bundle and pth exterior algebra bundle are defined to be 


T*M = {(x, bx) |x € Mand $y € Tx*M}, 
A? (T*M) = {(x, bx) |x € M and ¢, € A?(T,*M)}, 


where T;,*M is the dual vector space to TxM and A*(T,*M) is the exte- 
rior algebra on it. There are obvious projections g: T*M — M and 
Aq: APT*M — M here as well. A p-form a on M is then seen to be a 
smooth mapping a: M > A?(T*M) such that Aga(x) = x for all x € M. 
In this way, the geometry of M is linearized. We denote the p-forms on M 
by At p(M) and the entire graded algebra of forms by Apr(M). 


A.2. Operators on forms 


There are several important operations that are performed on forms to 
create new ones illuminating certain geometric properties. 

Let M” be a manifold with a vector field X and a (p + 1)-form a defined 
on it, then we define a p-form i(X)a by 


((X)a)(Yo, rr) Yp—1) = a(x, Yo, rr) Yp—1) ’ 


where Yo,..., Yp—1 are vector fields. The operation on the (p + 1)-form a 
that produces the p-form i(X)a is called interior multiplication by X. Inte- 
rior multiplication is an anti-derivation (or in more modern terminology, a 
graded algebra derivation), meaning that 


i(X)(@ A B) = (i(X)a) A B + (—1)!*!a A (i(X)B). 


If X and Y are vector fields, then their bracket [X, Y] is defined by its 
action on smooth functions, [X, Y]f = X(Yf) — Y(Xf). The bracket is 
obviously anti-commutative by definition. It also satisfies a Jacobi identity 
(see Exercise A.1), 


[[X, Y],Z] + (LY, Z], X] + ([Z, X], Y] = 0, 


that will be important when we consider Lie groups. Here the action of a 
vector field on a function is slightly different from that in R”. There may be 
no straight line x + ¢ V, on M in the definition, so we modify the definition 
as follows. Let X be a vector field and let f be a function on M. Atx « M 
choose a curve B: (—e,€) > M such that 6’(0) = Xx. Then 


d(f(B(t)) 


Xf (x) = a a a 
t= 
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If X is a vector field on M, then there is an associated flow ¢: Rx M > M 
given by fixing x € M and finding the solution of the differential equation 


dp (t,x) 
> ae = Xg(t,x)s 


with $(0,x) = x. The flow is also written ¢;(x). For fixed x, this is a curve 
c(t) = ¢¢(x) starting at x and following the vector field X in the sense that its 
tangent vector at c(t) is X¢r). For fixed t, ¢¢: M > M isa diffeomorphism 
of M. Therefore, it can be used to pull back forms. To see the effect of the 
flow (or equivalently, the vector field X) on forms, we can find the rate of 
change of the pulled-back form ¢;*a minus the original form a at the same 
point. The definition is 


dr Agp(t,x) — (x) 
; . 


L(X)a(x) = lim 


The operation £(X) is called the Lie derivative with respect to X. We can 
also express £(X)qa by its action on vector fields. Let a be a p-form, then 


L(X)a(Yo, a) Yp—1) 
p-1 


2 XO 0s <0 Yo21) = Woo LS Yawn Ye 
j=0 


The Lie derivative £(X) is a degree 0-derivation on forms: 
L£(X)(a A B) = (L(X)a) A B +a A (L(X)B). 


In [112, page 157] it is shown that the following formula holds (see 
Exercise A.2): 


t 
oa -a= / os L(X)ads. 
0 


Then we can see that ¢;*a@ = a@ if and only if £(X)a = 0. In this way 
the Lie derivative can tell us that @ is invariant along trajectories of a vec- 
tor X. A form a that has £(X)a = O for a vector field X is said to be 
L(X)-invariant. 

We defined the differential of a function f to be the 1-form df satisfying 
df(X) = Xf for a vector field X. The operator d is called the exterior 
derivative and is defined on all forms. For a (p — 1)-form @ and vector fields 
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Yo,.--» Yp-1, the p-form da is defined by, 


p-1 
OAV Gye Vp at) =) -MMy V(X s,s, Yet) 
j=0 
a Yep Hay, Yj], Yo, a) Yi, a) Y;, seg Yp-1)5 
i<j 


where “hats” above Y;’s indicate that they are missing. We denote this 


operation on forms by d: Abe (M) > AR (M). For instance, from the 


formula, we recover the definition df(Y) = Yf and, for a 1-form a, we 


find 
da(X, Y) = X(a(Y)) — Y(a(X)) — a(LX, Y]). 


The most important property of d is contained in the following 
theorem. 


Theorem A.3 The vector space Apr(M) equipped with the exterior deriva- 
tive d and the wedge product is a (commutative graded) cochain algebra. 
For a p-form a and a q-form B, we have, 


d(aA B)=daNB+(-1))andB and d*=dod=0. (A.1) 
The following result explains the relation between i(X), d and L(X). 
Proposition A.4 Let a be a form. Then L(X)a = (di(X) + i(X)d)a. 

Proof Suppose @ is a p-form. For vector fields Yo,..., Yp_1, we have 


di(X)a(Yo,-.-5 Yp-1) 
p-1 
=> S-1Yj(@(X, Yo, we eey Yj, eae Yp-1)) 
j=0 
ANS G1 ae Ys Yelp Vos vans Ys saig¥ sos pea), 


i<j 


A.2. Operators on forms 


i(X)da(Yo,...,¥p—1) = da(X, Yo,..., Yp1) 
> X(a(Yo, “8-89, Yp—1)) 
p-1 


= SC1Yj(@(X, Yo, aay) vs suse Yp—1)) 
j=0 
p-1 
— So (1X, Yj], Yo, «+5 Yjy-- +5 Yp—1) 
j=0 
a SoD a(lYi, Milks YOsae8s fue a deg A pt) - 


i<j 


Note that the anti-commutativity of forms forces some terms in the sum 
di(X) + i(X) d to cancel. For instance, 


OVS V1 Vos ince Vs ckey Veco pod) 
AS OALY), Yilp Xs VOs tees Yastag Yioness You) 20 


since switching the first two vector field entries changes the sign. We have 
the following remaining terms: 


p-1 
X(a(Yo,---5 ¥p-1)) — (1 ae(LX, Yi, You... ¥js---5 Yp-1) 
j=0 
p-1 
=X@(Voje15 Mo) =>), 00,2135 1G Vibes Yo) 
j=0 


since we make ; switches to put the bracket in the jth place and (—1)?/ = 1. 
This is then the formula for the Lie derivative £(X). 


The final operation on forms that will be important for us is integration. 
If M” is an n-manifold and @ is an n-form, then we can integrate w over M. 
If a is nonzero in one chart U having coordinates x1,...,xy, then we can 
write 


a = a(x1,...,X%) dey A... A dey. 


Then integration on M becomes the usual multiple integral in R”: 


i, wmf fo faces...) der... dep 
M 
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If w is a p-form, p # n, then f,,a@ = 0. If a is non-zero in more than 
one chart, it is necessary to piece together these types of integrals using a 
partition of unity. We will not go into this here. Integration of forms on M 
satisfies the following essential property. 


Theorem A.5 (Stokes’s theorem) If M” is an n-manifold with boundary aM 
and a is an (n— 1)-form, then 


[ da= | a. 
M aM 


A.3 The de Rham theorem 


An essential connection between differential geometry and topology is pro- 
vided by the de Rham Theorem A.6 given below. Recall that the exterior 
derivative d: An (M) > Ae (M) makes Aj}\p(M) a cochain complex. Its 
cohomology is called the de Rham cohomology Hp (M), 


Ker(d: AX p(M) > Abt! (M)) 
Im(d: AR! (M) > Ae, (M)) 


Hp (M) = 


The forms a with da = 0 are called closed forms, while the images under d, 
dB, are called exact forms. Therefore, de Rham cohomology is the quotient 
of the closed forms modulo the exact forms. For instance, if f: M > R is 
a smooth function on a connected manifold M, then df = 0 only if f is a 
constant function. Since there are no exact 0-forms, we have Hive (M) = 
R. If M is not connected, then a function could take different constant 
values on different components. If there are k components, H?,(M) = 


R*. In some sense, de Rham cohomology is a measure of the solvability 
of differential equations given by dw. However, the de Rham theory is 
not purely analytic, for there is a link to ordinary topology provided by 
integration and Theorem A.5. 

A singular p-simplex is a smooth map p: A? + M, where 


AP = {(to,...,tp) | t) = 0 for all i and aS 1 


is a p-simplex in R?+!. Here by “smooth” we mean that there is some open 
neighborhood of A? over which p can be extended such that the extension 
is smooth. Usually, singular simplices are continuous maps, but for man- 
ifolds we can restrict to smooth ones because the subcomplex consisting 
of the smooth maps computes the same cohomology. The set of singular 
p-simplices is the basis for a free abelian group C,(M) and there is a 
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boundary operator 0: Cy(M) — C,_1(M) given by 


dp (to, pag »tp—1) — S\(-1)'p(to, es “50, S98 »tp—1)> 


L 


where 0 occurs in the ith place. It can be seen that d* = 0, so that 
a F F a 
vi 3) Gee (MD) — GW) Gt = is 


forms a chain complex. An associated cochain complex is formed by tak- 
ing C?(M;R) = Homz(C,(M),R) with transposed boundary operator, 
called the coboundary operator, d*: C?(M;R) > C?+!(M;R), defined by 
d*(o)(p) = (dp), where @ € C?(M;R) and p € Cy41(M;R). Clearly, we 
also have (d*)? = 0 and 


2S CP-1(M;R) > CP(M; RR) > CP+1(M;R) 2S ... 


is acochain complex. In particular, we may define the singular cohomology 
of M with R coefficients to be 


Ker(d*: C?(M; R) > CP+!(M;R)) 
Im(a*: CP-1(M;R) > CP(M;R)) ° 


H?(M;R) = 


Integration defines a homomorphism from p-forms on M” to p-cochains 
on M with real coefficients, 


[Aba + OLR), ( i «) (= fa, 
p 


where p € Cp(M) is a p-chain in M. The integration makes sense because 
a is a p-form and p is a p-chain. Indeed, each integral is calculated over a 
simplex by pulling back the form. If @ is a p-form and p a (p + 1)-chain, 
then we have 


+ (fo)in=(fe)oor= [r= foe (fs) 


by Stokes’s theorem. This shows that integration is a morphism of cochain 
complexes, and therefore it induces a homomorphism on cohomology, 
Ab p(M) — H*(M;R). The famous theorem of de Rham is then 


Theorem A.6 (de Rham’s theorem) If M is a smooth manifold without 
boundary, then integration induces an isomorphism of algebras 


Hip(M) > H*(M;R). 
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Therefore, in the book, we will typically write H*(M;R) when we refer 
to cohomology, even though it may be coming from forms. Note that 
integration is not an algebra map, however it induces in cohomology an 
isomorphism of graded algebras where the multiplication in Hj\p(M) is 
induced by the wedge product of forms, and by the usual cup product in 
singular cohomology. 


A.4 The Hodge decomposition 


The Hodge decomposition of forms provides a canonical way to view the 
vector spaces of cohomology. Let M” be a compact oriented Riemannian 
n-manifold. There is a Hodge star operator, *, that associates to every p- 
form a an (n — p)-form «a so that the following properties hold. 


1. The Hodge star applied to the constant function at 1 is the volume form 
of the manifold: *1 = w. Note that this immediately implies that the star 
operator depends on the metric of the manifold. 

. * is linear. 

. *(fa) = f(*a), where f is a function. 

. &* a = (—1)"?tPq, for a p-form a. 

. aA *a = 0 if and only if a = 0. 

. If B is another p-form, then a A *B = B A xa. 


NndtwWhd 


We can indicate the local formula for « by considering p-forms a = a;dey; 
and 6 = bjde;. This notation means that we are just taking monomials here, 
where I = (i1,...,ép) and J = (j1,...,jp). Then 


anxp= ‘ : ted 
tapbhm ifl=J, 
where the ordering of I and its complement determine the sign. In particular, 
if a = )°, ay dey with |I| = p, thena A xa = Yaz) Oo. 
The Hodge star operator allows us to define an inner product on p-forms 
by taking 


(a,6) = | a A *B. 
M 


This definition has all of the standard properties of an inner product. For 
instance, property (6) of * immediately shows that (—, —) is symmetric. The 
formula for a \*«a shows (a, a) > 0 and property (5) shows (a, a) = 0 only 
when @ = 0. Finally, note that the star operator is an isometry with respect 
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to the inner product. Here we use property (3), the anti-commutativity of 
forms and symmetry. 


(x01, *B) =| xa Ax B= (—1yP"? i pee 
M M 
= (—1)"P+P / (—1)P@-P) g A *a = (—1)"P+e+nb—p? / BA xa 
M M 
=f B Axa = (B, 0) = (a, B), 
M 


since 2np — p(p — 1) is always even. 
We can also define a co-differential 5: Ann (M) > An (M) by setting 


b= (—1)P 1 dx. 


Again note that, as opposed to d, 5 depends on the metric (since * does). 
Also, the presence of * in the definition tells us that 5 is not in general a 
derivation. By property (4) of the star operator and d* = 0, we see that 
6* = 0. So we have forms a that are co-closed, 5a = 0, and forms f that 
are co-exact, B = dy for some y. Let us now prove the key fact relating 5 


tod. 


Lemma A.7 Let M” be a compact oriented Riemannian n-manifold without 
boundary. If a is a (p — 1)-form and B is a p-form, then (da, B) = (a, 6B). 


Proof Note first that the derivation property of d gives 
d(a A *B) = da A xB + (—1)?"la nd x B. 
Now we compute using Stokes’s theorem, 
(da, B) = i; daA*p = 1. d(a A xB) — (—1)?~la Ad * B 
M M 
=p | andxB 
M 
= ry f A (1) PDH PTD 4 xd * B 
M 


= Eee ery | a A *(*xd*) B 
M 
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= ada aay | a A *(—1)? +7415 
M 


= (—1)etetltptnn p+1)+(n dae a A *5B 
M 


=i) a A *5B = (a, 6B), 
M 


since the exponent of —1 reduces to 2” + 2 + n(n + 1) which is always 
even. 


The operators d and 6 are therefore adjoint to one another. Note for 
example, that if a is closed, then (a,68) = 0 for all 8. Similarly, if a is 
co-closed, then (a,d8) = 0 for all 6B. So closed forms are orthogonal to 
Im(5) and co-closed forms are orthogonal to Im(d). Indeed, the implica- 
tions may also be reversed here. Suppose a is orthogonal to Im(é). Then, 
(da, da) = (a,6da) = 0 implies that da = 0. A similar argument holds for 
a orthogonal to Im(d). We therefore have the 


Proposition A.8 
(1) A form is closed if and only if it is orthogonal to all co-exact forms. 
(2) A form is co-closed if and only if it is orthogonal to all exact forms. 


Now define an operator A: At (M) > At (M) by A=di+6d. Note 
that A is self-adjoint; that is, (Aa, 8) = (a, AB) by the adjointness of d and 
5. We want to know which forms are both closed and co-closed. 


Lemma A.9 Let a € AX a (M). Then Aa = 0 if and only if da = 0 and 
6a = 0. 


Proof We have 
(Aa, Aw) = ((d8 +8d)a, (d5+6d)a) 
= (dda, d da) + (d da, 5 da) + (8 da, d 5a) + (8 da, 5 da) 
= (dda, dda) + (da, 5 da) 


since d da is closed and éda € Im(6). Now, if Aa = 0, then the positive 
definiteness of the inner product implies that both déa = 0 and dda = 0. 
But then we have 


0 = (dda, a) = (Sa, 5a), 


which implies 5a = 0 by positive definiteness. Similarly, we have da = 0. 
On the other hand, if a is closed and co-closed, then by the formula above 
(Aa, Aa) = 0 and this implies Aa = 0. 
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The forms that are both closed and co-closed are called harmonic forms. 
Obviously, the harmonic p-forms form a sub-vector space of AD p(M) and 
we will denote this subspace by H?. The Hodge decomposition asserts that 
all forms can be made up of harmonic forms, exact forms and co-exact 
forms. 


Theorem A.10 (Hodge decomposition theorem) Let M be a compact 
oriented Riemannian manifold without boundary. Then 


Ata(M) = H? @ Im(A) = H @ Im(d) © Im). 


Proof Suppose a € H? and B = Ay for some y. Then (a, 8B) = (a, Ay) = 
(Aa, y) = 0, since A is self-adjoint. Hence, H is orthogonal to Im(A). 
Indeed, some hard analysis shows that if a form # is orthogonal to all 
harmonic forms, then 6B € Im(A). Analysis also shows that dim (H?) is 
finite, so there is a finite basis of harmonic forms /1,...,4, which we can 
take to be orthonormal by scaling appropriately. Now let a € At p(M) and 
denote by ay the form 


k 
an = Y\(a, hihi. 


i=1 


Note that (a—aH, hj) = (a, hj) a ACE h;)(bj, hj) = (a, hj) —(a, hj) =0 by 
orthonormality of the 4;’s. By what we said above, this means that a—aj € 
Im(A). Hence, Ahn (M) = H? @ Im(A). 

We have already seen in Proposition A.8 that Im(d) and Im(6) are orthog- 
onal. Since forms in H? are both closed and co-closed, these three subspaces 
are mutually orthogonal. Clearly, Im(A) ¢ Im(d) @ Im(6) and, since 
Ade (M) = H? © Im(A), we also have A4,(M) = H @ Im(d) 6 Im(6). 


Corollary A.11 Leta e€ At (M). Then a has a unique decomposition 
a= Ha) +ag+as, 
where H(a) € H?, ag € Im(d) and as € Im(6). 


Proposition A.8 says that H? and Im(d) give all closed forms in Ay. (M). 
Moreover, we see that a is exact precisely when H(a@) = 0, a5 = O anda = 
dfs for a unique element Bs € Im(6). To see this, suppose a = dxs = dys 
with xs, ys € Im(6). Then we have 


0 = d(x5 — ys) = d(dx — dy) = dd(x — 9), 
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where 56x = x5 and dy = ys. But then 
0 = (dd(x — y), (X — ¥)) = (6(% — 9), 5(X — ¥)), 


and this implies xs — ys = 6(X — y) = 0. Hence, xs = ys. 
The foregoing discussion says that when we calculate Hg (M), we can 
simply ignore the summand Im(d) and find 


Theorem A.12 (de Rham existence) If M is a compact orientable Rieman- 
nian manifold without boundary, then 


HP = HE ,(M) = H?(M;R). 


Finally, it is important to note that this theorem only gives an isomor- 
phism of vector spaces in each degree. It is not true in general that the 
wedge product of harmonic forms is harmonic. Thus, there is no algebra 
homomorphism in general from harmonic forms to cohomology. 


Exercises for Appendix A 


Exercise A.1 If V and W are tangent vector fields on M, then we define their Lie 
bracket by 


LV, WI) = VOW (A) — WV). 


Apply the definition of bracket to prove the following properties. 


(1) [V, W] =-[W, V]. 

(2) [aV + bW, Z] =alV, Z] + DLW, Z] where a,b € R. 

(3) IV, W], Z] + [[W, Z], V] + [[Z, V], W] = 0 (Jacobi Identity). 

(4) [fV,2W] =felV, W]4+ fV(g) W — gW(f)V for smooth functions f and g. 


Exercise A.2 Show that the flow ¢; associated to a vector field X satisfies 


t 
oa -—a = / o;*L(X)a ds 
0) 


for a form a@ and Lie derivative £(X). Hint: see [112, page 157]. 


Appendix B 
Spectral sequences 


Before explaining what is in this appendix, we first mention what is not in 
it. It does not contain a complete presentation of spectral sequences — nor a 
historical background of the subject. The readers interested by these points 
should consult one of the classical books introducing algebraic topology or 
[186]. But, since in many parts of the book we have been led to natural 
questions and properties about spectral sequences (see Subsection 4.2.3, 
Theorem 4.56, Section 4.4, Theorem 7.36, Question 7.74, Section 9.7,...), 
we must at least give the flavor of what a spectral sequence is and how 
we can use it (as well as some basic examples for entertainment). This 
appendix also includes some proofs of theorems used in other chapters. 
For instance: 


¢ the Zeemann—Moore theorem (Theorem B.15), which is essential for the 
study of morphisms of fibrations (Corollary B.16); 

¢ the odd spectral sequence (Theorem B.18) that is fundamental for the 
understanding of the models of homogeneous spaces or biquotients (see 
Theorem 3.33 or Corollary 3.51 for instance) and more generally for pure 
models (see Subsection 2.5.3); 

the spectral sequences that appear in the particular case of a double 
complex, the Frolicher spectral sequence of which is an example (see 
Definition 4.69). 


B.1 What is a spectral sequence? 


Definition B.1_A (homology) spectral sequence {E", d"} is a sequence (E") of 
Z-bigraded modules, each of them with a differential d": E}, , > Et _-rngtr-t 
and such that Et! = H(E',d"). The module E" is called the r-level 
(or r-stage) of the spectral sequence. An element of Ej, , is said of total 
degree p + q. 

A morphism of spectral sequences f: {E",d"} — {E",d'"} is a fam- 
ily of morphisms f': ET — E" of bigradation (0,0) and such that 
ft! = Hf’). 
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If we start with E2, we observe that: 


° E> = Z?/B* with Z* = Ker d* and B* = Ima’; 
¢ E* = Z3/B? with Z>/B? = Ker d? and B?/B? = Imd?. 


If we denote by Z’—! (B’~!) the respective sets of elements of E* that sur- 
vive up to level r (are killed at or before level r), then we get a tower of 
inclusions 


Oe BE Bee BUC HET Cre Eee, 
and E’+! = Z"/B’. 


Definition B.2. Let’s denote Z~ = M,Z", B® = U,B" and Ea — Zoql Bbq 
The spectral sequence {E’,d’} converges to a graded module H if there is 
a filtration (F,H) of H such that, for any p, Ex, = (FpH/Fp-1H)p+q. A 
spectral sequence collapses at level r if we have an isomorphism of bigraded 
modules between E’ and E™. 


We represent a spectral sequence by an array or a sequence of arrays. 
We say that a spectral sequence is a first quadrant spectral sequence if 
Eig = 9 for p < 0 or q < 0. In this case the representation goes like 
this: 


The elements of total degree 7 are on the line p + q = and a differential 
d' joins a point of the line p + q = toa point of the linep+q=n-—1. 


B.2 Spectral sequences in cohomology 


We have represented d*, d* and d* above. We also have: 


° En = Fi, ifr > max(p,g + 1); 


° EG is always a submodule of E7, ) and we have a sequence of inclusions 


pt+l 3 2. 
E50 = E50 >> 5,0 > F503 


r+1 o . . . 
° Ey, is always a quotient of Ej, F and we have a sequence of surjections 


2 3 q+2 _ poo 
Fog > £0q Eq = Log: 


Definition B.3 Ina first quadrant spectral sequence, the transgression is the 
relation from Eso in Eb qt given by the diagram 


2 
Fo g-1 


| 


d4 
q oe) 
Fog-1 ——> Foq —~ 0 


2 
E70 


Proposition B.4 Let f,: (E;",d,) > (E'>*,d)) be a morphism between 
two spectral sequences such that f, is an isomorphism for some integer n. 
Then, for any integer m,n < m, fm is an isomorphism. If we have first 
quadrant spectral sequences, then f also induces an isomorphism between 
E® and E'™, 


B.2 Spectral sequences in cohomology 


Definition B.5 A spectral sequence in cohomology {E,,d,} is a sequence, 


(E,) of Z-bigraded differential modules such that d,: EP4 > Ee eo 
and E41 = H(Ey, dy). 
A morphism of spectral sequences f: {E,,d,} — {E),d}} is a fam- 


ily of morphisms f,: E, — E), of bigradation (0,0) and such that 
h rt+1 = H (f; r). 
In fact, a spectral sequence in cohomology can be viewed as a third 


quadrant (homology) spectral sequence and all that we said above is easily 
adapted to this situation. For instance, we say that a spectral sequence in 
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cohomology is a first quadrant spectral sequence if E?? = 0 for p < 0 or 
q < 0. In this case the representation goes like this: 


Proposition B.4 is still valid in this context. 


B.3 Spectral sequences and filtrations 
Most of examples of spectral sequences arise from a filtration on a complex. 


Definition B.6 A filtered differential R-module is a graded R-module M 
such that M = ®%_)M", d(M") C M"*1, FP*1M c FP(M) and d(F?(M)) C 
FP(M). 

The filtration is called bounded if, for any n, there exist two integers s(n) 
and t(n) such that 


0 = FS™(M") Cc FS™—1(M") ETE FE (M") oy M"”. 


Definition B.7 A bigraded differential algebra is a bigraded Z-module E** 
with a multiplication EP @ E™ — E?+"4+s and a differential d such that 


d| @ Etc @ E™. 


p+q=n r+s=nt+1 


A filtered differential graded algebra is a filtered differential module and 
a differential graded algebra A such that the multiplication sends F'A® F*A 
into F’tsA, 


Theorem B.8 Any filtered differential graded R-module gives rise to 
a spectral sequence in cohomology {E;”,d;}, r => 1, with Be 
H?+49(FPM/FP+1M). If the filtration is bounded, the spectral sequence 
converges to H(M,d). 


B.4_ Serre spectral sequence 


In the case of a filtered differential graded algebra, any stage of the 
spectral sequence is a bigraded differential algebra. 


Of course, this is where the use of upper and lower indices shows itself 
to be powerful. We set: 


© 27 — FPMP+4 9 d-1 (pete tat), 
e Bed — FP MP+4 1 d(FP-" MP +4— a 
a a VA CAD 1,4 re Aa r+1,q+r a 


With this notation, we have to prove that we get a spectral sequence. For 
instance, the differential d sends Z?7 to Z?+""4 +1 and induces d,: EP > 
Bees We refer the reader to [186, Chapter 2]. 


B.4 Serre spectral sequence 


Theorem B.9 ([236]) Let f: E > B be a fibration with F path connected 
and B simply connected. We consider homology and cohomology with 
coefficients in any commutative ring. 


1. There is a filtration of H,(E), 
0= Ain+1 Cc Aon ‘Ss Ayy-1 Goes € An_-1,1 a Ano = H,(£), 
and a first quadrant spectral sequence such that: 


Eq = Hp(BsHy®), ER, = Hpq/Hpagu: 


2. There is a filtration on H"(E) 
0= Hl CHC... Cc HY! CHO" = HE), 
and a first quadrant spectral sequence in cohomology such that: 
Epa = H?(B;H4(F)), E24 = HP4/yPtha-1, 
Each (E,, d,) is a differential bigraded algebra. 


This spectral sequence is called the Serre spectral sequence. The key to 
its construction is a filtration of the chain complex on the total space by a 
“basic degree”. For more general versions using local coefficients, see [236]. 


Example B.10 In general, a spectral sequence gives little information about 
the algebra structure of H(A, d) because the convergence uses an associated 
graded step. We give here an illustration of this fact, see also Remark 3.36. 

Consider the Hopf fibration S? + §” — S*. By taking the orbits of the S! 
action on the fiber and the total space, we get a fibration $* + CP(3) > S*. 
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The Serre spectral sequence of this fibration has Eee = HP? (S*) @ H4(S?) 
and thus collapses at level 2. Yet, the cohomology algebra of CP(3) is not 
the tensor product of these two algebras. 

In this example, we can also observe that the Euler class is zero and that 
the fibration has no section. 


In opposition with the previous example, the next one shows how we can 
get information about the cohomology algebra of the loop space QS°. 


Example B.11 Consider the fibration 25° > PS? — S$. The cohomology 
ring H*(QS3;Z) has a single generator x2, in each even degree with the 
only relations being 7 - x2, = x2”. Thus, all powers of x2 are nontrivial. 


Proof The fibration QS? + PS? + S$, where PS? = {y: I > S| y(0) = 
(1, 0,0, 0)} is the contractible path space on S°, has the following spectral 
sequence diagram. 


x6 x6 @ 3 

x4 X48 V3 

x2 x2 @ y3 
y3 


Here we are not saying that we know the cohomology of 25°. We are 
simply indicating the structure that we now determine algebraically for the 
convenience of the reader. 

The diagram has two vertical lines with the cohomology of the fiber 
along the vertical axis and the cohomology of the base along the horizontal 
axis. The only possible nonzero differential is the one shown, d3, which 
moves over to the right by three and moves down by two. Because the path 
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space is contractible, the class y3 cannot survive to infinity, for it would 
then provide a nonzero class in H3(PS?;Z) = 0. Thus, there must exist an 
element x2 with d3(x2) = y3. The differential d3 is a derivation, so we have 
d3(x27) = 2x7 @d3(x2) = 2x2 @y3. This says that the element x2 3 must 
still be killed in order to avoid producing a nonzero class in H? (PS*; Z) = 0. 
So there must exist x4 with d3(x4) = x2 ® y3. Hence d3(2x4 — x27) = 0. 
The cocycle 2x4 — x2* would survive to infinity if it were not zero, so we 
must have 2x4 = x27. We will do one more case to see the general algebraic 
pattern. We have d3(x2*) = 3x27 @ y3 = 6x4 ® y3, so there must exist x6 
with d3(x¢) = x4 ® y3. Therefore, d3(3 - x6) = d3(x23) and, by the same 
argument as before, we must have 3 - x6 = x2%. Inductively, we can then 
show that classes x2, exist with 2- x2, = x2”. 


We now state three particular cases of the Serre spectral sequence. Proofs 
can be found in any classical algebraic topology book or in [186]. 


Corollary B.12 With the hypotheses of Theorem B.9, suppose that Hp(B) = 
0 for 0 < p < po and H,(F) = 0 for 0 < q < qo. Then there is an exact 
sequence 
Fp )+qo-1F) > Apy+-.qo-1(E) > App +qo—1(B) 
— Apy+qo-2(F) ve Fi (E) > 0. 
Corollary B.13 (Gysin sequence) With the hypotheses of Theorem B.9, 


suppose that the fiber F has the homology of a sphere S”. Then we have 


exact sequences, 
yy (E) > B) > Hyp (B) > Hy (E) > + 


’ 


and 


v 
oe -——> Hk (E) —>H*k- (B) —>H*+1!(B) —+H#+1 (E) —> ied 


The morphism w satisfies w(vyUv2) = v1Uw (v2). In fact, w is multiplication 
by the Euler class of the fibration. 


Corollary B.14 (Wang sequence) With the hypotheses of Theorem B.9, 
suppose that the basis B has the homology of a sphere S”. Then we have 


two exact sequences, 
..» +H, (F) —>H,(E) —>Hy_n(F) —>+Hy_1(F)—> + 


’ 


and 


1p) > ym) > HEE) >HR(F) ee 


The morphism 6 acts as an algebra derivation. 
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B.5 Zeeman—Moore theorem 


Since we are concerned with rational homotopy type, we now work with 
vector spaces over a field of characteristic zero. 


Theorem B.15 (Zeeman—Moore theorem) If f,: (E;”",d;) > (E>, d!) is a 
morphism between two first quadrant spectral sequences such that Ee — 
me @ ES Be = Ee @ ny and ee = a @ ee then any two of the 
following conditions imply the third: 

(1) fa: pe > Ee is an isomorphism for all p; 

(2) fa: E54 > E}4 is an isomorphism for all q; 

(3) foo: Eb? > E'?:4 is an isomorphism for all (p, q). 

This theorem was first proved by J.C. Moore [200, Exposé 22]. Gener- 
alizations were given by Zeeman [268], see also [130, Theorem 17.17]. 
From Theorem B.9 we immediately obtain the following topological 
interpretation. 


Corollary B.16 Let 


f 
F’ 


I 
| 


B’ 


h 


be amorphism between orientable fibrations. Then any two of the following 
conditions imply the third: 

(1) H*(b) is an isomorphism; 

(2) H*(f) is an isomorphism; 

(3) H*(g) is an isomorphism. 


Proof In the statement of Theorem B.15, if properties (1) and (2) are satis- 
fied, then (3) will follow directly from the hypotheses and Proposition B.4. 

We suppose now that (1) and (3) are satisfied and prove (2). We follow 
the proof of [182, Theorem 11.1, Chapter XI] with an appropriate modifi- 
cation in the case of cohomology. We will use the classical Four Lemma of 
homological algebra that we recall below for the convenience of the reader, 
see Lemma B.17. We consider the property: 


(2)/: the map fo: ne > EDA is an isomorphism for all g, 0 < q <j. 


B.5 Zeeman—Moore theorem 


Observe that ioe = E22 The hypothesis (3) implies that (2)o is satisfied. 
So we now work by induction and assume (1), (3) and (2), with j fixed. 
Step 1. We do a second induction, on the integer i, considering the property 


(2)): pee is an isomorphism for all g, gq +i <j +2, and all p, 


and a monomorphism for all g, q <j, and all p. 


Observe that (2), is true and suppose that (2), is satisfied for some integer 
n. We have to prove (2y,, 41 and for that we need to come back to the 
construction of the (7 + 1)st page from the nth page. First we look at the 
subspaces Z;,”. Consider the following morphism between exact sequences: 


Zfye4 | Pod | | ener 
0 —> Z'P4 E/P-4 erases 
If g <j, then (q—n+1)+"<q+1<j+2 and ie ae is an 


isomorphism and f,’2 a monomorphism, by assumption. Therefore, Z(f yd 
is a monomorphism. 

If qg < j—n+1, then f2% is an isomorphism and i a a 
monomorphism. Therefore Z(f)7 is an isomorphism. 


We look now at the By”: 


pe ates Bed > (0 


packers | | Bf yn! 


—n,gtn—1 Pd 
E? n,qt+n rt Be es 0 


—ngtn-1 . ; . 
If q < j, then f?-"""™ is an isomorphism. Therefore Bye is 
surjective. 
Finally, we arrive at the space Bg 


’ ’ P.4 
0 —+ Bet —+ zi —+ BM, > 0 


Bifyn'™ | Zn | | ae 


’ 9 1D54 
0 ——> B’P4 os Zie4 Ss Dea —> 0 


B: Spectral sequences 


If q <j, Z(f)e7 is a monomorphism and B(f)?’? is surjective. Therefore 
ate is a monomorphism. 

Ifq <j—(@+1)+2 =j—n+1, then Z(f)h? is an isomorphism. 
Therefore, ee is an isomorphism. 


We have thus proved (2y) for any i. 


Step 2. We establish Qy +1 In order to see this, using a descending induction 

1 +1 nee ; 
on i, we prove that f; Oy . EO a > E; OFT isan isomorphism for any i > 2. 
Observe that, in a quadrant Spectral sequences, we have: 


aE © Be ford large enough, 


1 


Oj+1 a, 0,4 
; =e; Sonny 
1S Zero. 41 


From this first property and the hypothesis (3), we may aie that f°” ai 


pial O41 
, for any i > 2, because the range of d;: E, pacers E; f 


is an isomorphism and we are reduced to proving that fett is an iso- 
morphism also. We consider the following morphism between two exact 
sequences: 


‘ : dy ; 
— Part —> por eee, pos 


Zo | fee | ae 


/0,j+1 /0,j+1 /Nj—n+2 
0 — > zou} —_s p/Ostl —__y pm 


n 


i—nt2. 

From SEP 1, we know that f)”"** is an isomorphism. On the other hand, 
1 1 O,j+1 - 

we have Zy,’ s wo es , 80 Z(f)n!*~ is an isomorphism by induction. This 


implies the injectivity of f, ae 

Recall now that B(f yp nate as surjective; this implies the surjectivity of 
tn eit by the same argument, replacing E,, par by B,, pees 
diagram. 

We then get that f,,”" is an isomorphism and (2)/+! follows. 

The same argument works to prove that (2) and (3) imply (1). 


Lemma B.17 (The Four Lemma [182, Lemma 3.3, Chapter I]) Consider 
the following commutative diagram with exact rows. 


in the previous 


0j+1 


bbe hb 


(i) If a1 is an epimorphism and a2 and a4 monomorphisms, then a3 is a 
monomorphism. 
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ii) If a5 is a monomorphism and az and a4 epimorphisms, then a3 is an 
5 
epimorphism. 


B.6 An algebraic example: The odd spectral sequence 


The following result gives the structure of the cohomology algebra 
H*(G/T;Q) where T is the maximal torus of a compact connected Lie 
group G and, more generally, for the algebra H*(G/H; Q) if H is a closed 
subgroup of maximal rank in G, see Theorem 3.33. 


Theorem B.18 Let (A = A(O @ P), d) be a cdga where O is concentrated 
in even degrees and P in odd degrees such that d(Q) = 0 and d(P) Cc AQ. 
Further, suppose that H(A, d) is of finite dimension. Then the following 
conditions are equivalent: 

(1) P and O have the same dimension; 

(2) x(H(A,d)) > 0; 

(3) H(A, d) is evenly graded. 

If these conditions are satisfied, then H(A, d) = AQ/I, where I is the ideal 
generated by dP. 


This statement can be generalized to any minimal model, see [129] or 
[87, page 444]. 


Proof We give A a new (lower) gradation defined by G;A = (AQ ® 
A'P)s—' and observe from the hypotheses that dG;A C GA. Therefore, this 
gradation induces a gradation G;H on cohomology H = H(A, 4d) and the 
corresponding Euler characteristics of G;H and G;A are equal. Observe 
also that an element of (AQ ® A‘P) is of odd lower degree if and only if i is 
odd. As a consequence, we have: 


x(G;H) = S\(-1)'dim H(AQO ® MPA: d) 


=) C1'dim (AQ @ v'P). 
Therefore, the global Euler characteristic of H = @;G;H is obtained by 


x(H) = D0 x(GsH) = DUC D'dim (AQ @ APY, 


To use the finite dimensional hypothesis, we have to take into account a 
special type of Poincaré polynomial adapted to this situation called the 
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Koszul-Poincaré polynomial: 


PH(t) = >_ x(GsH)B = YY (-1)‘dim (AQ @ N'P)S't*. 
s=0 s=0 i 


This last term does not depend on the differential and can be computed as: 


p 2u; 
PH(t) = Mies =F) 
j=1 qd —t /) 
if Q is of dimension q generated by elements of degrees (2v1,...,2vq) and 
P of dimension p generated by elements of degrees (2; —1,..., 2m» —1). In 
order to have H of finite dimension, this expression must be a polynomial 
and we therefore require p > q. 


If x(H) > Othen one has p = q and, in this case, x (H) is the quotient He : 
J 


Reciprocally, p = g implies x (H) > 0. We have thus proved the equivalence 
between (1) and (2). Obviously (3) implies (2). So we are reduced to proving 
(1) or (2) implies (3). 

For that, we use a classical construction in minimal models in which we 
kill the vector space O by adding a copy sQ, shifted by one degree (i.e. 
Isq| = Iq) — 1 if g € O). We construct a cdga (AO ® AP ® AsQ, d) with 
d(sq) = q, observe that (AQ ® AsO, d) is acyclic and therefore see that the 
cohomology of (AQ @ AP ® AsQ, d) is AP. 

We now forget all the degrees and consider the degree in word length in 
Pand sO. In (AQ @AP@ AsO, d), the differential d lowers this word length 
by exactly one, so we have an induced lower degree on the cohomology. 
We denote it by Hg. 

We now filter (AQ @ AP @ AsQ, d) by the word length degree in sQ. This 
gives a spectral sequence with first page Ee = @i(A'sQ) ® H(AQ @ AP). 

Let k be the greatest integer such that Hp(AQ ® AP) 4 0 and let a € Hy. 
Choose an element a of maximal word length in AsQ that is of degree 
dim O. (For this, recall that O is in even degrees, so sO is in odd degrees. 
Therefore, the product of all generators in sO is one such element a.) The 
product aa cannot be killed in the spectral sequence (since it is in the corner), 
so dim P > k + dimO. From the assumption dim P = dim QO, we deduce 
k = 0 and, thus, H = AQ/(dP) is evenly graded. 


B.7 A particular case: A double complex 


Definition B.19 A double complex is a bigraded R-module M equipped with 
two differentials, d': MP1 — MP*14 and d’: MP4 — M?P-4+1, such that 


B.7 Aparticular case: A double complex 


d'd" + d'd' = d? = d'* = 0. The total complex associated to the double 
complex is (Tot(M), d) with Tot(M)” = ®p4g=nM?4 and d = d' +d". 


Since d’* = d’” = 0, we have two cohomologies associated to a double 
complex: 


H;*(M) = H(M**,d’) and H7;"(M) = H(M**,d"). 


Because d'd” + d'd' = 0, the respective differentials d’ and d” induce dif- 
ferentials d’ on H7;(M**) and d” on H;(M**) so that we get two new 
cohomologies 


Hy" Hy (M) = H(H;3*(M), d’) and H7*H)(M) = H(H;"*(M),d"). 


Theorem B.20 Let (M**,d’,d”) be a double complex. Then we have two 
spectral sequences: {rE,, rd,} and {nEr, ud;} such that 


joy" — HH; Hn (M) and fey = Hjj H1(M). 


Moreover, if M?4 = 0 whenp < Oorg < 0, then the two spectral sequences 
converge to H*(Tot(M), d). 


The idea is to take the two spectral sequences associated to the following 
filtrations: 


Fr (Tot(M))' = GR M™~ and FP, (Tot(M))' = Gh Me™". 


r>p r=p 


A quick (and wrong!) glimpse at this situation might elicit the idea that such 
spectral sequences always collapse at level 2. A counterexample is given in 
the case of the Frolicher spectral sequence in Example 4.75. 


Exercises for Appendix B 


In order to understand spectral sequences, the reader needs to experiment and do 
concrete examples on his or her own. Here we suggest some “easy” problems for a 
beginner. 


Exercise B.1 Use the Wang exact sequence to prove Hg(QS”) = Zif qg = k(m—1) 
and 0 otherwise. 


Exercise B.2. Give a generalization of Example B.11 and determine the cohomology 
algebra of QS”. Hint: see for instance [37, page 204]. 


Exercise B.3 Let f: S? > K(Z, 3) be the classifying map of the fundamental class. 
Let X denote the pullback of the path fibration PK(Z,3) — K(Z,3) along f. 
Compute H°(X). 


Exercise B.4 By using the Serre spectral sequence of the fibration S$! + §?”+! —, 
CP(n), determine the cohomology algebra of H*(CP(n);Z). (Remember, the 
differentials are derivations.) 
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Exercise B.5 By using the Serre spectral sequence of the path fibration K(Z,n) > 
PK(Z,n+ 1) > K(Z,n + 1), determine the cohomology algebra H*(K(Z, 7); Q). 


Exercise B.6 By using the Serre spectral sequence of the fibration U(m) — EU(”) > 
BU(n), determine the cohomology algebra H*(BU(7); Q). 


Exercise B.7 Compute the cohomology algebras, with coefficients in Q, of the 
various Stiefel and Grassmann manifolds. 


Appendix C 
Basic homotopy 
recollections 


In this appendix we collect a few classical notions and results in homotopy 
theory that are used in various chapters. We denote the set of homotopy 
classes of maps from the (pointed) space X to the (pointed) space Y by 
[X, Y], where we take homotopies relative to the basepoint. If f: X > 
Y, then pre- and post-composition with f induce respective morphisms of 
homotopy sets f*: [Y, Z] > [X, Z] and fy: [Z, X] > [Z, Y]. 


C.1  m-equivalences and homotopy sets 


In Chapter 2, we defined a notion of cdga homotopy and considered 
sets of homotopy classes of cdga morphisms. We saw there that ratio- 
nal homotopy equivalences (i.e. quasi-isomorphisms) induce bijections of 
homotopy sets. This result is the cdga analogue of the following thread of 
ideas. 


Definition C.1 ([240, page 404]) A continuous map of path connected 
spaces f: X — Y is called an n-equivalence for n > 1 if for every x € X, 
the induced map fz = mq(f): 1q(X,x) > mq(Y,f(x)) is an isomorphism 
for 0 < q < nand an epimorphism for q = n. A weak equivalence or 
oo-equivalence is an n-equivalence for alln > 1. 


The effect of an n-equivalence on homotopy sets is described by the 


Proposition C.2 ([240, Corollary 7.6.23]) Iff: X — Y is ann-equivalence, 
then 

— fy: [P,X] — [P, Y] is bijective if P is a CW-complex of dimension 
<n-—1; 

— fe: [P, X] — [P, Y] is surjective if P isa CW-complex of dimension < n. 


The next result, Whitehead’s theorem, provides a way to detect n- 
equivalences of simply connected spaces by looking at homology. 
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Theorem C.3 ([240, Theorem 7.5.9]) Let f: (X,x0) — (Y,¥0) be a 
map of path connected and pointed spaces. If there is n > 1 such that 
Tg (f): 1q(X,x0) > q(Y, yo) is an isomorphism for q < n and an epimor- 
phism for q = n, then Hg(f): Hq(X,x0) > Hq(Y, yo) is an isomorphism 
for g < nand an epimorphism for q = n. Conversely, if X and Y are simply 
connected and H,(f) is an isomorphism for q <n and an epimorphism for 
q=nthenf is an n-equivalence. 


A map f: X > Y is a homotopy equivalence if there exists g: Y > X 
with fg x idy and gf ~ idx. The symbol ~ denotes the homotopy relation 
between maps and we also write X ~ Y when there exists a homotopy 
equivalence X — Y. We then say that X and Y have the same homotopy 
type. Note that we do not need a chain of maps here as in the defini- 
tion of rational homotopy type (see Definition 2.34) because in this case 
we require the existence of a map that is a homotopy inverse. The fol- 
lowing result provides the link between weak equivalences and homotopy 
equivalences. 


Theorem C.4 ([240, Corollary 7.6.24]) A map f: X > Y of CWcomplexes 
is a weak equivalence if and only if it is a homotopy equivalence. 


C.2 Homotopy pushouts and pullbacks 


Throughout the book, we have used the notions of homotopy pushout and 
homotopy pullback. In this section, we recall these general notions and 
mention several simple results about them. 

Given two maps f: X — W and g: Y ~ W, form the space 


P(f,g) = ((x,0,y) € X x W! x Y) | f(x) = 00), g(y) = 0(1)}. 


This space is the homotopy pullback of f and g in the following sense. First, 
the square 


P(f,2) ——> X 


C.2 Homotopy pushouts and pullbacks 


is homotopy commutative, where f and g are the canonical projections. 
Further, given any other homotopy commutative square 


xX 
[7 
——> W 


& 


>~ 
—=<—N 


there exists a map w: Z > P(f,g) 


in which go ~ bh: Z > X and fw ~ k: Z > Y. The map o is not unique, 
even up to homotopy. 
The following are fundamental results for homotopy pullbacks. 


Proposition C.5 ([184]) In the following diagram, 


the squares BCFE and ACFD are homotopy pullbacks if and only if the 
squares BCFE and ABED are homotopy pullbacks. 


C: Basic homotopy recollections 


Lemma C.6 ([184, Corollary 7, Corollary 9]) Consider the homotopy 
commutative cube below: 


U, X41 
we b Se 
k Y1 Vi 
- | 
U2 ——> X2 f 
X2 V2 


Suppose that the top and bottom squares are homotopy pullbacks. If the 
maps f, g and h are homotopy equivalences, then so is the map k. 


The dual notion is that of a homotopy pushout. Given maps f: W > X 
and g: W > Y, the homotopy pushout of f and g is given by 


D(f,g) =(KU(W x DUY)/~ 
where (w,0) ~ f(w) and (w,1) ~ g(w). This space is also called the the 


double mapping cylinder of f and g and is a homotopy pushout of f and g 
in the following sense. First, the square 


Ww 
: 
Y 


xX 


| 


f 


is homotopy commutative, where f and g are the canonical inclusions. 
Further, given any other homotopy commutative square 


Ww x 
‘| | 
Y Z 


f 


eis 


—_—> 


k 


C.2 Homotopy pushouts and pullbacks 


there exists a map w: D(f,g) > Z 


W 
| 
Y 


in which wg ~ h: X > Zand wf ~ k: Y > Z. In general, the map @ is 
not unique, even up to homotopy. 
Two basic results about homotopy pushouts are the following. 


Proposition C.7 In the following diagram, 


| 


o<~— > 
ty <—— & 
m1 <— 


the squares ABED and ACFD are homotopy pushouts if and only if the 
squares ABED and BCFE are homotopy pushouts. 


Lemma C.8 ([184, Corollary 7, Corollary 9]) Consider the following 
homotopy commutative cube: 


U, Xy 
\ b Eo 
f Y1 Vi 
e | 
U2 —> X) k 
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Suppose that the top and bottom squares are homotopy pushouts. If the 
maps f, g and h are homotopy equivalences, then so is the map k. 


As indicated by the two statements above, properties of homotopy pull- 
backs can often be dualized for homotopy pushouts. Although the next 
result is a case where duality between homotopy pullbacks and pushouts 
fails, it nevertheless provides a useful homotopical tool. 


Theorem C.9 (Theorem of the cube) Ifthe bottom of a cube is a homotopy 
pushout and all sides are homotopy pullbacks, then the top of the cube is a 
homotopy pushout. 


As a consequence, we have 


Corollary C.10 Let X be a space and ABED be a homotopy pushout. Then 
the square 


Ax xX —~>Bxx 


} | 


Dx xX —~ExxX 


is a homotopy pushout. 


We note here that homotopy pullbacks and homotopy pushouts are really 
only defined up to homotopy equivalence. Replacing any of the spaces or 
maps by homotopy equivalent ones in the initial diagram produces the same 
homotopy pushout or pullback up to homotopy. In some discussions of 
homotopy pushouts and pullbacks, such as in [184], the specific homotopies 
being used are also taken into account. 


C.3. Cofibrations and fibrations 


Two of the most basic homotopical objects are fibrations and cofibra- 
tions. Fibrations are probably more familiar to geometers because they are 
the homotopical analogues of fiber bundles. Indeed, locally trivial bundles 
with paracompact base spaces and covering spaces are examples of fibra- 
tions. We begin by recalling the notion of cofibration and then see how 
duality provides the definition of fibration. For this section, we refer to 
[137] and [265]. 


C.3 Cofibrations and fibrations 


Definition C.11 A map j: A > X is a cofibration if for any commutative 
diagram of solid arrows 


there exists a dotted arrow H' such that the diagram still commutes. 
The quotient map q: X — X/j(A) (or the space X/j(A)) is called the 
cofiber of j. 


If j: A > X is a cofibration, the map j is injective and induces a home- 
omorphism from A to j(A). Therefore, we consider A as a subset of X 
(closed in X if X is Hausdorff) and denote the cofiber by X/A. For a space 
A, let CA denote the cone on A defined by CA = (A x I)/((a,1) ~ *). 
If f: A — X is any map, recall that the mapping cone of f (or the 
homotopy cofiber of f) is the inclusion q: X — Cy = X Us CA (or the 
space Cr = X Us CA) with X Ur CA = XU CA/((f(a) ~ (a,0)). In 
the case of a cofibration j: A > X, the cofiber X/A has the homotopy 
type of the cone C;. That is, we have a homotopy equivalence of pairs 
(X/A, *) © (Cj, CA). 

A space X has a non-degenerate basepoint xq if the inclusion x9 ~ X 
is a cofibration. This implies, at least for compactly generated spaces 
(see [265] for this definition), that there is an open neighborhood U of 
xq which contracts to x9 in X relative to xo. In other words, there is 
a homotopy H: U x I > X such that H(u,0) = u, H(u,1) = x9 
and H(xo,t) = xo. CW complexes always have nondegenerate base- 
points. Indeed, every point of a CW complex is a nondegenerate base- 
point. A space is said to be well-pointed if it has a nondegenerate 
basepoint. 

If the spaces are well-pointed, A > Av X is a cofibration, called a trivial 
cofibration, with cofiber X. Note also that the inclusion A > CA is a 
cofibration with cofiber ZA. More generally, if f: A + X is any map, then 
the mapping cylinder A> Ms = X U(AAT)/(f(@) ~ a0), at aA 1, is 
a cofibration with cofiber Cy and f is the composition of a cofibration and 


C: Basic homotopy recollections 


a homotopy equivalence: 


f 


xX 
oo 
Mr 


Any sequence A ify X 4 Cis called a cofiber sequence if q: X > C 


A 


has the homotopy type of My se Cy. 
For any map f: A > X, we have the Barratt-Puppe sequence, 


i q 


A—-xX 


> Cr un XA zh uX 4 po ae 


where each three-term sequence is a cofiber sequence. For any space Z, 
the Barratt—-Puppe sequence induces an exact sequence of pointed sets or 
groups: 


fe qi 5g 
[Ay Zy <= (X, 2] <= 167, 7): <— [2 A; 2) 


eM" ex, Zz) 22 Plena Ae mane 

Finally, we mention that, if either of the maps f or g which define a 
homotopy pushout is a cofibration, then the homotopy pushout of f and g 
has the homotopy type of the ordinary topological pushout of f and g. 

Now suppose that, instead of considering the problem of extending 
homotopies, we dualize the definition of cofibration and consider the prob- 
lem of lifting homotopies. With this in mind, for a space Y, let Y! = 
{w: [0,1] + Y} be the free path space on Y. Note that any mapf: X > Y 
induces f!: X! > Y!,wh foo. 


Definition C.12 A map p: E > B is a fibration if for any commutative 
diagram of solid arrows 


C.3 Cofibrations and fibrations 


there exists a dotted arrow G' such that the diagram still commutes. Here, 
for any space Y, the notation evo denotes an evaluation mapping Y' + Y 
given by evo(w) = w(0). The map F = p~!(*) = E (or the space F) is called 
the fiber of p. 


Note that the diagram above is equivalent to the following one defining 
the homotopy lifting property. The G’s in the following diagram have tildes 
over them to denote that they are the adjoints of the maps in Definition C.12 
under the exponential correspondence. 


g 
Zx0—~E 


| 27 | 


G 


Namely, given the commutative diagram of solid arrows, it is the homotopy 
lifting property which ensures the existence of the lift G’. 

If p: E > Bisa fibration with B path connected, the map fp is onto. If 
f: X — Y is any map, the homotopy fiber of f is the map Fy > X (or the 
space Fr) defined by Fy = {(@, x) € Y! x X | f(x) = w(0) and w(1) = els 
(@, x) +> x. In the case of a fibration p, the fiber F has the homotopy type 
of the homotopy fiber Fy. 

The projection pg: E x B > B isa fibration, called the trivial fibration, 
with fiber E. The path fibration P(X) = {w € X! | w(0) = t} > X,ar 
w(1), is a fibration with the loop space QX as fiber. More generally, if 
f: E > B is any map, the path fibration associated to f, py: Ef > B, is 
a fibration with fiber F,, defined by Ey = {(@, x) eB xE|f (x)= w(0)}, 
p((@,x)) = w(1). Any map is the composition of a homotopy equivalence 
and a fibration as shown below. 


f 
E ——————~> B 
<a 
Ey 
Note that, as we mentioned at the start of Section C.3, locally trivial bundles 


with paracompact base spaces and covering spaces are fibrations. 


Any sequence F —> E Bie is called a fiber sequence if 1: F > E has 
the homotopy type of Fy + Ey — E. For any map f: E > B we have the 
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Puppe sequence 


> QF ¢ 2 OF & OB *, Fy OS 5 eB 


where each three-term sequence is a fiber sequence. For any space Z, the 
Puppe sequence induces an exact sequence of pointed sets or groups: 


ft ty dg (Qu)g 
[Z, B] <— [Z, E] <— [Z, Fe] <— [Z, QB] <— [Z, QE] <— --- 


Recall that the multiplication in the space of loops QB, w: QB x QB > 
QB, is the ordinary composition of loops and the inverse map v: QB > QB 
is given by v(@)(t) = w(1 — t), w € QB. The group-like properties of QB 
extend to the analogue of a group action of QB on the fiber F. This is 
expressed in the following 


Definition C.13 Let p: EB be a fibration of fiber F. The holonomy of 
p is a map Hol: QB x F > F obtained by the homotopy lifting property 
applied to G(w, x,t) = w(t): 


QB x Fx0—~E 


ie “|: 


QBxFFxIi B 
G 


with Hol(a,x) = G'(w,x, 1). 


Finally, we mention that, if either of the two maps f or g defining a 
homotopy pullback is a fibration, then the homotopy pullback of f and g 
is of the homotopy type of the topological pullback of f and g. Of course, 
the topological pullback is both easier to define and more familiar from its 
role in bundle theory, so this identification is often useful. 
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